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Abstract
Full Text

V. M. Volosov

On Higher Approximations in Averaging

(Presented by Academician I. G. Petrovskii, November 17, 1960)

§ 1. Statement of the problem

In (®) an averaging method was developed for systems

t=eX(x,y,t,e), y=Y(z,yte) (1)

(z, X are n-dimensional, y,Y are m-dimensional vectors, ¢ > 0 is a small pa-
rameter). For ¢ = 0, (1) passes into the degenerate system

y=Yy(z,y,t) =Y (x,y,t,0), x = const, (2)

whose general solution is assumed known:

Yy = @(xayOatht) <(p<m>y0at0at0) Eyo) (3)

It is assumed that the right-hand sides of (1) and certain other functions
have mean values along the trajectories (3): the mean value of the function
F(z,y0,t0,y,t) is taken to be

to+T
F(.’E) = ’Ilgrolo T~ZO (F |y:@0(1,yo,to’t)> dt

(here and below it is assumed everywhere that F(z) is continuous and satisfies
the Lipschitz condition), and the limit exists uniformly with respect to z, y,, ¢,
in the domain under consideration and does not depend on y,t,. (It is shown
in (3) that the assumption of independence of y,, t, does not restrict generality.)
In (3) it was proved that, under certain conditions, the solution z of system
(1) is approximated with error a(e) (a(e) here and below denotes quantities for
which lim,_,; a(e) = 0) on the interval ¢t ~ 1/¢ by the solution of the averaged
system of the first approximation

& =eX(x)
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(X, (z,y.t) = X(2,9,1,0)).

In the present article the averaged system of the second approximation is con-
sidered,

T=eX,(T)+2A5(2),  §=Yy(Z, 7 t)+eB,(Z), (4)

derived in (®) (A,, B, are indicated below). It is proved that, under certain
conditions, the solutions of (4) approximate the solutions of (1) with error ea(e)
for x and a(e) for y on the interval ¢t ~ 1/e.

§ 2. Theorems on higher approximations

The domain of definition of (1): 0 < e < gy; x,y,t € G, where G is an open
domain.

Let:

1) X,Y be bounded, continuous, and have continuous uniformly bounded
derivatives with respect to x,y, t, while with respect to € they have deriva-
tives up to the second order inclusive, with X/, Y”; uniformly bounded.

2) Through each point of the domain G there passes a unique integral curve
(3) of system (2), lying in G for ¢, < t < oo, continued for ¢ < ¢, to
the boundary of G or to ¢ — —oo. The function (3) is continuous, and
with respect to ¥, {, has continuous bounded derivatives up to the second
order inclusive. 0 < ¢; < |Det D| < ¢y < 00, where D = 9¢/0y, (here and
below d¢/0y,, 0Y /0y, etc. denote the matrices |0, /Oyoill, |10Y;/0Usl,
etc.).

3) In G there lies an (n + m)-dimensional manifold M, given parametrically:
z = a(X), y = bA), t = cA) (A= {A,..., m} € A, A an open
domain); a, b, ¢ are continuous and have continuous bounded derivatives;

n+m-+1

Z A2 > const > 0,
i=1

where A, are the minors of order (n+m) of the matrix |da/IX, db/ON, Oc/OA]|.
The absolute values of the angles of intersection of (3) with M are bounded
below by a positive constant. Every curve (3) from G intersects M once.

4) There exists the mean value X, of the function X, (here and below mean
values are understood in the sense of the definition of § 1). The function
S = X, — X, is uniformly bounded.
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5) For 0 < € < g there exist open bounded subdomains G,(¢) C G, contain-
ing the fixed initial point x,y,,?, together with some p-neighborhood
(p = const > 0). The time of passage of curve (3) from any point of
G, to the intersection with M does not exceed, in absolute value, K /e
(K = const > 0). For 0 < € < g, there exist open subdomains G, (¢) C G,
containing x, yg, to; the distances from the points of G to the boundary
of G|, are bounded below by a positive constant.

Under conditions 1)—5), in G there exists a continuously differentiable solution
of the equation

0 0
ﬂ_FﬂYO:S, ul(xvyvt)|

ot dy sy teM 0,

and u, is easily constructed from the characteristics (3) and is therefore regarded
as known.

6) Let u; be bounded in G and have bounded continuous derivatives with
respect to z,y, .

0X
7) =, has a mean value.
oz
8) For Qu,/0x, du, /0y there exist mean values.

X, = X/| , also has mean values.
e=

There exists the mean value H(x) of the matrix D!, 0 < ¢; < |Det H| <
Cy < Q.

