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MATHEMATICS
L. I. KAMYNIN

ON THE DEPENDENCE OF THE SOLUTION
OF A MIXED PROBLEM FOR A PARABOLIC
EQUATION ON THE BOUNDARY
(Presented by Academician S. L. Sobolev on 24 V 1961)

In this note we consider the solution of a mixed problem for a linear parabolic
equation with two independent variables 𝑥 and 𝑡, satisfying, on the lateral bound-
ary of the domain, one of the three standard boundary conditions. The depen-
dence of the solution on changes in the curves specifying the lateral boundary
is investigated. It turns out that if the boundary curves satisfy a Hölder condi-
tion with exponent > 1/2 and are rectifiable, and the boundary conditions on
each of the admissible curves are not changed, then the solution, together with
its derivative with respect to 𝑥, depends continuously (in the 𝐶-metric) on the
change of the boundary curve (in the Hölder metric). The coefficients of the
parabolic equation may have discontinuities of the first kind on a finite number
of curves, along which certain conjugation conditions (see (2)) are prescribed;
in this case the solution, together with its first derivative with respect to 𝑥, also
depends continuously on the lines of discontinuity (if they are taken from the
class of rectifiable Hölder curves).

I. Let us first consider the solution 𝑢(𝑥, 𝑡) of the classical mixed problem for an
equation of parabolic type

𝜕2𝑢
𝜕𝑥2 = 𝑎(𝑥, 𝑡)𝜕𝑢

𝜕𝑡 + 𝑏(𝑥, 𝑡)𝜕𝑢
𝜕𝑥 + 𝑐(𝑥, 𝑡)𝑢 + 𝑓(𝑥, 𝑡),

𝑋1(𝑡) < 𝑥 < 𝑋2(𝑡), 0 < 𝑡 < 𝑇 , (1)

satisfying the initial condition

𝑢(𝑥, 0) = 𝐹(𝑥), 𝑋1(0) ⩽ 𝑥 ⩽ 𝑋2(0) (2)
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and boundary conditions of one of the following types:

𝑢(𝑋𝑖(𝑡), 𝑡) = 𝜇𝑖(𝑡), 0 ⩽ 𝑡 ⩽ 𝑇 , 𝑖 = 1, 2; (3a)

𝜕𝑢(𝑋𝑖(𝑡), 𝑡)
𝜕𝑥 + 𝜆𝑖(𝑡) 𝑢(𝑋𝑖(𝑡), 𝑡) = 𝜓𝑖(𝑡), 0 ⩽ 𝑡 ⩽ 𝑇 , 𝑖 = 1, 2, (3b)

provided the compatibility conditions are fulfilled

𝐹(𝑋𝑖(0)) = 𝜇𝑖(0) (4a)

or

𝐹 ′(𝑋𝑖(0)) + 𝜆𝑖(0)𝐹(𝑋𝑖(0)) = 𝜓𝑖(0), 𝑖 = 1, 2. (4b)

We shall call 𝐻𝛼 the class of all continuous curves 𝑥 = ℎ(𝑡) (0 ⩽ 𝑡 ⩽ 𝑇 ) for
which |ℎ(𝑡)| ⩽ 𝑀 , 0 ⩽ 𝑡 ⩽ 𝑇 , and

|ℎ(𝑡1) − ℎ(𝑡2)| ⩽ 𝐾|𝑡1 − 𝑡2| 1+𝛼
2 , 𝑡1, 𝑡2 ∈ [0, 𝑇 ],

where 𝑀 , 𝐾, and 𝛼 are constants (0 < 𝛼 ⩽ 1). By 𝑉 we denote the set of all
rectifiable curves from 𝐻𝛼.

Let

|ℎ|𝑡 = sup
0≤𝜏≤𝑡

|ℎ(𝜏)|, ‖ℎ‖𝑡 = |ℎ|𝑡 + sup
0≤𝜏1,𝜏2≤𝑡

|ℎ(𝜏1) − ℎ(𝜏2)|
|𝜏1 − 𝜏2|(1+𝛼)/2 .

