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MATHEMATICS

S. N. SLUGIN

MODULES OVER A 𝐾-SPACE
(Presented by Academician S. L. Sobolev on 31 III 1961)

1. The abstract norming of spaces of type 𝐵𝐾 (1) makes it possible to study
mathematical objects by means of functional analysis in greater detail than in
spaces of type 𝐵. Here modules over a 𝐾-space with unit (1) are constructed;
one of them is a generalization of a real Banach space and, in particular, has the
properties of a space of type 𝐵𝐾; another is a generalization of a real Hilbert
space.

2. A 𝐾-space as a generalized ring. A 𝐾-space 𝑍 with unit is transformed
in various ways (1−3), equivalent to one another (as follows from Theorem 1
(3)), into a commutative generalized ring (the product 𝑧𝑢 exists not for all
𝑧, 𝑢 ∈ 𝑍), in which for all elements 𝑧 the quantity 𝑛√𝑧 is defined and for some
an inverse 𝑧−1 is defined (𝑧𝑧−1 = 𝑒𝑧, where 𝑒𝑧 is the trace of the element 𝑧 (1,2)).
The maximal extension 𝑍 (1) of the 𝐾-space 𝑍 is an absolute field (with the
same unit): the product ̃𝑧𝑢̃ and the inverse ̃𝑧−1 exist for all ̃𝑧, 𝑢̃ ∈ 𝑍 (2). For
simplicity of notation we shall assume that 𝑍 ⊂ 𝑍. Let us note one property of
multiplication in 𝑍. For disjoint 𝑧𝑖 ∈ 𝑍, 𝑧𝑖 ≥ 0, there exists √𝑧1

√𝑧2, since (2,3)

𝑧𝑖 ≤ 𝑧 = 𝑧1 ∨ 𝑧2

and
√𝑧√𝑧 exists in 𝑍.

3. A quotient in a 𝐾-space.
Definition 1. If the result of the action 𝑧𝑢−1 in 𝑍 on elements from 𝑍 belongs
to 𝑍, we shall call it the quotient 𝑧/𝑢.
Let us note some properties of the quotient, immediately following from the
properties of the actions 𝑧𝑢−1 in 𝑍 and the embedding of 𝑍 in 𝑍 (1−3). The
operation of division is normal, i.e., if |𝑧| ≤ |𝑣|, |𝑢| ≥ |𝑤|, and 𝑣/𝑤 exists,
then 𝑧/𝑢 also exists, and moreover |𝑧/𝑢| ≤ |𝑣/𝑤|. In order that 𝑣 = 𝑧/𝑢, it is
necessary and sufficient that in 𝑍

𝑣𝑢 = 𝑧𝑒𝑢, 𝑒𝑣 = 𝑒𝑧 ∧ 𝑒𝑢.
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If 𝑢−1 and 𝑧𝑢−1 exist in 𝑍, then 𝑧𝑢−1 = 𝑧/𝑢. The operation of division is related
in the usual way to congruence relations, arithmetic operations (provided mul-
tiplication or division of the given elements can be carried out), and extraction
of a root of natural degree. If 𝑢𝑑𝑣 (1), then

𝑧
𝑢 + 𝑣 = 𝑧

𝑢 + 𝑧
𝑣 .

Any circumstance will henceforth be called normal (cf. (1)) if, from the fact
that it holds for some 𝑢 ∈ 𝑍, it follows that it is preserved for every 𝑧 ∈ 𝑍 with
modulus |𝑧| ≤ |𝑢|.
4. Convergence in a 𝐾-space. In a 𝐾-space 𝑍 one can establish several
kinds of convergence. Suppose that in 𝑍 convergence 𝑧𝑛 → 0 is defined in some
way for certain 𝑧𝑛 ≥ 0. Put 𝑧𝑛 → 𝑧 if |𝑧𝑛 − 𝑧| → 0.
We shall require that convergence satisfy the conditions: 1) addition is con-
tinuous (with respect to a countable sequence); 2) convergence is normal: if
0 ≤ 𝑧𝑛 ≤ 𝑢𝑛 → 0, then 𝑧𝑛 → 0; 3) if 𝑧𝑛 = 𝑧, 𝑧𝑛 → 0, then 𝑧 = 0.
Hence the uniqueness of the limit follows. The indicated properties are pos-
sessed, for example, by (𝑜)-convergence (1); by (𝑏𝑘)-convergence, if 𝑍 is a space
of type 𝐵𝐾 with a monotone norm: from |𝑧| ≤ |𝑢| it follows that ‖𝑧‖ ≤ ‖𝑢‖.
in the 𝐾-space 𝑊 of norms; topological convergence, if 𝑍 is a 𝐾𝑇 -space (4)
with the first separation axiom. For such convergence theorem 2 (4) remains
valid.

