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Abstract
Full Text

MATHEMATICAL PHYSICS
E. I. KIM

ON THE CONDITIONS FOR SOLVABILITY
OF A BOUNDARY-VALUE PROBLEM FOR
THE HEAT-CONDUCTION EQUATION
(Presented by Academician I. M. Vinogradov on 4 V 1961)

1. Find a solution of the heat-conduction equation

𝜕𝑢
𝜕𝑡 = 𝑎2 (𝜕2𝑢

𝜕𝑥2 + 𝜕2𝑢
𝜕𝑦2 ) (1)

in the domain 𝐷 (0 < 𝑥 < ∞, −∞ < 𝑦 < +∞, 0 < 𝑡 < 𝑇0), satisfying the
initial condition

𝑢(𝑥, 𝑦, 0) = 0 (2)

and the boundary condition

𝑚
∑
𝑘=0

𝑘
∑
𝑗=0

𝑎𝑘𝑗
𝜕𝑘𝑢

𝜕𝑥𝑗 𝜕𝑦𝑘−𝑗 ∣
𝑥=0

= 𝑓(𝑦, 𝑡), (3)

where 𝑎𝑘𝑗 are constants, and 𝑓(𝑦, 𝑡) is a known function which, together with
its derivative with respect to 𝑦, satisfies the inequality:

|𝑓(𝑦, 𝑡)|, |𝑓 ′
𝑦(𝑦, 𝑡)| ≤ 𝑀𝑒𝛿2𝑦2 . (4)

We shall seek a solution 𝑢(𝑥, 𝑦, 𝑡), continuous together with its derivatives up
to order 𝑚 with respect to 𝑥 and 𝑦 in 𝐷, and such that

∣ 𝜕𝑘𝑢
𝜕𝑥𝑗 𝜕𝑦𝑘−𝑗 ∣ ≤ 𝑀1𝑒𝛿2𝑟2 (𝑗 = 0, 1, … , 𝑘; 𝑘 = 0, 1, … , 𝑚), (5)

where 𝑟 = √𝑥2 + 𝑦2; 𝑀, 𝑀1, 𝛿2 are certain constants, and 𝑇0 is also a constant
satisfying the inequality
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𝑇0 < 1
4𝑎2𝛿2 . (6)

In the present work we shall show that the posed problem does not always have
a solution, in contrast to the one-dimensional problem (1), and we shall indicate
conditions under which our problem has a solution.

2. It is obvious that if the posed problem has a solution, then it can always
be expressed by the formula*

𝑢(𝑥, 𝑦, 𝑡) = ∫
𝑡

0
𝑑𝜏 ∫

+∞

−∞
𝜓(𝜂, 𝜏) 𝑥

4𝑎2𝜋(𝑡 − 𝜏)2 exp [−𝑥2 + (𝑦 − 𝜂)2

4𝑎2(𝑡 − 𝜏) ] 𝑑𝜂, (7)

where

𝜓(𝜂, 𝜏) = 𝑢(+0, 𝜂, 𝜏). (8)

From the continuity of the derivatives of the function 𝑢(𝑥, 𝑦, 𝑡) up to order
𝑚 with respect to 𝑥, 𝑦 in 𝐷 there follows the existence and continuity of the
derivatives

* We assume that 𝑚 is an even number. If 𝑚 is an odd number, then instead
of (7) we take the simple-layer potential.

𝜕𝑚−𝑘/2𝜓
𝜕𝑦𝑚−𝑘 𝜕𝑡𝑘/2 (𝑘 = 0, 2, 4, … , 𝑚),

where

∣𝐹 𝑗 [𝜓(𝑘−𝑗)
𝜂 ]∣ ≤ 𝑀2𝑒𝛿2𝜂2 (𝑗 = 0, 1, … , 𝑘; 𝑘 = 0, 1, … , 𝑚

2 ) ; (9)

𝐹 𝑗 [𝜓(𝑘−𝑗)
𝜂 ]

