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Abstract
Full Text
Doklady of the Academy of Sciences of the USSR
1961, Vol. 141, No. 2

MATHEMATICS
N. I. AKHIEZER

CONTINUAL ANALOGUES OF ORTHOG-
ONAL POLYNOMIALS ON A SYSTEM OF
INTERVALS
(Presented by Academician S. N. Bernstein, 12 VI 1961)

1. If a nondecreasing function 𝜎(𝜆) (−∞ < 𝜆 < ∞) satisfies certain general
conditions that were established and investigated in papers (1−3), then there
is uniquely determined a family of functions 𝜑(𝑥, 𝜆), continuous in 𝑥 (𝑥 ≥ 0),
entire with respect to 𝜆, possessing the property that, for any continuous finite
function 𝑓(𝑥) (𝑥 ≥ 0), the integral

𝐹(𝜆) = ∫
∞

0
𝑓(𝑥)𝜑(𝑥, 𝜆) 𝑑𝑥

belongs to ℒ2
𝜎 and satisfies the relation

∫
∞

−∞
|𝐹 (𝜆)|2 𝑑𝜎(𝜆) = ∫

∞

0
|𝑓(𝑥)|2 𝑑𝑥. (1)

The function 𝜎(𝜆) may have prescribed intervals of constancy at a finite distance,
but the general method of constructing the function 𝜑(𝑥, 𝜆) does not make it
possible to trace how the presence of such“empty”intervals affects the analytic
nature of the function 𝜑(𝑥, 𝜆) and of the “potential”𝑞(𝑥) in the differential
equation which, according to the general theory, the function 𝜑(𝑥, 𝜆) satisfies.
Among the classical examples usually considered, there is likewise not a single
one in which the continuous spectrum would fill the whole number axis or half-
axis with a finite number of intervals removed. Such examples, undoubtedly
interesting in themselves, could serve as a starting point for certain general
constructions.

Since the function 𝜑(𝑥, 𝜆) is a continual analogue of a family of orthogonal
polynomials, it seemed natural to me to investigate what might be obtained,
in application to the continual case, from the method of papers (4,5), which
made it possible to construct and study orthogonal polynomials on a system
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of finitely many intervals. The present paper is devoted to this investigation;
here, however, I do not aim at the greatest generality allowed by the method
mentioned.

2. Denote by 𝐸 the positive half of the real axis from which the“empty”intervals

(𝛼1, 𝛽1), (𝛼2, 𝛽2), … , (𝛼𝜌, 𝛽𝜌) (0 < 𝛼1 < 𝛽1 < 𝛼2 < ⋯ < 𝛽𝜌 < ∞), (I)

have been removed, and introduce the polynomials

𝑅(𝜆) = 𝜆(𝜆 − 𝛼1)(𝜆 − 𝛽1) ⋯ (𝜆 − 𝛽𝜌), 𝑃 (𝜆) = (𝜆 − 𝛼1)(𝜆 − 𝛼2) ⋯ (𝜆 − 𝛼𝜌).

We shall call the complex 𝜆-plane cut along 𝐸 the domain 𝔊. We agree that at
points of the upper edge of the cut (𝛽𝜌, ∞) the radical √𝑅(𝜆) has a positive
value. Suppose that the spectral function 𝜎(𝜆) is absolutely continuous (𝜎′(𝜆) =
𝑤(𝜆)), and assume that 𝑤(𝜆) = 0 for 𝜆 < 0 and 𝜆 ∉ 𝐸. We shall consider in
parallel two cases, in which, respectively,

𝑤(𝜆) ≡ 𝑤𝐶(𝜆) = 𝑃(𝜆)
𝜋√𝑅(𝜆)

, 𝑤(𝜆) ≡ 𝑤𝑆(𝜆) = √𝑅(𝜆)
𝜋𝑃(𝜆) (𝜆 ∈ 𝐸).

In the first case we shall denote the entire function 𝜑(𝑥, 𝜆) by 𝐶(𝑥, 𝜆), and in
the second by 𝑆(𝑥, 𝜆). These are functions of normal type of order 1/2, which,
as 𝜆 tends to infinity along the positive half of the real axis, have the following
asymptotic representations:

𝐶(𝑥, 𝜆) ∼ cos(𝑥
√

𝜆), 𝑆(𝑥, 𝜆) ∼ sin(𝑥
√

𝜆)√
𝜆

.

