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MATHEMATICAL PHYSICS
E. I. KIM

ON THE CONDITIONS FOR SOLVABILITY
OF A BOUNDARY-VALUE PROBLEM FOR
THE HEAT-CONDUCTION EQUATION

(Presented by Academician I. M. Vinogradov on 4 V 1961)

1. Find a solution of the heat-conduction equation

ou o (0%u  0%u

P P T 1

a <8x2 + Oy? (1)
in the domain D (0 < z < 00, —00 < y < 400, 0 < t < T), satisfying the
initial condition

u(z,y,0) =0 (2)
and the boundary condition
m _k

>3 g A =t 3)

where a;; are constants, and f (y,t) is a known function which, together with
its derivative with respect to y, satisfies the inequality:

[y )l £y, t)] < Me>V". (4)

We shall seek a solution u(z,y,t), continuous together with its derivatives up
to order m with respect to x and y in D, and such that

0*u
Oxd Oyk—i

622

< Me (Gj=0,1,....k k=0,1,...,m), (5)

where r = /22 4+ y2; M, M,, §? are certain constants, and Tj, is also a constant
satisfying the inequality
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1
Ty < 53 (6)

In the present work we shall show that the posed problem does not always have
a solution, in contrast to the one-dimensional problem (1), and we shall indicate
conditions under which our problem has a solution.

2. It is obvious that if the posed problem has a solution, then it can always
be expressed by the formula*

o : 2+ (y— )’
u(x,y,t) —/0 dT/oo ¢(Uﬂ')m exp {_4a2(t—7)] dn, (7)
where

w(W,T) = u(+0777’ 7—)' (8)

From the continuity of the derivatives of the function u(z,y,t) up to order
m with respect to x,y in D there follows the existence and continuity of the
derivatives

* We assume that m is an even number. If m is an odd number, then instead
of (7) we take the simple-layer potential.

8m—k‘/2,¢}
Sy F otk (k=0,2,4,...,m),
where

\Fi [w%kﬂ')” < Myeb=m’ (j =0,1,....k k=0,1,..., %) : ©)
Filf] =0 (=01 ki k=017, 10)

where ,
:Q_azi F[F*1] = F* FO—1 (11)

ot on?’ ) )

and conversely, if the function (7, 7) satisfies inequalities (9) and conditions
(10), then, under condition (6), the function u(zx,y,t) defined by formula (7)
satisfies equation (1), the initial condition (8), and conditions (5). Therefore, in
(7) we choose the function ¥ (n, 7) from the class of functions satisfying inequali-
ties (9) and conditions (10) so that the function u(z,y,t) satisfies the boundary
condition (3).
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First we consider the simplest problem, i.e., the problem with boundary condi-

tion
u

| = e, (12)

kaWymk

Differentiating (7) successively and taking (10) into account, we obtain

H2n— 14k, +oo

axQn 182/ / dT/ Fn (y nvt_T) dn’ (13)
a2n+ku .
gy~ ] a9

where

(y —n)? ]

gy —mt-7)= 2ma(t — 1) P [_4(12@—7') (15)

Substituting the found limiting values (13) and (14) into (12), we obtain the
following integro-differential equation:

m/2

m/2 t +00

Um 2k m—2k) U261 m—2k+1

i vy "] - 2ok /0 dT/ F* [y Y] gly—n, t—r) dn = p(y.t).
=1 —00

(16)

k=0
3. To simplify the last equation we introduce the operators

+o0
= / dr Y, )Gy —nt—7)dy,  F*=F1[F 1],
0 e}

(17)
where
— 1 (y 77)2
Gly—mt=m)= 2a/7(t —7) P da?(t—7)] "

By direct calculation we verify that the operators F~! and F are mutually
inverse under condition (10).

In passing, let us introduce one more operator:
t +o0o
P = [Car [ st mgty -t =) dn (18)
0 )
It is easy to see that

FA2 P2 ]] = F [y). (19)

Applying these operators successively, we obtain the following formulas useful
to us:
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F’k[z/f:/dT/ Y(n, T (t(T)l)G(y n,t—7)dn,

i 1/2 +00 )k 1/2
F dT Gy — —7T)dn.

m/2

4. Apply the operator F~ to equation (16). Then we obtain the following

equivalent equation
m t +o0 *)
O 0:8) 4 (¥t yab [ dr [
k=1 0 —0o0

(t _ 7_)k/2—1
I'(k/2)

This equation has been well studied by us ().

Gly—nt—7)dn=a™F ™2[g] = ¢, (y,1). (20)

In order that equation (20) have a solution in the class of ordinary functions sat-
isfying (9) and (10), it is necessary and sufficient that the roots of the algebraic
equation

Zam,kzk =0 (21)

k=0

lie between the branches of the hyperbola

yP—a?=1 (22)
in the complex z-plane.
Let ¢y, ¢s, -, q, be the roots of equation (21) with multiplicities ny, ng, ..., n,,
and let
™ Lok 1
S =1+ Bri T (23)
k e R G O LN
D i
k=0

If ¢1,4s, ... , q, lie between the branches of the hyperbola (22), then the solution
of equation (20) is written in the form
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V(y,t) =1y, +ZZ/3k]/dT/ wil V(y — .t — i) @1, (0, 7) dn,

(24)
where
1 —y?/4a>t
w(y,t;q;,) = o -
aqk 3 7y2/4a2(1+q2)t qk y
_ e Wierfec | ———— . 25
2Vt (1+ q)1/? 9y 1+ ¢? 2av/t (25)

5. Now consider the problem with boundary condition (3). To this end, we
rewrite it in the following form:

m—1

= ¢1(y,1). (26)

k

A
§ : k,j axjayk J
=0 k=0 j=0 =0

i o
Ak % %
— oxkoy™

On the basis of (13) and (14),

t +oo <t_t)m/271
¢1(y,t) =a / dtl/ f(yptl)liG(yfyl,t*tl)dyl
m—1 k ot )m/27j/271
a, .a™ dt/ ’”>,t<1 Gy —yy,t—t,)dy,.
- sz: k.j / 1/1 yl 1) F(m/Q—]/Q) (y Y1 1) Y1

(27)
Substituting (27) into (24), we again obtain the integro-differential equation

Bt = -3 a / ar / WD, P Ky — st —7) diy, (28)
0

n=0 i=
where

t

+00
dT/ f(n, ) Ko(y —n,t —7)dn,

£t = /O
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am—i (t _ 7,) (m—1)/2—1

I'((m —i)/Q)
v +0<> tl (m—1)/2—1
Zzﬂ'ﬂa o0 / Y =

X w(y —yp,t— tl;Qk)G(yl =ty —7)dy;.
(29)

Ki(y—mnt—1)= Gly—mnt—r)

Transferring the derivatives from the unknown function in (28) onto K, we
obtain the final integral equation

+o0o
¢<y7 t) = fl (ya t) + / dr K(y =, t— TW(% T) dna (30)
0 —o0
where
m—1 n 8"4
. . — _1\n+e K. . _
K(y—n,t—1) n; ;( D" a,, ; G K(y—mn,t—1).

A detailed investigation shows that

M
Ky —n.t=7)| < 7— e y—m)?/(t=7) (31)

Consequently, equation (30) can be integrated by the method of successive ap-

proximations.
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