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Abstract
Full Text

MATHEMATICS
N. T. TYNYANSKII

ON THE EXACTNESS OF LIMIT SEQUENCES OF
THE INVERSE SPECTRUM OF EXACT SEQUENCES
OF DISCRETE GROUPS
(Presented by Academician P. S. Aleksandrov on 26 V 1961)

In the present note only discrete and bicompact Abelian groups are considered.
In considering spectra of sequences of bicompact groups, the homomorphisms
acting in the spectra of groups and in the sequences of groups are assumed
to be continuous. The question of the exactness of limit sequences of spectra
of exact sequences of groups is of great importance in homology theory. In
this connection a number of important results have been obtained. We give
formulations of the main of these results, the proof of which can be found, for
example, in (3), Ch. 8.

Let a direct spectrum {|𝑋𝑘, →|𝛼, Π𝛼
𝛽} of exact sequences of groups

|𝑋𝑘, →|𝛼 = ⋯ → 𝑋𝑘,𝛼 → 𝑋(𝑘+1),𝛼 → 𝑋(𝑘+2),𝛼 → ⋯ ,

taken over the directed set of indices 𝐴 = {𝛼, >}, be given; then the limit
sequence, which we denote by

[𝑋𝑘, →] = lim
⟶

{|𝑋𝑘, →|𝛼, Π𝛼
𝛽} (𝛽 > 𝛼)

of this spectrum is an exact sequence.

Let an inverse spectrum {|𝑋𝑘, ←|𝛼, Π𝛽
𝛼} (𝛽 > 𝛼), 𝛼, 𝛽 ∈ 𝐴, of exact sequences

of groups
|𝑋𝑘, ←|𝛼 = ⋯ ← 𝑋𝑘,𝛼 ← 𝑋(𝑘+1),𝛼 ← 𝑋(𝑘+2),𝛼 ← ⋯

be given; then the limit sequence

[𝑋𝑘, ←] = lim
⟵

{|𝑋𝑘, ←|𝛼, Π𝛽
𝛼}

is a semi-exact sequence. In the case where an inverse spectrum of exact se-
quences of bicompact groups is considered, the limit sequence of this spectrum
will be an exact sequence.

In these results no restrictions are imposed either on the homomorphisms acting
in the spectra of groups or on the sets of indices over which the spectra are taken.
The limit sequence of the inverse spectrum of exact sequences of discrete groups
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in this case is a semi-exact sequence, and this result, as numerous examples
show, cannot be strengthened without additional substantial restrictions on
inverse spectra of exact sequences of groups.

In the present note a condition is found on an inverse spectrum of exact se-
quences of discrete groups, taken over a directed set of indices 𝐴′ = {𝜈, >},
having a countable cofinal part, under the fulfillment of which the limit se-
quence of this spectrum will be an exact sequence of groups. Then the result is
applied to the derivation of a duality relation of the type of theorems of position
for compact sets lying in a finite polyhedron. Such a relation has not previously
been indicated in the literature.

Let an inverse spectrum be given

{|𝑌𝑘, ←|𝜈, Π𝜈′
𝜈 } (𝜈′ > 𝜈), 𝑘 > 𝑚, 𝑚 + 1, … , 𝑛 —integers, (1)

exact sequences of groups

[𝑌ℎ,←]𝛼 = 𝑌𝑚,𝛼 ← 𝑌(𝑚+1)𝛼 ← ⋯ ← 𝑌𝑘,𝛼 ← ⋯ ← 𝑌𝑛,𝛼, (2)

where the set of indices 𝐴′ = {𝜈, >} is a directed set having a countable cofinal
part. We shall denote the limiting sequence of the spectrum (1) as follows:

[𝑌𝑘,←] = lim
←

{[𝑌𝑘,←]𝜈, Π𝜈′
𝜈 } (𝜈′ > 𝜈). (3)

Let us agree on the following notation:

𝐵∗ = Ker(𝐵 → 𝐶), 𝐵∗ → Im(𝐴 → 𝐵),

where 𝐴, 𝐵, 𝐶 are groups; Ker(𝐵 → 𝐶) is the kernel of the homomorphism
𝐵 → 𝐶; Im(𝐴 → 𝐵) is the image of the homomorphism 𝐴 → 𝐵.

