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In this note we consider the solution of a mixed problem for a linear parabolic
equation with two independent variables x and ¢, satisfying, on the lateral bound-
ary of the domain, one of the three standard boundary conditions. The depen-
dence of the solution on changes in the curves specifying the lateral boundary
is investigated. It turns out that if the boundary curves satisfy a Holder condi-
tion with exponent > 1/2 and are rectifiable, and the boundary conditions on
each of the admissible curves are not changed, then the solution, together with
its derivative with respect to x, depends continuously (in the C-metric) on the
change of the boundary curve (in the Holder metric). The coefficients of the
parabolic equation may have discontinuities of the first kind on a finite number
of curves, along which certain conjugation conditions (see (2)) are prescribed;
in this case the solution, together with its first derivative with respect to x, also
depends continuously on the lines of discontinuity (if they are taken from the
class of rectifiable Holder curves).

I. Let us first consider the solution u(x,t) of the classical mixed problem for an
equation of parabolic type

0%u ou ou
2 a(z, t)a + b(z, t)% + (@, hu + f(x, 1),
X,(t) <z < Xy(t), 0<t<T, (1)
satisfying the initial condition
u(z,0) = F(z),  X;(0) <z < X5(0) (2)
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and boundary conditions of one of the following types:

u(X;(t),t) = (1), 0<t<T, i=1,2; (3a)

provided the compatibility conditions are fulfilled

F(X;(0)) = p,(0) (4a)

or

F'(X;(0)) + A, (0) F(X;(0)) = 9,;(0), =12 (4b)

We shall call H, the class of all continuous curves x = h(t) (0 < t < T) for
which |h(t)] < M, 0<t < T, and

1+

‘h<t1) - h(t2)| < K|t1 _t2| 2, tlat2 € [O>T]a

where M, K, and « are constants (0 < a < 1). By V we denote the set of all
rectifiable curves from H,.

Let

[h(71) = h(7)]

hl, = sup |h(7)|, ||h|, =|h|, + su —_— =
o= s A, Ial = Vel sup SO

0<7,75

Lemma 1. If the curves = h(t) and & = g(t) are of class H,, then the heat
potential of a simple layer

t .
0

Vit

satisfies the inequality
[E(x,t;h) — Fx,t;9)| < Alh — gl + B max [p(7;:h) — o(7; )],

where the constants A and B depend on ¢, M, K, T, and «.
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Lemma 2. If the curves z = h(t) and x = g(t) belong to the class V, and the
function ¢(7;¢) satisfies a Holder condition in 7 with exponent § > 1/2, then
the heat potential of a double layer

t
T D) oo aer
@(m’t;h):/o Gy ¢ T el dr

satisfies the inequality
[@(z,t;h) — @2, 8 9)] < C max [p(7;h) — (75 9)| + o[h = gllo),

where C' is a constant depending on ¢, M, K, T, and 4.
Let in (1)—(4) F(x), p;(t), A;(t), ¥;(t), and X,(t) be fixed, while X, (t) = h(t)

varies; then the corresponding solution of problem (1)—(4) will be denoted by

u(zx,t; h).
Theorem 1. Suppose the following conditions are satisfied:

1. a(z,t) has derivatives da/0x, da/0t, and Jda/0x, Da/dt, b(x,t), c(x,1),
f(z,t) are continuous and satisfy one of Gevrey’ s conditions (A) ((1),
pp. 350, 351) (for example, a Holder condition with nonzero exponent in
one of the variables z or t); moreover, 0 < a, < a(z,t) < A, where ag, 4,
are constants.

2. The initial function F'(z) has derivatives F’(z), F”(x), and F”(z) satisfies
a Holder condition in x with nonzero exponent.

3. The function p,;(t) has a derivative u;(t) satisfying a Holder condition in
t with nonzero exponent.

4. The functions ¥, (t), A;(t), X,(t) (i = 1,2) satisfy a Holder condition in ¢
with exponent > 1/2.

Then, if the curves z = h(t) and z = ¢(t) belong to the class V, then

lim max |u(é 1 h) —u(é, T 9) =0, .
|\h*g|\ﬁ05(t;h,g)| (€ ) (& 739)| (5)

m max |2UETR)Oul o)) ©)
Ih—gll,—0 S(t;h,g) Oz Ox

where

S(t;h,g) = {(&,7), max(h(7),9(r)) <& < Xy(7); 0<7 <t}
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Remark. The existence of a solution u(z,t; h) of problem (1)—(4), continuous
together with the derivative du/dx up to the boundary of the domain, under

the assumptions of Theorem 1, was proved by Gevrey (1).