5. A generalized module over a 𝐾-space
Elements of 𝑍 and 𝑍 shall be called scalars.

Definition 2. Let, for some elements of 𝑍 and some elements of the additive
commutative group 𝑋, the products 𝑧𝑥, 𝑥𝑧 ∈ 𝑋 be uniquely defined, and let
1𝑥 = 𝑥 and, for 𝑧, 𝑢 ∈ 𝑍, 𝑥, 𝑦 ∈ 𝑋,

𝑧𝑥 = 𝑥𝑧, 𝑧(𝑥 + 𝑦) = 𝑧𝑥 + 𝑧𝑦, (𝑧 + 𝑢)𝑥 = 𝑧𝑥 + 𝑢𝑥, 𝑧(𝑢𝑥) = (𝑧𝑢)𝑥 (1)

provided that the products exist at least in one part of each equality (1); mul-
tiplication by a scalar is normal: if 𝑢𝑥 exists in 𝑋, |𝑧| ≤ |𝑢|, then 𝑧𝑥 also exists
in 𝑋. Then we shall call 𝑋 an 𝑀𝑧-module.

If 𝜆 is a real number, then by 𝜆𝑥 we mean 𝜆1𝑥.
Definition 3. If 𝑍 is an absolute field (see above) and in an 𝑀𝑧-module 𝑋
the product 𝑧𝑥 exists for all 𝑧 ∈ 𝑍, 𝑥 ∈ 𝑋, then we shall call 𝑋 an absolute
𝑀𝑧-module.
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Definition 4. An absolute 𝑀𝑍-module 𝑋 ⊃ 𝑋 will be called an 𝑀-extension
of the 𝑀𝑧-module 𝑋, if the meaning of the product 𝑧𝑥 for elements 𝑧 ∈ 𝑍, 𝑥 ∈ 𝑋
is the same in 𝑋 and in 𝑋 (provided that 𝑧𝑥 exists in 𝑋). Here, instead of an
isomorphism, the inclusion 𝑋 ⊂ 𝑋 is adopted also merely for simplicity of
notation in what follows.

Theorem 1. For every 𝑀𝑧-module there exists its 𝑀-extension.

Construct 𝑋 from all sequences ̃𝑥 = { ̃𝑥𝑛} (𝑛 = 1, … , ∞) of all possible“linear”
combinations

̃𝑥𝑛 =
𝑚

∑
𝑘=1

𝑧𝑘𝑛𝑥𝑘,

where 𝑚 is any non-fixed natural number; 𝑥𝑘 ∈ 𝑋, 𝑥𝑖 ≠ 𝑥𝑘 for 𝑖 ≠ 𝑘; for each
𝑘, {𝑧𝑘𝑛} is a (𝑜)-convergent sequence in 𝑍 of finite-valued elements (1). We
shall consider elements ̃𝑥 and ̃𝑦 = { ̃𝑦𝑛} ∈ 𝑋 (where ̃𝑦𝑛 = ∑𝑝

𝑖=1 𝑢𝑖𝑛𝑦𝑖) equal if
𝑚 = 𝑝, 𝑥𝑘 = 𝑦𝑘, (𝑜)− lim

𝑛→∞
𝑧𝑘𝑛 = (𝑜)− lim

𝑛→∞
𝑢𝑘𝑛 (𝑘 = 1, … , 𝑚).

To an element 𝑥 ∈ 𝑋 we put in correspondence the stationary sequence {𝑥} ∈ 𝑋.
Identifying 𝑥 with {𝑥}, we obtain the inclusion 𝑋 ⊂ 𝑋. Addition in 𝑋 is defined
“coordinatewise”: ̃𝑥 + ̃𝑦 = { ̃𝑥𝑛 + ̃𝑦𝑛}, by “combining like terms”so that all
𝑥𝑘, 𝑦𝑖 are distinct. Define multiplication by a scalar:

𝑧𝑥 = 𝑥𝑧 = {
𝑚

∑
𝑘=1

𝑧𝑛𝑧𝑘𝑛𝑥𝑘} ,

where the finite-valued 𝑧𝑛
(𝑜)
−→ 𝑧 (the existence of such 𝑧𝑛 is evident from lemma

2.17 of Chapter 4 in (1)). Using the (𝑜)-continuity of addition and multiplication
(1) in 𝑍, it is not difficult to verify that all conditions of definition 4 are fulfilled.