Lemma 1. If the curves 𝑥 = ℎ(𝑡) and 𝑥 = 𝑔(𝑡) are of class 𝐻𝛼, then the heat
potential of a simple layer

𝐹(𝑥, 𝑡; ℎ) = ∫
𝑡

0

𝜑(𝜏; ℎ)√
𝑡 − 𝜏 𝑒−(𝑥−ℎ(𝜏))2/4(𝑡−𝜏) 𝑑𝜏

satisfies the inequality

|𝐹 (𝑥, 𝑡; ℎ) − 𝐹(𝑥, 𝑡; 𝑔)| ≤ 𝐴|ℎ − 𝑔|𝑡 + 𝐵 max
0≤𝜏≤𝑡

|𝜑(𝜏; ℎ) − 𝜑(𝜏; 𝑔)|,

where the constants 𝐴 and 𝐵 depend on 𝜑, 𝑀, 𝐾, 𝑇 , and 𝛼.
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Lemma 2. If the curves 𝑥 = ℎ(𝑡) and 𝑥 = 𝑔(𝑡) belong to the class 𝑉 , and the
function 𝜑(𝜏; 𝑡) satisfies a Hölder condition in 𝜏 with exponent 𝛿 > 1/2, then
the heat potential of a double layer

Φ(𝑥, 𝑡; ℎ) = ∫
𝑡

0

𝑥 − ℎ(𝜏)
(𝑡 − 𝜏)3/2 𝑒−(𝑥−ℎ(𝜏))2/4(𝑡−𝜏)𝜑(𝜏; ℎ) 𝑑𝜏

satisfies the inequality

|Φ(𝑥, 𝑡; ℎ) − Φ(𝑥, 𝑡; 𝑔)| ≤ 𝐶 max
0≤𝜏≤𝑡

|𝜑(𝜏; ℎ) − 𝜑(𝜏; 𝑔)| + 𝑜(‖ℎ − 𝑔‖𝑡),

where 𝐶 is a constant depending on 𝜑, 𝑀, 𝐾, 𝑇 , and 𝛿.

Let in (1)—(4) 𝐹(𝑥), 𝜇𝑖(𝑡), 𝜆𝑖(𝑡), 𝜓𝑖(𝑡), and 𝑋2(𝑡) be fixed, while 𝑋1(𝑡) ≡ ℎ(𝑡)
varies; then the corresponding solution of problem (1)—(4) will be denoted by
𝑢(𝑥, 𝑡; ℎ).
Theorem 1. Suppose the following conditions are satisfied:

1. 𝑎(𝑥, 𝑡) has derivatives 𝜕𝑎/𝜕𝑥, 𝜕𝑎/𝜕𝑡, and 𝜕𝑎/𝜕𝑥, 𝜕𝑎/𝜕𝑡, 𝑏(𝑥, 𝑡), 𝑐(𝑥, 𝑡),
𝑓(𝑥, 𝑡) are continuous and satisfy one of Gevrey’s conditions (A) ((1),
pp. 350, 351) (for example, a Hölder condition with nonzero exponent in
one of the variables 𝑥 or 𝑡); moreover, 0 < 𝑎0 ≤ 𝑎(𝑥, 𝑡) ≤ 𝐴0, where 𝑎0, 𝐴0
are constants.

2. The initial function 𝐹(𝑥) has derivatives 𝐹 ′(𝑥), 𝐹 ″(𝑥), and 𝐹 ″(𝑥) satisfies
a Hölder condition in 𝑥 with nonzero exponent.

3. The function 𝜇𝑖(𝑡) has a derivative 𝜇′
𝑖(𝑡) satisfying a Hölder condition in

𝑡 with nonzero exponent.

