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Abstract

Full Text
A. D. GORBUNOYV and B. M. BUDAK

ON MULTIPOINT DIFFERENCE METHODS
FOR SOLVING THE CAUCHY PROBLEM
FOR THE EQUATION y = f(z,y)

(Presented by Academician S. L. Sobolev on 7 IV 1961)
Mathematics

The Cauchy problem

y' = f(z,y), (z,y) € G, G an open set; (1)

Y(7o) = Yo» (z9,Y0) € G, (2)

will be solved approximately by replacing it with the difference Cauchy problem

ZaiykJri = hzﬂif(kari?ykJri)? z; =xo+ jh, h>0; (3)
i=0 i=0
y; = y(z;), 1=0,1,...,q— 1%, (4)

where m,n are prescribed integers, m >0, n >0, n % m; «;, 3; are prescribed
real numbers; ay - «,,, 5,, are different from zero; ¢ = max(m,n) is the order of
the difference equation (3); y = y(z) is the exact solution of problem (1), (2);
y; is the exact solution of problem (3), (4).

In the case when n > m, the constants multiplying the powers of h in the
approximation error are smaller than in the cases n < m (*3).

We shall say that f(z,y) belongs to the class (A”) if f(x,y) is continuous in
the domain G with respect to the aggregate of variables (z,y) and satisfies the
Lipschitz condition in y (1).

Let us introduce, for the error of the method (3), (4), the notation

Definition. We shall say that the difference method (3), (4) converges uncondi-
tionally in the class (A’) if, whatever the manner in which max;<, 1 ;| tends
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to zero, for every function f(z,y) € (A") there exists an interval z, < = < Z
such that 6, - 0as h — 0, ¢ <@ <71}, where

T, = [”Ef;%] — 5 sign(n—m) [1 + sign(n —m)].

Theorem 1. In order that the difference method (3), (4) converge uncondition-
ally in the class (A”), it is necessary and sufficient that:

1) the relations
D=0, D ioy=) B #0; (5)
=0 i=0 i=0

be satisfied;

2) all roots of the characteristic equation

m—1 m
>N apni=o0 (6)

i=0 j=i+1

*

All the propositions given below are also valid for another way of choosing the
initial conditions y; = y(x;), i = 0,—1,...,—(q — 1) (see, for example, (59)).

modulus did not exceed unity, and the multiple ones among them were, in
modulus, strictly less than unity.

Let, in solving problem (3), (4), the computation be carried out with round-off,
and let the approximate values y; obtained in this way be denoted by y;. We
introduce for the total error the notation

Dy = y(xy,) — yj.-

Theorem 2. If the difference method (3), (4) converges unconditionally in the
class (A") and if, in computing with round-off in the process of solving problem
(3), (4), the condition

Y[k < o(h) ash—0, (7)

is satisfied, where
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n

m
Te = Z QY — hz Bif (Tpris Yiyi)s
i=0

i=0
then

lim max |D,|=0
h—0 q<k<T},

for any way in which

max |Dg|
0<k<q—1

tends to zero. Thus, condition (7) ensures the stability of the computational
process.

We shall say that f(x,y) € (A7) if f(x,y) satisfies the Holder condition in the
domain G with respect to both arguments.

For ¢, and Dy, when f(x,y) € (A”), estimates have been obtained, which we
do not write out because of their cumbersomeness. Using the estimate for Dy,
it is not difficult to establish that the following is true.

Theorem 3. If all roots of equation (6) are, in modulus, less than unity, and

flz,y) € (A”), then, under conditions (5) and (7),

h

—0 ash—0 (8)

outside an arbitrarily small neighborhood of © = x,, whatever the way in which

max | D]
0<k<qg—1

tends to zero. If, in addition to the preceding conditions,

AD,/h—0 ash—0, k=0,1,...,q—2,

then relation (8) holds for 0 < k < Tj,.

We shall say that f(z,y) € (B,) if it satisfies in the domain G the Lipschitz
condition with respect to both arguments. Denote the Lipschitz constant by L.

Put

n n

Pk = Zaiy(xlwri) - hZBif(xk+ia Yei) and Ry =pp— .
i=0 i=0
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Define the functions g;(k) and g(k), j = 0,1,...,m — 1, as follows: 1) g;(k),
j=0,1,...,m —1, is the solution, as a function of k, of the equation

m
E ;2 = 0,
i=0

satisfying, respectively, the initial conditions:

gj(]/) = 5j1/a

where 4, is the Kronecker symbol, v = 0,1,...,m —1; 2) g(k) is the solution of

the equation
m
E @i Zg1i = Oogs
i=0

satisfying the initial conditions
gv)=0, v=0,1,...,m—1.

Under unconditional convergence of the difference method (3), (4) in the class

(A7),

lg;(k)| < g; < +o0, j=0,1,...,m—1;

lg(k)| < g < 400, k=0,1,...

Theorem 4. If |D,| < ®(h) for k = 0,1,...,q — 1 and |Ry| < h@(h) for
0<k<T,, and f(z,y) € (B)), then the following estimates hold:

=l o

m,n

k } C ecwn,ngBL<xk_x(J) for n < m,
k

|Dk+m‘ < {
where

Crpn = (1= h|B,,| L) [Hsientnmm],

EC} [e!JBL(GUk*wo) 4+ (thL)SfleS!JBL(wk*QJO)] +

+ Pk
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+(hgBL)* 2b (n —m + 1)e*9BL==%0)  for n > m;

s > 1* is an arbitrary natural number, |y} — yo| < b,

P, = {hgmBL + max Z g, (K" +m)]| } P(h) + (z), — z9)gp(h),
=

0<k’<

Py = {hgmBL+Zgj}<ﬂ(h) + (z, —x)gp(h),  B=Y_l|B],
=1 =0

j=

P —_— p—

and the brace {k} means that either P, or P, may be taken as the factor;
Py,

in the case of P, the estimates obtained are somewhat coarser.