Exactness of the sequence (2) means that for every 𝑘 one has 𝑌 ∗
𝑘 = 𝑌∗𝑘.

With respect to the limiting sequence (3), one can assert only that it is semi-
exact, i.e. the inclusion 𝑌∗𝑘 ⊂ 𝑌 ∗

𝑘 holds. There are examples showing that in
our case as well this result cannot be strengthened.

Here we shall indicate a condition on the homomorphisms acting in inverse
spectra of groups under which the limiting sequence of the inverse spectrum of
exact sequences of discrete groups will be an exact sequence.

Lemma 1. Suppose it is given that in the (𝑘 + 2)-nd spectrum {𝑌 ∗
𝑘+2, Π∗𝜈′

𝜈,𝑘+2}
(𝜈 > 𝜈′) the homomorphisms

Π∗𝜈′
(𝑘+2),𝜈 ∶ 𝑌 ∗

(𝑘+2),𝜈′ → 𝑌 ∗
(𝑘+2),𝜈 (𝜈′ > 𝜈),
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generated by the homomorphisms

Π𝜈′
(𝑘+2),𝜈 ∶ 𝑌(𝑘+2),𝜈′ → 𝑌(𝑘+2),𝜈

are epimorphisms. Then the limiting sequence

𝑌𝑘 ← 𝑌𝑘+1 ← 𝑌𝑘+2 (4)

is an exact sequence.

Indeed, in view of what was said above, the sequence (4) is a semi-exact sequence;
therefore, to prove Lemma 1 it remains only to prove that the inclusion 𝑌 ∗

(𝑘+1) ⊂
𝑌∗(𝑘+1) holds. For this it is necessary to construct, for each element 𝑦∗

(𝑘+1) of the
subgroup 𝑌 ∗

(𝑘+1) with coordinates {𝑦∗
(𝑘+1),𝜈}, an element

𝑦(𝑘+2) = {𝑦(𝑘+2),𝜈}

of the group 𝑌𝑘+2 which, under the homomorphic mapping 𝑌𝑘+2 → 𝑌𝑘+1, goes
into the given element 𝑦∗

𝑘+1 of the subgroup 𝑌 ∗
𝑘+1.

Let 𝑦∗
(𝑘+1),𝜈 and 𝑦∗

(𝑘+1),𝜈′ be, respectively, the 𝜈-th and 𝜈′-th coordinates of the
given thread

𝑦∗
𝑘+1 = {𝑦∗

(𝑘+1),𝜈};
let 𝑦(𝑘+2),𝜈 be an element of the group 𝑌(𝑘+2),𝜈 which, under the homomorphic
mapping

𝑌(𝑘+2),𝜈 → 𝑌(𝑘+1),𝜈,
goes into the element 𝑦∗

(𝑘+1),𝜈, which is the 𝜈-th coordinate of the given thread

𝑦∗
𝑘+1 = {𝑦∗

(𝑘+1),𝜈}.

Such an element exists by virtue of the exactness of the sequence (2). Denote by
𝑌 ′

(𝑘+2),𝜈′ the full preimage of the element 𝑦∗
(𝑘+1),𝜈′ in the group 𝑌(𝑘+2),𝜈′ under

the homomorphic mapping

𝑌(𝑘+2),𝜈′ → 𝑌(𝑘+1),𝜈′

(this set is nonempty by virtue of the exactness of the sequence (2)). Consider
some element 𝑦′