4. The functions 𝜓𝑖(𝑡), 𝜆𝑖(𝑡), 𝑋𝑖(𝑡) (𝑖 = 1, 2) satisfy a Hölder condition in 𝑡
with exponent > 1/2.

Then, if the curves 𝑥 = ℎ(𝑡) and 𝑥 = 𝑔(𝑡) belong to the class 𝑉 , then

lim
‖ℎ−𝑔‖𝑡→0

max
𝑆(𝑡;ℎ,𝑔)

|𝑢(𝜉, 𝜏 ; ℎ) − 𝑢(𝜉, 𝜏; 𝑔)| = 0, (5)

lim
‖ℎ−𝑔‖𝑡→0

max
𝑆(𝑡;ℎ,𝑔)

∣𝜕𝑢(𝜉, 𝜏 ; ℎ)
𝜕𝑥 − 𝜕𝑢(𝜉, 𝑡; 𝑔)

𝜕𝑥 ∣ = 0, (6)

where

𝑆(𝑡; ℎ, 𝑔) = {(𝜉, 𝜏), max(ℎ(𝜏), 𝑔(𝜏)) ≤ 𝜉 ≤ 𝑋2(𝜏); 0 ≤ 𝜏 ≤ 𝑡}.

sovietrxiv.org/items/ru-196101.21925 Machine Translation

https://sovietrxiv.org/items/ru-196101.21925


Remark. The existence of a solution 𝑢(𝑥, 𝑡; ℎ) of problem (1)—(4), continuous
together with the derivative 𝜕𝑢/𝜕𝑥 up to the boundary of the domain, under
the assumptions of Theorem 1, was proved by Gevrey (1).

II. We now consider the solution 𝑢𝑖(𝑥, 𝑡) (𝑖 = 1, 2) of the system (see (2)) of
equations

𝜕2𝑢𝑖
𝜕𝑥2 = 𝑎𝑖(𝑥, 𝑡)𝜕𝑢𝑖

𝜕𝑥 + 𝑏𝑖(𝑥, 𝑡)𝜕𝑢𝑖
𝜕𝑥 + 𝑐𝑖(𝑥, 𝑡)𝑢 + 𝑓𝑖(𝑥, 𝑡), (7)

𝑋𝑗(𝑡) < 𝑥 < 𝑋𝑗+1(𝑡), 0 < 𝑡 < 𝑇 ,

satisfying the initial conditions

𝑢𝑖(𝑥, 0) = 𝐹𝑖(𝑥), 𝑋𝑗(0) ≤ 𝑥 ≤ 𝑋𝑗+1(0), (8)

the conjugation conditions

𝛼1(𝑡)𝜕𝑢1(𝑋2(𝑡), 𝑡)
𝜕𝑥 − 𝛼2(𝑡)𝜕𝑢2(𝑋3(𝑡), 𝑡)

𝜕𝑥 = 𝛽(𝑡), (9)

𝑢1(𝑋2(𝑡), 𝑡) − 𝑢2(𝑋3(𝑡), 𝑡) = 𝛾(𝑡), 0 ≤ 𝑡 ≤ 𝑇 , (10)

and boundary conditions of one of the following types:

𝑢𝑖(𝑋𝑗(𝑡), 𝑡) = 𝜇𝑖(𝑡), 0 ≤ 𝑡 ≤ 𝑇 ; (11a)

𝜕𝑢𝑖(𝑋𝑗(𝑡), 𝑡)
𝜕𝑥 + 𝜆𝑖(𝑡)𝑢𝑖(𝑋𝑗(𝑡), 𝑡) = 𝜓𝑖(𝑡), 0 ≤ 𝑡 ≤ 𝑇 , (11b)

provided the compatibility conditions

𝛼1(0)𝐹 ′
1(𝑋2(0)) − 𝛼2(0)𝐹 ′

2(𝑋3(0)) = 𝛽(0), (12)