𝜏=0
= 0 (𝑗 = 0, 1, … , 𝑘; 𝑘 = 0, 1, … , 𝑚

2 ) , (10)

where
𝐹 = 𝜕

𝜕𝑡 − 𝑎2 𝜕2

𝜕𝜂2 , 𝐹 [𝐹 𝑘−1] = 𝐹 𝑘, 𝐹 0 = 1, (11)

and conversely, if the function 𝜓(𝜂, 𝜏) satisfies inequalities (9) and conditions
(10), then, under condition (6), the function 𝑢(𝑥, 𝑦, 𝑡) defined by formula (7)
satisfies equation (1), the initial condition (8), and conditions (5). Therefore, in
(7) we choose the function 𝜓(𝜂, 𝜏) from the class of functions satisfying inequali-
ties (9) and conditions (10) so that the function 𝑢(𝑥, 𝑦, 𝑡) satisfies the boundary
condition (3).
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First we consider the simplest problem, i.e., the problem with boundary condi-
tion 𝑚

∑
𝑘=0

𝑎𝑚,𝑘
𝜕𝑚𝑢

𝜕𝑥𝑘𝜕𝑦𝑚−𝑘 ∣
𝑥=0

= 𝜑(𝑦, 𝑡). (12)

Differentiating (7) successively and taking (10) into account, we obtain

𝜕2𝑛−1+𝑘𝑢
𝜕𝑥2𝑛−1𝜕𝑦𝑘 ∣

𝑥=0
= − 1

𝑎2𝑛 ∫
𝑡

0
𝑑𝜏 ∫

+∞

−∞
𝐹 𝑛 [𝜓(𝑘)

𝜂 ] 𝑔(𝑦 − 𝜂, 𝑡 − 𝜏) 𝑑𝜂; (13)

𝜕2𝑛+𝑘𝑢
𝜕𝑥2𝑛𝜕𝑦𝑘 ∣

𝑥=0
= − 1

𝑎2𝑛 𝐹 𝑛 [𝜓(𝑘)
𝜂 ] , (14)

where
𝑔(𝑦 − 𝜂, 𝑡 − 𝜏) = 1

2𝜋𝑎(𝑡 − 𝜏) exp [− (𝑦 − 𝜂)2

4𝑎2(𝑡 − 𝜏)] . (15)

Substituting the found limiting values (13) and (14) into (12), we obtain the
following integro-differential equation:

𝑚/2
∑
𝑘=0

𝑎𝑚,2𝑘
𝑎2𝑘 𝐹 𝑘 [𝜓(𝑚−2𝑘)

𝑦 ]−
𝑚/2
∑
𝑘=1

𝑎𝑚,2𝑘−1
𝑎2𝑘 ∫

𝑡

0
𝑑𝜏 ∫

+∞

−∞
𝐹 𝑘 [𝜓(𝑚−2𝑘+1)

𝜂 ] 𝑔(𝑦−𝜂, 𝑡−𝜏) 𝑑𝜂 = 𝜑(𝑦, 𝑡).

(16)

3. To simplify the last equation we introduce the operators

𝐹 −1[𝜓] = ∫
𝑡

0
𝑑𝜏 ∫

+∞

−∞
𝜓(𝜂, 𝜏)𝐺(𝑦 − 𝜂, 𝑡 − 𝜏) 𝑑𝜂, 𝐹 −𝑘 = 𝐹 −1 [𝐹 −𝑘+1] ,

(17)
where

𝐺(𝑦 − 𝜂, 𝑡 − 𝜏) = 1
2𝑎√𝜋(𝑡 − 𝜏)

exp [− (𝑦 − 𝜂)2

4𝑎2(𝑡 − 𝜏)] .

By direct calculation we verify that the operators 𝐹 −1 and 𝐹 are mutually
inverse under condition (10).

In passing, let us introduce one more operator:

𝐹 −1/2[𝜓] = ∫
𝑡

0
𝑑𝜏 ∫

+∞

−∞
𝜓(𝜂, 𝜏)𝑔(𝑦 − 𝜂, 𝑡 − 𝜏) 𝑑𝜂. (18)

It is easy to see that

𝐹 −1/2 [𝐹 −1/2[𝜓]] = 𝐹 −1[𝜓]. (19)

Applying these operators successively, we obtain the following formulas useful
to us:
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𝐹 −𝑘[𝜓] = ∫
𝑡

0
𝑑𝜏 ∫

+∞

−∞
𝜓(𝜂, 𝜏) (𝑡 − 𝜏)𝑘−1

(𝑘 − 1)! 𝐺(𝑦 − 𝜂, 𝑡 − 𝜏) 𝑑𝜂,

𝐹 −𝑘−1/2[𝜓] = ∫
𝑡

0
𝑑𝜏 ∫

+∞

−∞
𝜓(𝜂, 𝜏) (𝑡 − 𝜏)𝑘−1/2

Γ(𝑘 + 1/2) 𝐺(𝑦 − 𝜂, 𝑡 − 𝜏) 𝑑𝜂.

