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Operator

(Presented by Academician S. L. Sobolev on 27 II 1961)

Every bounded operator B admits a decomposition into real and imaginary
parts

B B+B . i B - B .

2 2 1

Such a decomposition plays an important role in the spectral analysis of bounded
non-self-adjoint operators (16). However, if the operator B is unbounded, then
the decomposition loses its meaning, since the operators B and B* have, gener-
ally speaking, different domains of definition. In the present paper it is shown
that, using the concept of generalized elements of a Hilbert space, one can also
obtain an analogous representation for unbounded operators.

1. Let an unbounded operator 1" with dense domain of definition Dy be given
in a Hilbert space H. Suppose also that on the set D, N Dp. the operator
T is symmetric. Define on the set D = Dy + Dy. the operator

Tf=TfH+Tf, (f=Ff +fo fL €Dy, fy € D). (1)

The operator T is, obviously, linear. Note that if f € Dy, g € Dyp., then
Tf=Tf, Tg=T*g. Introduce in D the new norm | f|, = |Tf] + | f]. It is not
difficult to see that the norm introduced satisfies all axioms of a norm and that
the new norm defines in D a topology which majorizes the original topology of
the space H. The set D with the norm | - | will be called the manifold of
basic elements, and its elements—basic. We shall say that every continuous
functional S(f) on the manifold of basic elements is generated by a generalized
element S, and we shall write (f, 5 ) for the value of the functional on the basic
element f € D. It is easy to see that every element S € H defines, by

(Tf,8)=(f.9) (2)

a continuous functional on the manifold of basic elements, generated by a gener-
alized element. The definition of generalized elements given here is a natural ex-
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tension of the construction of generalized functions in the sense of S. L. Sobolev
(8). We shall consider only generalized elements S generated by equality (2).

2. We shall say that a linear bounded operator B belongs to the class (i€2)

H is finite-dimensional. A

(?) if its non-Hermitian subspace H, =

linear unbounded operator 1" will be assigned to the class 2 if it has an
inverse operator T~ ! belonging to (i2).

If the operator 1" belongs to the class £}, then the equalities

To

1 “N A
;[(Tflagl) - (flaTgl>] = Z (flveoc)]aﬁ (eﬂvgl)a
a,f=1
1 d
;[(f%T*gQ) - (T*f2a92>] = Z (f25 ea)j;ﬁ (éBaQQ)
a,p=1
(f1,91 € Dp; fa,99 € D), (3)
hold.
where €;, €,, ..., éTo are generalized elements of the manifold D, J’ is a Hermitian

matrix satisfying the condition J 2o

Indeed, for any g, € Dy, g, € Dyp. there exist i, and 1, such that g; =
T2y, gy = T *9y. Next denote p; = T'f;, @y =T*f,. Then

—1 _ p—1x
: [(Tfp!h) - (thgl)] = <T~T<P1a¢1) )

) )

1 T*l _ T*l*
T ) = () = (T ) (@)
Since T € Q, we have*
71 _ p-1x "o .
Lol e S Geaiases el =D, )
a,B=1

By virtue of (1) and (5),

Tfl _ Tfl* "o "o
— (.8017¢1) = Z (‘Pu@a)jg,@(eﬁ»wﬂ = Z (Tflaea)j;,ﬁ(eﬁngl) =

L a,p=1 a,B=1
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= (flvéa)j;,ﬂ<éﬁagl)v (6)

T-1 _ -1 "o
- (Z.S%a%) = Z (@2»€a)j;,ﬁ(eﬁa¢2) =

a,B=1
To "o
= (T f, ea)].:x,ﬁ(eﬁa 17g,) = Z (f2) éa)j;ﬁ(éﬁbfh)'
a,B=1 a,B=1
Here J' = —J. Equalities (4) and (6) prove our assertion. The generalized
vectors €y, ..., €, will be called channel vectors for the operator T'.

3. In connection with the fact that the equality

L Tl
Cor 5 9 = (€, 9)

holds (& = 1,2, ...,7y), we extend the definition of the operator

T4+ 17t
2
to the generalized channel vectors ey, ..., €, , setting
T71 Tfl* R
%ea =e, (a=1,2,...,7y) (7)

At the same time we shall also say that

-1

R T—l + T—l*
e, = \|\—— e, .
(03 2 (0%

It is not difficult to see that

T*l Tfl*’\ R
(J;ea,%) =0 (o, B=1,2,...,1). (8)

Indeed, by virtue of (5),

7o

i 1 71—71
ea = Zuaﬁgﬁ = Zuaﬁjfgﬂ (Oé = 1727 ,7‘0), (9)
B=1 B=1 B
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* It is known () that if the operator B € (if2), then

"o

[= Z (fvea)jaﬁeﬁv

a,f=1

B—-pB*

1

where eg (8 = 1,2,...,79) is a linear combination of the eigenvectors of the
operator
B— B*

. )

7

corresponding to nonzero eigenvalues, and J is a Hermitian matrix satisfying

the condition J? = I. The vectors ey, ey, ..., e,, are then called channel vectors.