(𝑘+2),𝜈′ of the set 𝑌 ′
(𝑘+2),𝜈′ . The element

𝑦(𝑘+2),𝜈 − Π𝜈′
(𝑘+2),𝜈𝑦′

(𝑘+2),𝜈′

is an element of the subgroup 𝑌 ∗
(𝑘+2),𝜈; therefore, by the condition of the lemma,

in the subgroup 𝑌 ∗
(𝑘+2),𝜈′ there exists an element 𝑦∗

(𝑘+1),𝜈′ which, under the ho-
momorphic mapping

𝑌 ∗
(𝑘+2),𝜈′ → 𝑌 ∗

(𝑘+2)𝜈,
goes into the element

𝑦(𝑘+2),𝜈 − Π𝜈′
(𝑘+2),𝜈𝑦′

(𝑘+2),𝜈′ .
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As is not difficult to see, the element

𝑦(𝑘+2),𝜈′ = 𝑦′
(𝑘+2),𝜈′ + 𝑦∗

(𝑘+2),𝜈′

under the homomorphic mapping

𝑌(𝑘+2),𝜈′ → 𝑌(𝑘+2),𝜈

goes into the given element 𝑦(𝑘+2),𝜈. In the same way one constructs an element
𝑦(𝑘+2),𝜈″ of the group 𝑌(𝑘+2),𝜈″ for 𝜈″ > 𝜈′, and so on. Thus we construct
elements in all groups corresponding to the linearly ordered—

ordered set of indices, which is a cofinal part in the set of indices 𝐴′. Then, tak-
ing projections of the constructed elements into all groups with smaller indices,
for which we did not construct elements, we obtain the desired thread. Thus
Lemma 1 is proved.

We shall now formulate and prove the following lemma:

Lemma 2. Suppose it is given that in the (𝑘+3)-rd spectrum {𝑌(𝑘+3),𝜈, Π𝜈′
(𝑘+3),𝜈}

(𝜈′ > 𝜈) the homomorphisms Π𝜈′
(𝑘+3),𝜈 ∶ 𝑌(𝑘+3),𝜈′ → 𝑌(𝑘+3),𝜈 (𝜈′ > 𝜈) are epimor-

phisms; then the limiting sequence

𝑌𝑘 ← 𝑌𝑘+1 ← 𝑌𝑘+2 (5)

is an exact sequence.

Proof. From the condition of Lemma 2 it is easy to derive that in the (𝑘 +
2)-nd spectrum {𝑌 ∗

(𝑘+2),𝜈, Π∗𝜈′
(𝑘+2),𝜈} the homomorphisms Π∗𝜈′

(𝑘+2),𝜈 ∶ 𝑌 ∗
(𝑘+2),𝜈′ →

𝑌 ∗
(𝑘+2),𝜈 are epimorphisms; therefore, by Lemma 1, sequence (5) will be an exact

sequence, as was required to prove.

We combine the results obtained in Lemmas 1 and 2 in the following theorem:

Theorem. Suppose it is given that in the inverse spectrum (1) the homomor-
phisms

Π𝜈′
𝑛,𝜈 ∶ 𝑌 ∗

𝑛,𝜈′ → 𝑌 ∗
𝑛,𝜈 and Π𝜈′

𝑖,𝜈 ∶ 𝑌𝑖,𝜈′ → 𝑋𝑖,𝜈

for all 𝑖 = 𝑚 + 3, … , 𝑛 are epimorphisms. Then the limiting sequence (3) is an
exact sequence.

Let us derive some corollaries from the theorem obtained.

Corollary 1. Suppose it is given that in the inverse spectrum of exact sequences
of the form 0 → 𝐴𝜈 → 𝐵𝜈 → 𝐶𝜈 → 0 the homomorphisms Π𝜈′

𝜈 ∶ 𝐴𝜈′ → 𝐴𝜈 in
the spectrum {𝐴𝜈, Π𝜈′

𝜈 } are epimorphisms. Then the limiting sequence 0 →
𝐴 → 𝐵 → 𝐶 → 0 of this spectrum is an exact sequence.

Corollary 2. Suppose an inverse spectrum of exact sequences of the form
0 → 𝑋𝜈 → 𝑌𝜈 → 0 is given. Then the limiting sequence 0 → 𝑋 → 𝑌 → 0 of
this spectrum is exact, i.e. the limiting groups 𝑋 and 𝑌 are isomorphic.
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2. We shall give some applications of the results obtained to homology theory,
in particular to the proof of the theorem on the location of a compactum in a
finite polyhedron.