Y,
11) There exists the mean value R(x) of the function D! (YI + a—;m) (Y, =

2y

12) There exists the mean value of the expression

0Xy o ("1 (v L Yo
ayD/tO D7 (v w8

where B, (z) = H 'R (B, enters system (4)).

dt,

y=¢(z,Yg:t0,t)

From conditions 1)—12) it follows that in G there is defined a continuously
differentiable solution of the equation

Ov, | Oy Y,

+ 1Yy — 20 A
ot oy oy

Uy :Y1+%u1_31a

v =0
1‘m,y,tEM ’
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0X
and moreover 8—1111 has a mean value,—this is easily verified, since v; can be

constructed from the characteristics, as can u;. From what has been said it
follows that the function

00X, 0X, ou— Oy
gz + oy Y17 g 1 y By + X,

P=

has a mean value = A,(z) (A, enters system (4)).
Let:

13) The function P — A, is uniformly bounded.

14) The expressions

9 to+T 9 to+T
<z P—A)dt)|, = / P—A)dt),
o [ ) ol WS

0]

9 to+T » Y, 9 to+T 3 Y,
0 to 0 to

(the integrals are taken along (3)) are uniformly bounded for 0 < T' < oo.
15) System (4) possesses “stability” : for every K > 0 there exist ¢; > 0,

cy > 0,2 >0 (£ < ¢gy) such that if on some interval [ty,t(¢)] C [ty, K /<],
for 0 < e < &, the solutions of (4) and of the equation

z=Yy(z, 2,t) + eBy(x) + ep(t, &)

exist for the initial values z, y,,ty and zq, %y (|20 — yoll < ¢1, @,y is the solution
of (4) with initial point x4, ¥y, t), and ¢(t, ) is an arbitrary continuous function
such that

supi |g¢7(t, 5)‘ < C1»
to<t<t

then for 0 < e <&, t € [y, 1],
[y — 2| < ¢y (5 sup [p(t,e)| - [t —tol + lyo — Zo) .
to<t<t

Define the interval [t,t;(¢)]: ¢ > g, t; —ty < K /e, on which for ¢ € [t,, ;] the
solution of (4) with initial point z, y,, t, does not leave G4 (¢).
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Theorem 1. Under conditions 1)—15), for arbitrary K > 0, 6 > 0, there exists
g1 >0 (g1 < gy) such that for 0 <e < ey, t € [ty,t,(e)],

1) ly—y| <6 2) | — 7 —euy(z,9,t)| < &0,

where x,y are solutions of (1) with initial point xy,yy,t-

From conditions 1)—15) it follows that in G there exists a continuously differ-
entiable solution of the equation

aUQ 3u2
W—’_Tyyﬁ:P—AQv ug(x,y,t)|m7y7t€M:O,

which is easily constructed from the characteristics, as is u;.
Suppose the following additional conditions are satisfied:

16) In G, vy, uy are bounded and have continuous bounded derivatives with
respect to z,y, .

17) The expressions

to+T to+T to+T oY,
/ S dt, / (P — A,)dt, / D! <Y1 + 2y, — Bl) dt
t to to O

0

(the integrals are taken along (3)) are uniformly bounded for 0 < T < cc.
If conditions 16), 17) are fulfilled, improved estimates hold:

Theorem 2. Under conditions 1)—17), for arbitrary K > 0 there exist C > 0,
g1 >0 (g1 < ey) such that for 0 <e <eq, t € [ty,t,(¢)],

) ly—yl <Ce  2)|z—7—eu(z,7t) < Ce

Remark 1. Restriction 3) can be weakened by allowing, as was done in (3),
multiple intersections of (3) with M. Then Theorems 1 and 2 remain valid with
some modification of the formulations and conditions.

Remark 2. One may dispense with condition 15). Then, considering the
solutions (1) and (4) on an interval [ty, t5(€)] C [ty, K /e] such that, for t € [¢y, 5],
the solutions (1), (4) lie in G, (¢), one may assert that inequalities 2) of Theorems
1 and 2 (with some modification of the conditions) remain valid; however, the
function y entering the statements of the theorems is then no longer a solution
of (4), but is defined as follows:

Y = Yo, @*YO(:ﬂg,t)*gBl(‘%” Sé‘w,

|t:t0
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where w = a(g) for Theorem 1 and O(e) for Theorem 2, while Z is the solution
of (4).

An asymptotic method connected with an averaging scheme different from (3)
and having another domain of application was proposed in (*).

§ 3. Systems in standard form. In () systems in standard form & = e X (z, ),
which are a special case of (1), were studied. From the results of () follow
the approximation equations derived in (}); from (4), in particular, follow the
equations of the second approximation

F =X, (7) + €M, {(;?%) X0},

where 0X /0t = X(Z,t) — Xo(z), Xy = M, X, and M, is the averaging operator
with respect to the explicitly occurring ¢.

§ 4. Systems with a rapidly rotating phase. In (*) systems with a rapidly
rotating phase, which are a special case of (1), were studied; they can be written
in the form & = e A(x, 1, €), 1) = w(x)+eB(x, 1, ), where A, B are periodic in ).
From the results of () follow the approximation equations derived in (?); from
(4), in particular, follow the equations of the second approximation for x, .
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