We shall say that: 1) f(z,y) € (B,_;), if the partial derivatives of f with respect
to x and y up to order (s — 1), inclusive, satisfy the Lipschitz condition; 2)
y(x) € (by), if y(x) on some interval z, < x < T has an s-th derivative satisfying
the Lipschitz condition. If f(z,y) € (B,_;), then the solution of problem (1), (2),
y(x) € (by). We shall say that: 1) y(x) € (b, 5), if y(x) € (by) and the Lipschitz
constant of the s-th derivative y(z) is equal to M; 2) f(z,y) € (B, p), if
f(x,y) € (B,_;) and the solution of problem (1), (2), y(z) € (b p)-

Introduce the operator

defined on differentiable functions y(x).

Theorem 6. If y(r) € (b, ,,) and equation (3) has degree s (7), then the
estimate

Ly (y(x))| < =1 Cy(h, M), 9)

holds, where C},(h, M), besides k, h, M, contains the coefficients «;, 5; of equa-
tion (3), and Cy(h, M) = O(1) as h — 0, and there exists y(x) € (b, 5s) for
which (9) turns into an equality.

Corollary of Theorems 5 and 6. If f(x,y) € (B,_;), and equation (3) has
degree > s, then under the conditions p(h) < C*h®, |y,| < C*h**1, s > 1, for
D;, one obtains the uniform estimate

D, < O(h?).
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Theorem 7. If the difference equation (3) has the form

m—1 m
Yptm = Z QY +h Z Bif @hsis Vi)
i=0 =0
where

fy(x,y) <0, «;>0;i=0,1,...m—1; B;>0,i=0,1,...,m,

then

max |D,| < max |D,|+ ksup|Ry, k=0,1,..
k

k<v<k+m—1 O<vr<m—1

* Tt is advisable to take s equal to the degree of equation (3); see Theorem 6 in
this connection.

Examples

Y1 = Y + hf (@5 Yg),

Y1 = YU + hf (21, Yni),

1 1
Y1 = Yp + 1 (5f($k+1’yk+1) + §f($k,1/k)> )

1 1 3 1
Ytz = 5Yk+1 + 5k +h (gfk+2 + fe1 + gfk) .

Let us dwell briefly on a posteriori estimates. Put O(z) = i (z) — f(z, y(z)),
where y = y(z) is the equation of the broken line joining the points (x;,y;),
i=0,1,... Put D(z) = y(z) — y(z),

Under the formulated conditions the following is valid.

Theorem 8. For D(z) the estimate holds
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|D(2)] < |D(xo)| exp [/z FP)(¢) di] +

0

Put

FO(g) = max fy(ga y)a K0(£> = min fy(ga y) in G.

Next define recursively

K, (§) =max f,(&y), K, (§)=minf,(&y),

g(f) - Un—l(f) < Y < g(§> + On—1 (5)7

+

0, (x) = [D(x)| exp l/ K, (§)d¢

+max{fé+<n>exp V:Kn@)dg] an, /:I(:)(n)eXp MK”@OM} dn}
—min{/jéwmexp V:K”(Odg} an, /jlé—<n>|exp U;Kn@)df} dn}-

Theorem 9. For the functions o,(x) defined above, the relations hold

0o(0) > 0y(1) > 20, (0) 2,  |D@)| <o,(@), n=12..
By the method set forth in Theorems 8 and 9, other a posteriori estimates are
also obtained.

Moscow State University
named after M. V. Lomonosov

Received
28 XII 1960

sovietrxiv.org/items/ru-196101.21827 Machine Translation


https://sovietrxiv.org/items/ru-196101.21827

References Cited

1. 1. G. Petrovsky, Lectures on Partial Differential Equations, 1953.
2. S. S. Tokmolaeva, Computational Mathematics, No. 5 (1959).

3. B. M. Budak, A. D. Gorbunov, Dokl. Akad. Nauk SSSR, 124, No. 6
(1959); A. D. Gorbunov, B. M. Budak, Vestn. Mosk. Univ., No. 2 (1959).

4. V. E. Milne, Numerical Solution of Differential Equations, IL, 1955.
5. M. R. Shura-Bura, Applied Mathematics and Mechanics, 16, 5 (1942).
6. N. S. Bakhvalov, Dokl. Akad. Nauk SSSR, 104, No. 5 (1955).

7. G. Dahlquist, Math. Skand., 4, No. 1 (1956).

8. S. N. Nikolsky, Quadrature Formulas, Moscow-Leningrad, 1958.

9. A. D. Gorbunov, B. M. Budak, Dokl. Akad. Nauk SSSR, 119, No. 4
(1957); B. M. Budak, A. D. Gorbunov, Vestn. Mosk. Univ., No. 2 (1958).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196101.21827 Machine Translation


https://sovietrxiv.org/items/ru-196101.21827

	Abstract
	Full Text
	ON MULTIPOINT DIFFERENCE METHODS FOR SOLVING THE CAUCHY PROBLEM FOR THE EQUATION y'=f(x,y)
	Examples
	References Cited


