Soviet-era science, translated into English

MATHEMATICS

Academician B. S. STECHKIN and S. B. STECHKIN

1961

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196101.20883

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196101.20883

Abstract

Full Text
MATHEMATICS
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QUADRATIC MEAN AND ARITHMETIC
MEAN

Let y(z) € L?[0,1]. Put

eo(@) =u(@),  vo= / 0o ()| dz,

or(@) = lop @) — v 1 U= / on@)de  (k=1,2,..).

Then the formula

/Oly%x)dx:iyz:i{/;m(mdx} . (1)

is valid.

This formula relates the quadratic mean of the function y(x) to the arithmetic
means of the functions |, (x)|, which depend very simply on y(z).

Applying the identity

/01<P2(:c) dr = {/Olw(x) dx}2 +/01 {gp(a:) /01 ©(t) dt}de

to the functions |, ()| (k =0,1,...,n — 1), we infer that

1 1
/ cpi(x)dx:yz—i—/ (piﬂ(a:)dx (k=0,1,...,n—1),
0 0

whence

/O =S g /O R (e) da )
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S i< / y2(z) da. 3)

k=0

It remains to show that for every function y(z) this inequality becomes an
equality, i.e., that

1
/ o2 (x)dx — 0 (n — ). (4)
0

For this we shall need two lemmas.

Lemma 1. Let p > 0, and on a set F, mes E' = ¢ > 0, the inequality |¢,(z)| >
M be satisfied. Then

K,=Y y,>M. (5)
k=p

Proof. Suppose that K, < M, and let us derive a contradiction. On the set F
we have

pi1(x) = lp,(x)| =y, > M —y, > M~ K, >0,

Cpr2(®) = [Ppi1 (@) = Ypr1 2 M =y, =y, = M = K, >0,

op(r)>M—K,>0 m=p+1, p+2,..).

Hence

1
yn:/ \son<x>|dxz/|son<x>\dwza<M—Kp> (h=p+1, pt2.),
0 E

which contradicts the condition y,, — 0 (n — o) (see (3)). Inequality (5) is

proved.
Lemma 2. Let 0 < p <n. Put ¢, = max,,_, y,,.

1) If at the point z, € [0, 1]
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3

|(pp ‘TO 2

then

n

ni1(z0)| = lep (o)l = Dy

k=p
2) If at the point x, € [0,1]
lep(z0)| < Zyku
k=p
then
|(,0n+1($0)| < €p'
Proof. 1) We have
¢p+1<$0) “Pp o) p 2 Z Y, 2 0,
k=p+1

n
pr2(To) = [0 1(To)| = Ypi1 = l0p(@0)| — (Yp + Ypi1) > Z Yks
k=p+1

Pnt1(@o) = l@n(T0)| — ¥ = nlzg) — |80p )| Zyk >0,

i.e.

n

|Pns1(@0)l = lp(@o)| = D e

k=p

2) Let us find a number m (p < m < n) such that
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m—1

m
Y < lep(z0)] < Zyk'
k=p k=p
Then, according to part 1),
m—1
| (@0)| = @, (o) = > v
k=p

Next we have

m
Con41(T0) = [0m (@) = Y = lp(20)] — Zyk <0,
k=p
|§0m+1($0)| < Ym < Epa

907n+2(x0> = |<)0m+1<x0)| - ym+1 g |507n+1(x0>| < Ep?

Pms2(T) = —Ypmi1 = —Ep)
i.e.

|(,0m+2($0)| < €p? tee |<,0n+1($0)| < 8p7
and the lemma is proved.

We pass to the proof of relation (4). Consider two cases.

Ist case. sup, |@g(x)| = My < oo*. Then, obviously, for any p > 0

sup |, (v)] = M, < co.
xr

Fix € > 0, and let p be so large that

£, = Inax <L e
p m>p ym =X

According to Lemma 1 we can find a number n = n(e) for which

n
Zyk > Mp — &y
k=p
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Then, by Lemma 2, for almost all x for which

n
k=p

the inequality

n

|(,0n+1(33)| = |(,0p($>| - Zyk < Mp - (Mp _Sp) = gp
k=p

holds, and for all 2 for which

n
ep(@)] <Dy
k=p

the inequality

|<)0n+1<x)| g €p

holds. Hence

sup [¢,41(2)| <, <,
T

1
2 2 2
Tn+1 —/ pi1 (@) de < g%
(o}
Since, moreover,
2 .2 2 2
Tn-o—l - yn+1 + Tn+2 > rn+2?

it follows that r2 — 0 (n — o0). We note that in this case M, — 0 (n — o0),
and for any n > 0

1 n
/ yQ(m)dx:Zy,%—l—QnMﬁ, (090, <1).
0 k=0
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* Here and below sup, |¢(z)| denotes the essential supremum of the function
|o(z)| on the interval [0, 1].

2nd case. sup, |py(x)| = co. Then for any p >0

sup [, ()] = oo.

Fix ¢ > 0 and find p > 0 and N > 0 such that

g, <&, / cpg(a?) dr < &2
lep >N

By Lemma 1, for all sufficiently large n we have

K,,=Y y>N.
k=p

Hence, as above,

or o (x) de + / @2,y () de

DK, oyl <Ko

< o2(z) dx + €2 < 262,

and, consequently, 72 — 0 (n — o0).

Thus, in both cases

1
/ o2 (z)dz — 0 (n — 00),
0

and formula (1) is proved.
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Note: Figure translations are in progress. See original paper for figures.
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