We shall consider the function

ℰ(𝑥, 𝜆) = 𝐶(𝑥, 𝜆) + 𝑖√𝑅(𝜆)
𝑃(𝜆) 𝑆(𝑥, 𝜆),

which in the 𝜆-plane is not only not entire, but not even single-valued. Therefore
we introduce a Riemann surface, denote it by 𝔉, by gluing to the sheet 𝔊 a
second similar sheet 𝔊′ in such a way that the transition lines of the surface 𝔉
are the intervals of the system (𝐸). If 𝜉 is a point of one of the sheets of the
surface 𝔉, then the corresponding point of the other sheet will be denoted by
𝜉′.

On the surface 𝔉 the function ℰ(𝑥, 𝜆) will already be single-valued. Considering
together with it the function
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ℰ(𝑥, 𝜆′) = 𝐶(𝑥, 𝜆) − 𝑖√𝑅(𝜆)
𝑃(𝜆) 𝑆(𝑥, 𝜆),

it is not hard to see that the function ℰ(𝑥, 𝜆) has at least one zero in each of
the intervals of the system (1) (either on the upper or on the lower sheet of
the surface 𝔉). Taking into account the behavior of the function ℰ(𝑥, 𝜆) in a
neighborhood of the infinitely distant point, we see that the function ln ℰ(𝑥, 𝜆)
is an Abelian integral with a single, and moreover simple, pole at the point
𝜆 = ∞, while its logarithmic singular points with negative residues are only the
points 𝜆 = 𝛼1, 𝛼2, … , 𝛼𝜌. Therefore the number of zeros of the function ℰ(𝑥, 𝜆)
on the surface 𝔉 is equal to 𝜌, and hence all these zeros lie one in each of the
intervals of the system (1); denote them by 𝛾𝑘, so that 𝛼𝑘 < 𝛾𝑘 < 𝛽𝑘. These
properties and the asymptotic formula

ℰ(𝑥, 𝜆) ∼ 𝑒𝑖𝑥
√

𝜆 (2)

at infinity completely determine the function ℰ(𝑥, 𝜆), which also justifies its in-
troduction. To construct the function ℰ(𝑥, 𝜆) it is necessary to use the apparatus
of the theory of hyperelliptic integrals.

3. For this purpose we introduce normal integrals of the first kind

𝜔𝑘(𝜆) = ∫
𝜆

𝛽𝜌

𝑚𝑘(𝑧)
√𝑅(𝑧)

𝑑𝑧, 𝑚𝑘(𝑧) = 𝐶𝑘𝑧𝜌−1 + ⋯ ,

which are determined by the conditions

∫
𝛼𝑗

𝛽𝑗−1

𝑚𝑘(𝑧)
√𝑅(𝑧)

𝑑𝑧 = {
1
2 𝜋𝑖 (𝑗 = 𝑘),
0 (𝑗 ≠ 𝑘) (𝛽0 = 0; 𝑗, 𝑘 = 1, 2, … , 𝜌).

Then we introduce an integral of the second kind with a pole at the point 𝜆 = ∞,

𝜔(𝜆) = ∫
𝜆

𝛽𝜌

𝑀(𝑧)
2√𝑅(𝑧)

𝑑𝑧,

where the polynomial 𝑀(𝑧) = 𝑧𝜌 + ⋯ is determined by the conditions

∫
𝛼𝑗

𝛽𝑗−1

𝑀(𝑧)
√𝑅(𝑧)

𝑑𝑧 = 0 (𝑗 = 1, 2, … , 𝜌).