4. Apply the operator 𝐹 −𝑚/2 to equation (16). Then we obtain the following
equivalent equation

𝑎𝑚,𝑚𝜓(𝑦, 𝑡) +
𝑚

∑
𝑘=1

(−1)𝑘𝑎𝑚,𝑚−𝑘𝑎𝑘 ∫
𝑡

0
𝑑𝜏 ∫

+∞

−∞
𝜓(𝑘)

𝜂 (𝜂, 𝜏)×

×(𝑡 − 𝜏)𝑘/2−1

Γ(𝑘/2) 𝐺(𝑦 − 𝜂, 𝑡 − 𝜏) 𝑑𝜂 = 𝑎𝑚𝐹 −𝑚/2[𝜑] = 𝜑1(𝑦, 𝑡). (20)

This equation has been well studied by us (2).
In order that equation (20) have a solution in the class of ordinary functions sat-
isfying (9) and (10), it is necessary and sufficient that the roots of the algebraic
equation

𝑚
∑
𝑘=0

𝑎𝑚,𝑘𝑧𝑘 = 0 (21)

lie between the branches of the hyperbola

𝑦2 − 𝑥2 = 1 (22)

in the complex 𝑧-plane.
Let 𝑞1, 𝑞2, … , 𝑞𝜈 be the roots of equation (21) with multiplicities 𝑛1, 𝑛2, … , 𝑛𝜈,
and let

𝑥𝑚
𝑚

∑
𝑘=0

𝑎𝑚,𝑘𝑥𝑘
= 1 +

𝜈
∑
𝑘=1

𝑛𝑘

∑
𝑗=1

𝛽𝑘,𝑗
1

(𝑥 − 𝑞𝑘)𝑗 . (23)

If 𝑞1, 𝑞2, … , 𝑞𝜈 lie between the branches of the hyperbola (22), then the solution
of equation (20) is written in the form
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𝜓(𝑦, 𝑡) = 𝜑1(𝑦, 𝑡) +
𝜈

∑
𝑘=1

𝑛𝑘

∑
𝑗=1

𝛽𝑘,𝑗 ∫
𝑡

0
𝑑𝜏 ∫

+∞

−∞
𝑤(𝑗−1)

𝑞𝑘 (𝑦 − 𝜂, 𝑡 − 𝜏; 𝑞𝑘) 𝜑′
1𝜂(𝜂, 𝜏) 𝑑𝜂,

(24)

where

𝑤(𝑦, 𝑡; 𝑞𝑘) = − 1
2𝜋𝑡𝑒−𝑦2/4𝑎2𝑡−

− 𝑎𝑞𝑘
2
√

𝜋𝑡 (1 + 𝑞2
𝑘)1/2

𝜕
𝜕𝑦

⎡⎢
⎣

𝑒−𝑦2/4𝑎2(1+𝑞2
𝑘)𝑡 erfc⎛⎜⎜

⎝
− 𝑞𝑘

√1 + 𝑞2
𝑘

𝑦
2𝑎

√
𝑡
⎞⎟⎟
⎠

⎤⎥
⎦

. (25)

5. Now consider the problem with boundary condition (3). To this end, we
rewrite it in the following form:

𝑚
∑
𝑘=0

𝑎𝑚,𝑘
𝜕𝑚𝑢

𝜕𝑥𝑘𝜕𝑦𝑚−𝑘 ∣
𝑥=0

= 𝑓(𝑥, 𝑦) −
𝑚−1
∑
𝑘=0

𝑘
∑
𝑗=0

𝑎𝑘,𝑗
𝜕𝑘𝑢

𝜕𝑥𝑗𝜕𝑦𝑘−𝑗 ∣
𝑥=0

= 𝜑1(𝑦, 𝑡). (26)

On the basis of (13) and (14),

𝜑1(𝑦, 𝑡) = 𝑎𝑚 ∫
𝑡

0
𝑑𝑡1 ∫

+∞

−∞
𝑓(𝑦1, 𝑡1) (𝑡 − 𝑡1)𝑚/2−1

Γ(𝑚/2) 𝐺(𝑦 − 𝑦1, 𝑡 − 𝑡1) 𝑑𝑦1

−
𝑚−1
∑
𝑘=0

𝑘
∑
𝑗=0

𝑎𝑘,𝑗𝑎𝑚−𝑗 ∫
𝑡

0
𝑑𝑡1 ∫

+∞

−∞
𝜓(𝑘−𝑗)

𝑦1 (𝑦1, 𝑡1) (𝑡 − 𝑡1)𝑚/2−𝑗/2−1

Γ(𝑚/2 − 𝑗/2) 𝐺(𝑦 − 𝑦1, 𝑡 − 𝑡1) 𝑑𝑦1.