Let 𝐾 be a finite 𝑛-dimensional polyhedron; 𝐹 a compactum lying in the poly-
hedron 𝐾; 𝐺 = 𝐾 ∖ 𝐹 an open set complementary to 𝐹 in the polyhedron
𝐾. Consider the directed set {𝐾𝜈, >} of triangulations of the polyhedron 𝐾.
Denote by 𝐹𝜈 the closed subcomplex of the triangulation 𝐾𝜈 consisting of all
simplices having nonempty intersection with the compactum 𝐹 ; by 𝐺𝜈 = 𝐾𝜈∖𝐹𝜈
denote the complementary open subcomplex of the triangulation 𝐾𝜈. On each
triangulation 𝐾𝜈 there is an exact sequence of homology groups

⋯ ← 𝐻𝑟−1(𝐾𝜈) ← 𝐻𝑟−1(𝐹𝜈) ← 𝐻𝑟(𝐺𝜈) ← 𝐻𝑟(𝐾𝜈) ← ⋯ . (6)

The homology groups are taken with an arbitrary coefficient group, and the
0-dimensional homology group is assumed reduced. The directed set of exact
sequences (6), together with the homomorphisms 𝑒𝜈′

𝜈 , generated by the identity
map of the body of the complex 𝐾𝜈′ into the body of the complex 𝐾𝜈, forms
an inverse spectrum of exact sequences

{|𝐻, ← |𝜈, 𝑒𝜈′
𝜈 }. (7)

In the spectra {𝐻𝑟(𝐾𝜈)𝑒𝜈′
𝜈 }, for all 𝑟 = 0, 1, … , 𝑛, the homomorphisms 𝑒𝜈′

𝜈 ∶
𝐻𝑟(𝐾𝜈′) → 𝐻𝑟(𝐾𝜈) are isomorphisms; therefore we are in the conditions of
Lemma 2, and hence the following sequence is exact:

𝐻𝑟−1(𝐾) ← 𝐻𝑟−1(𝐹) ← 𝐻𝑟(𝐺), 𝑟 = 1, … , 𝑛. (8)

Hence we obtain that the groups Ker(𝐻𝑟−1(𝐹) → 𝐻𝑟−1(𝐾)) and 𝐻𝑟(𝐺)/ Ker(𝐻𝑟(𝐺) →
𝐻𝑟−1(𝐹)) are isomorphic.

This result is a transfer to a compact set 𝐹 , lying in the polyhedron 𝐾, of the
well-known relation (see (1)) for a subpolyhedron 𝐹 lying in a polyhedron 𝐾,
and therefore may be called the general duality law.

Now let the polyhedron 𝐾 be an 𝑛-dimensional homological sphere, i.e., a poly-
hedron whose homology groups in all dimensions from 0 to 𝑛 − 1 are trivial
(the 0-dimensional homology group is assumed to be reduced). Then, for the
inverse spectrum (7), all the conditions of Corollary 2 are satisfied; therefore
the limiting sequence

0 ← 𝐻𝑟−1(𝐹) ← 𝐻𝑟(𝐺) ← 0, 𝑟 = 1, … , 𝑛 − 1

is exact. Hence we obtain that the groups 𝐻𝑟−1(𝐹) and 𝐻𝑟(𝐺) are isomorphic.
In this case the general duality law coincides with Sitnikov’s second duality law
in Δ-form for the case of a compact set 𝐹 lying in the 𝑛-dimensional sphere
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𝐾. Here the homology groups are taken with respect to an arbitrary discrete
or bicompact domain of coefficients. In the case when the homology groups are
considered with respect to a bicompact domain of coefficients, Pontryagin’s
duality law is easily derived from this.

In conclusion I express my gratitude to M. F. Bokshtein, who read the note and
made comments which I used in the final revision.

Moscow State University
named after M. V. Lomonosov

Received
19 V 1961
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