It is not difficult to verify that at infinity 𝜔(𝜆) =
√

𝜆 + 𝑂 ( 1√
𝜆

).
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Finally, let us introduce a normal integral of the third kind

𝜔(𝜆; 𝛾𝑘, 𝛼𝑘) = ∫
𝜆

∞
[√𝑅(𝑧) + √𝑅(𝛾𝑘)

𝑧 − 𝛾𝑘
− √𝑅(𝑧)

𝑧 − 𝛼𝑘
+ 𝑀𝑘(𝑧)] 𝑑𝑧

2√𝑅(𝑧)
,

where the polynomial 𝑀𝑘(𝑧) of degree 𝜌 − 1 is determined from the condition
that the function exp 𝜔(𝜆; 𝛾𝑘, 𝛼𝑘) be single-valued in the domain 𝔉. In a neigh-
borhood of the points 𝜆 = 𝛾𝑘, 𝜆 = 𝛼𝑘, this integral has the form

𝜔(𝜆; 𝛾𝑘, 𝛼𝑘) = ln(𝜆 − 𝛾𝑘) + … , 𝜔(𝜆; 𝛾𝑘, 𝛼𝑘) = −1
2 ln(𝜆 − 𝛼𝑘) + … .

It does not hurt to note that exp 𝜔(𝜆′; 𝛾𝑘, 𝛼𝑘) = exp 𝜔(𝜆; 𝛾′
𝑘, 𝛼𝑘).

With the aid of the Abelian integrals introduced, the function ℰ(𝑥, 𝜆) may be
represented in the form

ℰ(𝑥, 𝜆) = exp {𝑖𝑥𝜔(𝜆) +
𝜌

∑
𝑘=1

𝜔(𝜆; 𝛾𝑘, 𝛼𝑘)} . (3)

Indeed, its only zeros are the points 𝛾𝑘, its only poles are the points 𝛼𝑘, and at
∞ the asymptotic equality (2) holds. In formula (3) we may also assign negative
values to the parameter 𝑥.

It remains to determine to what problem of analysis the finding of the param-
eters 𝛾1, 𝛾2, … , 𝛾𝜌, which of course depend on 𝑥, is reduced. This presents no
difficulty. In fact, the function ℰ(𝑥, 𝜆) must be single-valued on 𝔉. Therefore
all moduli of periodicity of the Abelian integral

ln ℰ(𝑥, 𝜆) = 𝑖𝑥𝜔(𝜆) +
𝜌

∑
𝑘=1

𝜔(𝜆; 𝛾𝑘, 𝛼𝑘)

must be equal to integral multiples of the number 2𝜋𝑖. To find the moduli of
periodicity, let us draw on 𝔉 the canonical cuts 𝑎𝑗, 𝑏𝑗 (𝑗 = 1, 2, … , 𝜌). As 𝑏𝑗 we
take a closed contour encircling, on the upper sheet, the cut (𝛽𝑗−1, 𝛼𝑗). The
integrals taken along the contours 𝑏𝑗 will be the moduli of periodicity 𝐴𝑗. From
the construction of the function ℰ(𝑥, 𝜆) it follows that all moduli 𝐴𝑗 are equal
to zero. As the cut 𝑎𝑗 we take a closed contour which begins on the upper bank
of the cut (𝛽𝑗−1, 𝛼𝑗), goes on the first sheet to the cut (𝛽𝜌, ∞), passes to the
second sheet, and ends at the cut (𝛽𝑗−1, 𝛼𝑗) at its initial point. The integral
taken along 𝑎𝑗 will be the modulus of periodicity 𝐵𝑗. For 𝜔(𝜆) this modulus is
known and is equal to
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∫
𝛽𝜌

𝛼𝑗

𝑀(𝑧)
√𝑅(𝑧)

𝑑𝑧 = −2𝑈𝑗 (𝑗 = 1, 2, … , 𝜌).

The corresponding modulus of periodicity for 𝜔(𝜆; 𝛾𝑘, 𝛼𝑘), by a known theorem

of the theory of Abelian integrals, is equal to 2 ∫
𝛾𝑘

𝛼𝑘

𝑑𝜔𝑗(𝜆). Therefore our

system of equations takes the form

−2𝑖𝑥𝑈𝑗 +
𝜌

∑
𝑘=1

2 ∫
𝛾𝑘

𝛼𝑘

𝑑𝜔𝑗(𝜆) = 2𝑛𝑗𝜋𝑖.