(27)

Substituting (27) into (24), we again obtain the integro-differential equation

𝜓(𝑦, 𝑡) = 𝑓1(𝑦, 𝑡) −
𝑚−1
∑
𝑛=0

𝑛
∑
𝑖=0

𝑎𝑛,𝑖 ∫
𝑡

0
𝑑𝜏 ∫

+∞

−∞
𝜓(𝑛−𝑖)

𝜂 (𝜂, 𝜏)𝐾𝑖(𝑦 − 𝜂, 𝑡 − 𝜏) 𝑑𝜂, (28)

where

𝑓1(𝑦, 𝑡) = ∫
𝑡

0
𝑑𝜏 ∫

+∞

−∞
𝑓(𝜂, 𝜏)𝐾0(𝑦 − 𝜂, 𝑡 − 𝜏) 𝑑𝜂,
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𝐾𝑖(𝑦 − 𝜂, 𝑡 − 𝜏) = 𝑎𝑚−𝑖(𝑡 − 𝜏)(𝑚−𝑖)/2−1

Γ((𝑚 − 𝑖)/2) 𝐺(𝑦 − 𝜂, 𝑡 − 𝜏)

− 𝑎𝑚−𝑖
𝜈

∑
𝑘=1

𝑛𝑘

∑
𝑗=1

𝛽𝑘𝑗
𝜕𝑗

𝜕𝜂 𝜕𝑞 𝑗−1
𝑘

∫
𝑡

0
𝑑𝑡1 ∫

+∞

−∞

(𝑡1 − 𝜏)(𝑚−𝑖)/2−1

Γ((𝑚 − 𝑖)/2)
× 𝜔(𝑦 − 𝑦1, 𝑡 − 𝑡1; 𝑞𝑘)𝐺(𝑦1 − 𝜂, 𝑡1 − 𝜏) 𝑑𝑦1.

(29)

Transferring the derivatives from the unknown function in (28) onto 𝐾𝑖, we
obtain the final integral equation

𝜓(𝑦, 𝑡) = 𝑓1(𝑦, 𝑡) + ∫
𝑡

0
𝑑𝜏 ∫

+∞

−∞
𝐾(𝑦 − 𝜂, 𝑡 − 𝜏)𝜓(𝜂, 𝜏) 𝑑𝜂, (30)

where

𝐾(𝑦 − 𝜂, 𝑡 − 𝜏) =
𝑚−1
∑
𝑛=1

𝑛
∑
𝑖=0

(−1)𝑛+𝑖𝑎𝑛,𝑖
𝜕 𝑛−𝑖

𝜕𝜂 𝑛−𝑖 𝐾𝑖(𝑦 − 𝜂, 𝑡 − 𝜏).

A detailed investigation shows that

|𝐾(𝑦 − 𝜂, 𝑡 − 𝜏)| ≤ 𝑀
𝑡 − 𝜏 𝑒−𝛿2

1(𝑦−𝜂)2/(𝑡−𝜏). (31)

Consequently, equation (30) can be integrated by the method of successive ap-
proximations.

Kharkov Polytechnic Institute
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Received
4 V 1961

REFERENCES CITED
1 A. N. Tikhonov, Matem. sborn., 26 (68), 1 (1950).
2 E. I. Kim, DAN, 125, No. 4 (1959).
4 S. L. Sobolev, Equations of Mathematical Physics, 1947.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196101.23805 Machine Translation

https://sovietrxiv.org/items/ru-196101.23805

	Abstract
	Full Text
	MATHEMATICAL PHYSICS
	E. I. KIM

	ON THE CONDITIONS FOR SOLVABILITY OF A BOUNDARY-VALUE PROBLEM FOR THE HEAT-CONDUCTION EQUATION
	REFERENCES CITED