𝐹1(𝑋2(0)) − 𝐹2(𝑋3(0)) = 𝛾(0) (13)

and, respectively,

𝐹𝑖(𝑋𝑗(0)) = 𝜇𝑖(0) (14a)

or
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𝐹 ′
𝑖 (𝑋𝑗(0)) + 𝜆𝑖(0)𝐹𝑖(𝑋𝑗(0)) = 𝜓𝑖(0). (14b)

(In formulas (7), (8), (11 a, b), (14 a, b), 𝑗 = 1 when 𝑖 = 1 and 𝑗 = 3 when
𝑖 = 2.) If the functions 𝐹(𝑥), 𝜇𝑖(𝑡), 𝛼𝑖(𝑡), 𝛽(𝑡), 𝛾(𝑡), 𝜓𝑖(𝑡), 𝜆𝑖(𝑡) are fixed, then
the solution 𝑢𝑖(𝑥, 𝑡) of problem (7)—(14) depends continuously (in the sense of
(5), (6)) on any of the curves 𝑥 = 𝑋𝑖(𝑡) (𝑖 = 1, 2, 3, 4) belonging to the class 𝑉 .
For definiteness, let us fix 𝑋𝑖(𝑡) (𝑖 = 1, 2, 4) and denote the solution of problem
(7)—(14) by 𝑢𝑖(𝑥, 𝑡; ℎ), where ℎ(𝑡) ≡ 𝑋3(𝑡).
Theorem 2. Suppose that the following conditions are fulfilled:

1. For 𝑎𝑖(𝑥, 𝑡), 𝑏𝑖(𝑥, 𝑡), 𝑐𝑖(𝑥, 𝑡), 𝑓𝑖(𝑥, 𝑡), condition 1 of Theorem 1 is fulfilled,
and in addition

√𝑎1(𝑋2(𝑡), 𝑡) 𝛼2(𝑡) + √𝑎2(𝑋3(𝑡), 𝑡) 𝛼1(𝑡) ≠ 0, 0 ≤ 𝑡 ≤ 𝑇 .
2. For the initial function 𝐹(𝑥), condition 2 of Theorem 1 is fulfilled.

3. The functions 𝛾(𝑡), 𝜇𝑖(𝑡) have derivatives 𝛾′(𝑡), 𝜇′
𝑖(𝑡) satisfying a Hölder

condition in 𝑡 with a nonzero exponent.

4. The functions 𝛼𝑖(𝑡), 𝜆𝑖(𝑡), 𝛽(𝑡), 𝜓𝑖(𝑡), 𝑋𝑗(𝑡) (𝑖 = 1, 2; 𝑗 = 1, 2, 3, 4) satisfy
a Hölder condition in 𝑡 with exponent > 1/2.

Then, if the curves 𝑥 = ℎ(𝑡), 𝑥 = 𝑔(𝑡) belong to the class 𝑉 , then

lim
‖ℎ−𝑔‖𝑡→0

max
𝑆(𝑖)(ℎ,𝑔;𝑡)

|𝑢𝑖(𝜉, 𝜏 ; ℎ) − 𝑢𝑖(𝜉, 𝜏 ; 𝑔)| = 0,

lim
‖ℎ−𝑔‖𝑡→0

max
𝑆(𝑖)(ℎ,𝑔;𝑡)

∣𝜕𝑢𝑖(𝜉, 𝜏 ; ℎ)
𝜕𝑥 − 𝜕𝑢𝑖(𝜉, 𝜏 ; 𝑔)

𝜕𝑥 ∣ = 0, 𝑖 = 1, 2,

where

𝑆(1)(ℎ, 𝑔; 𝑡) = {(𝜉, 𝜏), 𝑋1(𝜏) ≤ 𝜉 ≤ 𝑋2(𝜏), 0 ≤ 𝜏 ≤ 𝑡},

𝑆(2)(ℎ, 𝑔; 𝑡) = {(𝜉, 𝜏), max(ℎ(𝜏), 𝑔(𝜏)) ≤ 𝜉 ≤ 𝑋4(𝜏), 0 ≤ 𝜏 ≤ 𝑡}.