The numbers 𝑛𝑗 are equal to zero, since the left-hand sides are real. We see
that, in order to find the parameters 𝛾𝑘, one has to solve the Jacobi problem of
inversion of hyperelliptic integrals

∫
𝛾1

𝛼1

𝑑𝜔𝑗(𝜆) + ∫
𝛾2

𝛼2

𝑑𝜔𝑗(𝜆) + ⋯ + ∫
𝛾𝜌

𝛼𝜌

𝑑𝜔𝑗(𝜆) = 𝑖𝑥𝑈𝑗 (𝑗 = 1, 2, … , 𝜌),

where all the integrals are taken along segments of the real axis (on the sheet
on which the corresponding point 𝛾𝑘 lies). It is clear from this that if the sign
before 𝑥 is changed, then all 𝛾𝑘 are replaced by 𝛾′

𝑘. Therefore the relation

ℰ(𝑥, 𝜆′) = ℰ(−𝑥, 𝜆)

holds.

4. In our constructions we relied on the general theory of the inverse Sturm–
Liouville problem. However, we could also have avoided relying on it, but
then it would have been necessary to prove, in addition, that the functions
𝐶(𝑥, 𝜆), 𝑆(𝑥, 𝜆) generated by the function ℰ(𝑥, 𝜆) satisfy the relations of
continual orthogonality that are expressed by Parseval’s equality (1). Such
a direct proof is, of course, possible.

5. In the case of only one gap interval (𝜌 = 1), our constructions are greatly
simplified and admit an interesting conclusion. We may, without loss of
generality, put 𝛼1 = 𝑘2 (0 < 𝑘 < 1) and 𝛽1 = 1. By means of the
conformal mapping

𝜆 = 1
sh2(𝑢; 𝑘)

, 𝑑𝑢
𝑑𝜆 = − 1

2√𝜆(𝜆 − 𝑘2)(𝜆 − 1)

the Riemann surface is mapped onto the rectangle of periods, the upper half
of which corresponds to the first sheet, and the lower half to the second sheet
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of the surface. The function ℰ(𝑥, 𝜆) is now represented by means of Jacobi
theta-functions and has the form

ℰ(𝑥, 𝜆) = 𝜃1(0) 𝜃1(𝑢 − 𝑖𝑥)
𝜃1(𝑢) 𝜃1(𝑖𝑥) 𝑒𝑖𝑥𝐻′(𝑢)/𝐻(𝑢). (4)

To prove the representation (4), one must use the fact that ℰ(𝑥, 𝜆) has a pole
at the point 𝜆 = 𝑘2, i.e. at 𝑢 = 𝐾 + 𝑖𝐾′, has both periods 2𝐾, 2𝑖𝐾′, and has
the asymptotics indicated above as 𝜆 → ∞.

It is not difficult to write down a differential equation whose solutions are the
functions 𝐶(𝑥, 𝜆), 𝑆(𝑥, 𝜆). It has the form

− 𝑑2𝑦
𝑑𝑥2 + (1 − 𝑘2) cn2(𝑥; 𝑘′) − 𝑘2 sn2(𝑥; 𝑘′)

cn2(𝑥; 𝑘′) + 𝑘2 sn2(𝑥; 𝑘′) 𝑦 = 𝜆𝑦, (5)

where 𝑘′ =
√

1 − 𝑘2. As we see, the potential 𝑞(𝑥) is a continuous function of
𝑥, having real period 2𝐾′. There exists a connection 6 between the continuous
spectrum and the Lyapunov stability zones of the equation

−𝑦″ + 𝑞(𝑥)𝑦 = 𝜆𝑦 (𝑥 > 0)

with periodic potential 𝑞(𝑥). On the basis of this connection one can directly
prove that the spectrum of our equation (5) is formed by the intervals [0, 𝑘2],
[1, ∞]. Let us also note that our equation (5) is directly connected with the
classical Lamé equation, which in Jacobi functions has the form

𝑦″(𝜉) − 𝑛(𝑛 + 1)𝑘2 sn2(𝜉; 𝑘)𝑦(𝜉) = 𝜇𝑦(𝜉),

where 𝑛 and 𝜇 are constants. Putting in this equation 𝜉 = 𝐾 + 𝑖𝑥, 𝑛 = 1,
𝜇 = 𝜆 − 1 − 𝑘2, we obtain our equation (5).

Physico-Technical Institute of Low Temperatures
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