T*l _ T*l*
where gy, 95, ..., 9,, are eigenvectors of the operator —————— in the non-
i
Hermitian subspace H,, corresponding to the nonzero eigenvalues wy, ..., w, .
Equality (8) now follows easily from (1), (2), (7), and (9). In what follows we
shall need the following relations: if f; € Dy and f, € Dy., then

T71 + Tfl* i T71 _ Tfl*

— T*l — —

f1 1 5 w1+ 5 ; 1 o)

.o 10
i 0 ) T71 _’_Tfl*

= A71901 =+ 5 Z (<p13 ea)]a,ﬁeﬁ (Al = 9 ) )

a,B=1
L T*l + T*l* i T71 _ T*l* 3 i To .
fo=T My = oy 0y = A o5 D (93:¢0) Japes-

a,f=1

Since the operator A~ is defined on the Hilbert space H and on the vectors €,,
(o =1,2,...,77), the operator will be defined on the domain of definition D 4

and on the vectors e, (a=1,2,...,7y). We further extend the operator
T4\
- (2

by linearity to the sets Dy and Dy., putting, for arbitrary f; € Dy, fy € Dy,
. To
— ? .
A fy = AA 1901 + 9 Z <‘P1>€a>3a,ﬁ‘4€/3
a,B=1

. To
2 . ~
=@ty D (P1:€a) Jass
a,B=1
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To

_ i ‘
A2f2 = AA 1$02 - 5 Z (@27604)‘7(1,51465

a,B=1
. To
(3 . ~
= Yo — 5 Z (()OZa ea)]aﬁeﬁ'
a,f=1

By direct verification one can see that, under such an extension, the property
of symmetry is not violated, i.e., for arbitrary f;,9; € Dy, fs,99 € Dy,

(A fio91) = (f1, A1g1)s (Asf2,92) = (f2, Az9s).

Let us now define on the set D = Dy + Dy the operator

Af=Afi+Asfy  (FED, f=fi+fy fL€Dg, fo€Dp).  (12)

We note here that the generalized vector A f does not depend on the represen-
tation of the vector f in the form f = f; + f,, where f; € Dy, fy € Dp.. Using
equalities (10), (11), (12), it is easy to prove the following assertion. If f € D,
then A f = Af. We shall call the linear operator Aa generalized extension of
the operator A to the set D. The operator A has the special feature that it
may carry elements of the Hilbert space either into elements of the same space
or into generalized elements. By verification one can see that the generalized
extension A has the property of symmetry, i.e., for arbitrary f,g € D,

(Af.9) = (f. Ag).
We also note that if f € Dy, g € Dy, then
Af=Arf,  Ag=4y (13)

Main theorem. If the operator T belongs to the class gy, then the following
equalities hold

. To
~ i N A
ThH=Af+5 ; (F1,€0) o660
a,f=1
. U SN
T fy = Afy — 3 Z (f2,€a) T g5 (f1 € Dy, fy € D), (14)
a,B=1

where A is the generalized extension of the operator
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-1 —1xy\ 1
Ao <T +T )
2

Proof. Any vectors f; € Dy, fq € Dp. can be represented in the form (10).
Taking (13) into account, we apply the operator A to (10):

. To . To
~ 1 . ~ ~ (3 . ~
Afy=¢1 + 5 Z (801>€a)3ag657 Afy =y — 5 Z (§027ea)jaﬁeﬁ' (15)
a,B=1 a,B=1

By virtue of (7), (8), (10),

R o S s
(fl?e'y) = (A lsolae'y) + 5 ( (@laea)jaﬁe/ﬁe’y) = (A 1901367) = (@176'}/)’

R o S R
(f27e'y) = (A 1502767) - 5 ( (5027604)]04[36{?767) = (A 190236'\/) = <902?6'y>'

(v=1,2,...,1) (16)

Substituting the equalities (16) into (15), we obtain the assertion of the theorem.
Let us also note that, by virtue of (3) and (14),

1 ~ 1 ~
g{(Tfugl) +(f.Tg1)] = (Af1, 91), ;[(fzaT*Qﬁ + (T f2,92)] = (Afy, g2)-
(17)
Taking into account the equalities (3) and (17), the operator

7o
Bf =) (f.2a)ins?s (f€D).
o,
It is natural to call B the imaginary part of the operator T', and the operator

A the real part. As an example, consider the differentiation operator

_1df

= — <zx<
Tf e (0<xz<e),
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defined on all absolutely continuous functions f(z) satisfying the boundary con-
dition f(0) = 0. The operator T is a quasi-self-adjoint extension (1) of a sym-
metric operator, i.e., on the set DN D the operator T is symmetric. Moreover,
it is not difficult to see that 7! has one channel vector e = —i. Consequently,
T belongs to the class €y. The set D = Dy + D;. consists, obviously, of all
absolutely continuous functions. It is easy to see that

Tf=TH+Tf,=

1d
*é (f=fit+/fy fED).

7

We now define the generalized channel vector of the operator T'. By virtue of

(3) <f,é>/0 L4F G 42 = fe) - £(0).

i dx

The generalized element €, generated by this functional, may be regarded as the
difference of d-functions, i.e. é(x) = §(x — e) — d(x). The real and imaginary
parts of the operator T have the form

~ 1d )
_ldf i

- LU0 + f@Nl6( — ) — 5@, Bf = (/1,8 = [£(0)-

—fe)lo(z —e) =d(x)]. (f € D).

In conclusion, I express my gratitude to Prof. M. S. Livsic for his attention to
this work.
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