Remark. The existence of a solution 𝑢(𝑥, 𝑡; ℎ) of problem (7)—(14), continuous
together with 𝜕𝑢𝑖/𝜕𝑥 in the domain {𝑋𝑗(𝑡) ≤ 𝑥 ≤ 𝑋𝑗+1(𝑡); 0 ≤ 𝑡 ≤ 𝑇 } (𝑗 = 1
when 𝑖 = 1; 𝑗 = 3 when 𝑖 = 2), under the hypotheses of Theorem 2, was proved
in (2). Theorems 1 and 2 are proved by a unified method using

using the theory of heat potentials developed by Gevrey for problem (1)—(4) in
paper (1) (see, respectively, (2) in the case of problem (7)—(14)).
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Let us briefly outline the proof of Theorem 1. With the aid of Gevrey’s substi-
tution (1, p. 370)

𝑥 = ∫
𝑦

0
√𝑎(𝜉, 𝑡) 𝑑𝜉

one may restrict oneself in equation (1) to the case 𝑎(𝑥, 𝑡) ≡ 1. The solution
𝑢(𝑥, 𝑡; ℎ) of problem (1)—(4) can then, as Gevrey (1) showed, be obtained by
the method of successive approximations, setting

𝑢(𝑛)(𝑥, 𝑡; ℎ) = 𝑢(𝑛)(𝑥, 𝑡; ℎ) − 𝑣(𝑛)(𝑥, 𝑡; ℎ), 𝑛 = 1, 2, … ,

where

𝑢(𝑛)(𝑥, 𝑡; ℎ) = 𝑣(𝑥, 𝑡; ℎ)− 1
2√𝜋 ∬

𝑆(𝑡;ℎ,ℎ)
[𝑏(𝜉, 𝜏)𝜕𝑢(𝑛−1)(𝜉, 𝜏 ; ℎ)

𝜕𝜉 + 𝑐(𝜉, 𝜏)𝑢(𝑛−1)(𝜉, 𝜏 ; ℎ)] 𝑒−(𝑥−𝜉)2/4(𝑡−𝜏)
√

𝑡 − 𝜏 𝑑𝜉 𝑑𝜏, 𝑛 = 1, 2, … ,

𝑣(𝑥, 𝑡; ℎ) ≡ 𝑢(0)(𝑥, 𝑡; ℎ)

is the solution of the nonhomogeneous heat equation with the initial and bound-
ary conditions (2), (3), while 𝑣(𝑛)(𝑥, 𝑡; ℎ) is the solution of the homogeneous
heat equation with zero initial data and nonhomogeneous boundary conditions
(3), constructed with the aid of 𝑢(𝑛)(𝑥, 𝑡; ℎ) so that 𝑢(𝑛)(𝑥, 𝑡; ℎ) satisfy the pre-
scribed conditions (3). In this case 𝑣(𝑛)(𝑥, 𝑡; ℎ) is representable as a sum of
heat potentials of a simple layer. Application of Lemmas 1 and 2 shows the
continuity of 𝑣(𝑛)(𝑥, 𝑡; ℎ) with respect to ℎ in the sense of (5), (6). It is then
found that 𝑢(𝑛)(𝑥, 𝑡; ℎ), as well as 𝑣(𝑥, 𝑡; ℎ), is also continuous with respect to
ℎ in the sense of (5), (6). Finally, the uniform convergence with respect to ℎ
of 𝑢(𝑛)(𝑥, 𝑡; ℎ) and 𝜕𝑢(𝑛)(𝑥, 𝑡; ℎ)/𝜕𝑥 to 𝑢(𝑥, 𝑡; ℎ) and 𝜕𝑢(𝑥, 𝑡; ℎ)/𝜕𝑥, respectively,
makes it possible to complete the proof of Theorem 1.

The proof of Theorem 2 is carried out analogously, using the results of paper
(2).

Moscow State University
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