II. We now consider the solution wu;(x,t) (i = 1,2) of the system (see (?)) of

equations
81‘2 _a’i<xvt) or +bi<xat> or +Ci(xat)u+fi(xvt)v

X;(t) <z < Xj4(0), 0<t<T,
satisfying the initial conditions
u;(z,0) = Fy(x), X;(0) SxSXj+1(O>7
the conjugation conditions

Ouy (X5(t), 1)
ox

Ouy (X5(t), 1)

—ay() O

a,(t) = B(1),

uy (Xo(t),t) — ug(X5(t), ) = y(t), 0<t<T,

and boundary conditions of one of the following types:

u; (X;(t),1) = p,(t), 0<t LT,

Ou, (Xj(t)v t)
oz

provided the compatibility conditions

a; (0)F1(X5(0)) — a3(0) F3(X5(0)) = 5(0),

F1(X5(0)) — F5(X5(0)) = v(0)

and, respectively,

or

(7)

(10)

(11a)

(11b)

(14a)
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F/(X;(0)) + A, (0)F;(X;(0)) = 9,;(0). (14b)

(In formulas (7), (8), (11 a, b), (14 a, b), j = 1 when ¢ = 1 and j = 3 when
i = 2.) If the functions F'(z), u;(t), a;(t), B(t), v(t), ¥,;(t), \;(t) are fixed, then
the solution wu,(x,t) of problem (7)—(14) depends continuously (in the sense of
(5), (6)) on any of the curves x = X,(t) (¢ = 1,2, 3,4) belonging to the class V.
For definiteness, let us fix X;(¢) (i = 1,2,4) and denote the solution of problem
(7)—(14) by w;(z,t; h), where h(t) = X;5(t).

Theorem 2. Suppose that the following conditions are fulfilled:

1. For a;(z,t), b;(z,t), c;(x,t), f;(x,t), condition 1 of Theorem 1 is fulfilled,
and in addition

ay (Xo(t),t) ag(t) + Vag(X3(t), 1) ay (t) # 0, 0<t<T.
2. For the initial function F(x), condition 2 of Theorem 1 is fulfilled.

3. The functions y(t), u;(t) have derivatives v'(t), pi(t) satisfying a Holder
condition in t with a nonzero exponent.

4. The functions o;(t), A\;(t), B(t), ¥;(t), X;(t) (i =1,2; j=1,2,3,4) satisfy

a Holder condition in t with exponent > 1/2.

Then, if the curves x = h(t), x = g(t) belong to the class V, then

lim max  |u; (&, 7 h) —u; (€, T —0,
[h—g],—0 S<i>(h,g;f,)| i(€ ) (& T59)]

lim max Gu; (&, 75 h) _ ou;(&,7;9)

=0, 1=1,2
Ih—gl;—0 S (h,g;t) ox ox

) )

where

SW(h,git) ={(&,7), X,(1) SE< Xy(7), 0< 7 <t}

S@(h,g;t) = {(&,7), max(h(r),g(7)) < €< Xy(1), 0 <7 <t}

Remark. The existence of a solution u(z, t; k) of problem (7)—(14), continuous
together with du,/0z in the domain {X;(t) <2 < X, 4(t); 0<t<T} (j=1
when ¢ = 1; j = 3 when ¢ = 2), under the hypotheses of Theorem 2, was proved

in (2). Theorems 1 and 2 are proved by a unified method using

using the theory of heat potentials developed by Gevrey for problem (1)—(4) in
paper (1) (see, respectively, (?) in the case of problem (7)—(14)).
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Let us briefly outline the proof of Theorem 1. With the aid of Gevrey’ s substi-
tution (1, p. 370)

x=/0y¢@d§

one may restrict oneself in equation (1) to the case a(z,t) = 1. The solution
u(x,t;h) of problem (1)—(4) can then, as Gevrey () showed, be obtained by
the method of successive approximations, setting

u™(z,t;h) = ﬂ(")(az,t; h) —v™ (z,t; h), n=12..,

where

1 ou=Y (&, 7: h) e (=€) /A(t=7)
—(n) . . L) n—1 .
u " (x,t; h —vx,t,h——// |:b£77' + (&, TuV(E 3 h dédr,

v(x, t;h) = w9 (x,t; h)

is the solution of the nonhomogeneous heat equation with the initial and bound-
ary conditions (2), (3), while v(™) (x,¢;h) is the solution of the homogeneous
heat equation with zero initial data and nonhomogeneous boundary conditions
(3), constructed with the aid of E<">(x, t;h) so that u'™ (z,t; h) satisfy the pre-
scribed conditions (3). In this case v™(z,t;h) is representable as a sum of
heat potentials of a simple layer. Application of Lemmas 1 and 2 shows the
continuity of v(™(z,t;h) with respect to h in the sense of (5), (6). It is then
found that ﬂ(")(;mt; h), as well as v(x,t;h), is also continuous with respect to
h in the sense of (5), (6). Finally, the uniform convergence with respect to h
of u™ (z,t; h) and Ou™ (x,t; h)/Ox to u(x,t; h) and du(x, t; h)/dx, respectively,
makes it possible to complete the proof of Theorem 1.

The proof of Theorem 2 is carried out analogously, using the results of paper
(%)
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Note: Figure translations are in progress. See original paper for figures.
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