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1. Consider the Sturm-Liouville problem for the differential equation

Ly+Xxy=y" +{A—q(z)}y =0, (1)

where ¢(z) is a function summable on every finite interval. Let o and S be
arbitrary real numbers, and let ¢, (z, A) be the solution of equation (1) satisfying
the initial conditions

©,(0,X) = cosa, ©L(0,\) =sina (2)

and the boundary condition at x = b

©q (b, A)sin B+ ., (b, A) cos 8 = 0. (3)

We shall consider the connection between the spectral functions p,, ;,(A) of the
Sturm-Liouville problem corresponding to one and the same equation (1), the
boundary condition (3), and the initial conditions (2) with different values of «.
The results obtained will then be carried over to the half-infinite problem.

2. Suppose first that cos a # 0. Using the method set forth in [1], one can show
that the function of the second kind

% a2, X) dpg (X
wa(w,2>=[ ¢al z>—§ s(N)

o

satisfies the equation

Lip, + zp, =0 (4)
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and the conditions

ya(if‘:Z)l/f;(va) - y:x<x’z)wa(xvz) =1 (5)

(y,(x, z) is the solution of equation (4) with the initial conditions (2)), moreover

Yo, 2) = lim ¥, , (2, 2); (6)
Yale,2) = lim 4y, (,2) (7)

for x > 0. Here

NC (A)

.
=y

1/}o¢ n - dpa,ﬁ(A)7 (8)

COos &

oo

90; (A)

Yan(®,2) = Ao p(N); (9)

COS &

/Obfn )@a (@, A) dx

and the functions f, (z) satisfy the conditions: 1) f,,(x) > 0; 2) f,,(z) = 0 for

b
x>=1/n;3) £,(0) = f/(0) =0;4) fr(x) are continuous and 5) / fulx)dz = 1.
0

oo

For x = b, the functions 1, ,, (7, z) satisfy the boundary conditions

wa,n(ba Z) sin 8 + w;,n(ba Z) cos f =

dpa,b()‘) =0

_ /°° [9a (b, A) sin 5 + ¢, (b, A) cos B] B, (A)
o z—A

because p,, ,(A) is a piecewise-constant function, and the values of A at which
the function p, ,(\) has a jump are eigenvalues of the problem.

Taking into account relations (6) and (7), for x = b we obtain

Y, (b, z)sin 8+ ., (b, z) cos f = 0. (10)

3. Let p,, (2, A) be the spectral function corresponding to equation (1), the
boundary conditions (3), and the initial conditions
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©- (T, A) = cos; @l (29, A) =siny (0 <z <b). (11)

The function of the second kind

= oy, A) dpy 4 (20, A)
ql)%xo (x7 z) = / 0 - _’y):b 0

—00

satisfies equation (4) for x > x, as well as the boundary conditions (10). There-
fore the functions ¢, , (z,z) and ¢, (, 2) for x > x, are proportional:

w'y,mo (J?,Z) _ wa<x7’z)
w'y,mo(anZ) B 7/’04@072). 12)

With the help of this relation, we write condition (5) for the functions ¢, , (, 2)
and ¥, (z, z) at x = z in the following form:

ya(x()a Z)’(/);(Z'O, Z) - y:x(@"o’ Z)wa<m0a Z) = 17

wa (:170’ Z)

T (@0.2) (13)

cosy - Yl (xy, z) —siny - ¢, (g, 2) =

Eliminating v/, (z,, z) from these equations, one can find the relation between
the functions ¢, , (¢, 2) and ¥, (2, 2):

ya(‘rm Z)"/}a(an Z)

y2) = - . 14
T ] (R TN R TR e M
Since
> dpy b(xm/\) ero (Iﬂ,Z)
= : . 1
o (05) =ty ,2) [ LRERD 2B E )
T dpap(A) | byl 2
R e (16)

—00

(Y0 (%, 2); Yo (2, 2), 0, (2, 2) are solutions of equation (4) with initial conditions
(2) and (11) for y,(z,2) and y, , (z,2), and with conditions 0, (z4,2) = 0;
05, (79, 2) =1 for 6, (x,2)), then with the aid of formula (14) one can find

sovietrxiv.org/items/ru-196101.24517 Machine Translation


https://sovietrxiv.org/items/ru-196101.24517

Relation of functions

* dpy (0, A)
My 4, (b,2) = / B —

—0o0

< d A
o,z = [ el

oo
The relation between the spectral functions p., ,(zy, A) and p, ,(A) can be found
from the relation between the functions m, , (b,2) and m,(b,z) by means of
the Stieltjes inversion formula:

Ao
pha) — p(Ay) =  lim / [~ Imm(2)] do (a7)
<m(z):/ ;ip_(/\g; Z:0'+T;T>O>.

In particular, if we want to obtain the relation between the spectral functions
corresponding to one and the same equation (1), to the boundary conditions
(3), and to the initial conditions (2) with different values of «, then it is enough
to put 2, = 0 in formula (14). Finally we obtain

cos® ay -my, (b, z)

Mg, (b, 2) = (18)

cos g [my, (b, z) cos ay sin(ay — ay) + cos ay]”

4. If one of the values cos oy, cos ay, for example cos a,, is equal to zero, then
the integral

/oo dpa2,b()‘)
2 zZ— A

o0
does not converge. In this case one can find a relation between the functions

B o0 dpaz,b()\)
Mo, (b:2) Lo [CRREEEDY)

and m,, (b,z). This relation is easily found from equations (13), for z, = 0,
with the help of the equality

1+ 1—1
/oo Gal@ N dpay(N) 1) = (1) + G (3, 2)

N+D)(z—N) 1—z

. (19)

—0o0
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Finally we obtain:

1 1+iz 1—1iz 1
= (ba) = — . (20
m”/2< %) (1 —2)cos? { 2m,, (b, —1) * 2m,,, (b,4) Ma, (b,2) } 2

The integral defining the function 7, 5 (b, 2) is meaningful.

5. If the half-line problem is considered, and p, (), p., (7, A) are two spectral
functions corresponding to equation (1), and also to the initial conditions
(2) and (11), then

pa(A) = lm po y (A),  py (20, A) = lim p, (20, A)-

Since the integrals

dpap(N) * dpy (0, A)
ma(bvz) :/ ﬁa m’y,zg(bﬂ Z) :/ %

—00 —00

converge uniformly in b, which follows from the asymptotic behavior of the
functions p,, ,(A) and p., (g, A) as [A| = oo (see (%)), then, by Helly’ s theorem,

o0 Ood ’)\
ma(z):/ dzpaf(;‘): lim m, (b, 2), m,mo(z):/ %: lim m

b—oo b—oo
o0

Therefore, everything considered above is also valid for the semi-infinite interval
upon replacing p,, ,(A) and p., (g, A) by p,(A) and p. (zg, A), and m,, (b, 2) and
Moy 20 (b, z) by m,(z) and Moy 2, (2).

We note that, for the first time, the relation between the functions m,(z) and
m. ,,(z) for the special case was established in the paper ).
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