6. A module over a space of norms
Definition 5. Let to each element 𝑥 of an 𝑀𝑧-module 𝑋 there be assigned a
norm—an element ‖𝑥‖ ∈ 𝑍, with: 1) if ‖𝑥‖ = 0, then 𝑥 = 0; 2) ‖𝑥+𝑦‖ ≤ ‖𝑥‖+‖𝑦‖;
3) ‖𝑧𝑥‖ = |𝑧|‖𝑥‖, if 𝑧𝑥 or 𝑧‖𝑥‖ exists. Then we shall call 𝑋 a 𝐵𝑧-module.

As usual, we establish that ‖0‖ = 0, ‖𝑥‖ ≥ 0. If |𝑧| ≤ |𝑢|, 𝑢𝑥 exists in 𝑋, then
‖𝑧𝑥‖ ≤ ‖𝑢𝑥‖.
Definition 6. The trace 𝑒𝑥 of an element 𝑥 is the trace 𝑒‖𝑥‖ of its norm. If
𝑒𝑥𝑑𝑒𝑦, i.e. ‖𝑥‖𝑑‖𝑦‖, then 𝑥 and 𝑦 will be called disjoint: 𝑥𝑑𝑦. If 𝑒𝑧𝑑𝑒𝑥, i.e. 𝑧𝑑‖𝑥‖,
then we shall call 𝑧𝑑𝑥.
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If 𝑧𝑑𝑥, then 𝑧𝑥 = 0, and therefore 𝑒𝑥𝑥 = 𝑥. Indeed, 𝑥 = (𝑒𝑥 + 𝐶𝑒𝑥)𝑥, where
𝐶𝑒𝑥 = 1−𝑒𝑥; 𝐶𝑒𝑥𝑑𝑥. If 𝑥𝑑𝑦, then ‖𝑥±𝑦‖ = ‖𝑥‖+‖𝑦‖, since ‖𝑥±𝑦‖ ≥ ‖𝑥‖−‖𝑦‖ =
‖𝑥‖ + ‖𝑦‖ when ‖𝑥‖𝑑‖𝑦‖.
In 𝑋 we define convergence: 𝑥𝑛 → 𝑥, if ‖𝑥𝑛 − 𝑥‖ → 0 in 𝑍 in the sense of
item 4 of the present work. It is not difficult to establish the usual properties
of convergence in norm: uniqueness of the limit, continuity of the norm, etc.

If 𝑥𝑖𝑑𝑥𝑘, then for a finite sum or series

∥∑
𝑛

𝑥𝑛∥ = ∑
𝑛

‖𝑥𝑛‖.

This also holds for transfinite series, if convergence in 𝑍 is defined in the corre-
sponding way.

Let us add the requirement of completeness of 𝑋 with respect to convergence
in norm.

Definition 7. A countably complete 𝐵𝑍-module 𝑋 will be called a module
of type 𝐵𝑍. If here convergence in 𝑍 is understood as (𝑜)-convergence (or
(𝑏𝑘)-convergence, see item 4), then 𝑋 will be called a module of type 𝐵𝐾̄ (or,
respectively, 𝐵𝐵𝐾). A module of type 𝐵𝐾 is a special case of a module of type
𝐵𝐵𝐾 (for 𝑍 = 𝑊 , i.e. ‖𝑧‖ = |𝑧|, see item 4).*

Theorem 2. A module of type 𝐵𝐾 is a space of type 𝐵𝐾.

Axiom 4 (1) of a space of type 𝐵𝐾 is fulfilled in any 𝐵𝑍-module: let

‖𝑥‖ = 𝑧1 + 𝑧2, 𝑧𝑖 ⩾ 0;

take
𝑥𝑖 = 𝑧𝑖

𝑧1 + 𝑧2
𝑥,

then
‖𝑥𝑖‖ = 𝑧𝑖(𝑒𝑧1

∨ 𝑒𝑧2
) = 𝑧𝑖, 𝑥1 + 𝑥2 = 𝑒𝑥𝑥 = 𝑥.

Definition 8. If a 𝐵𝑍-module is an absolute 𝑀𝑍-module, then we shall call it
an absolute 𝐵𝑍-module. Such a module of type 𝐵𝑍 will be called absolute.

Definition 9. An absolute 𝐵 ̄𝑍-module 𝑋 will be called a 𝐵-extension of the
𝐵𝑍-module 𝑋, if 𝑋 is an 𝑀 -extension of the 𝑀 ̄𝑍-module 𝑋 and the meaning
of the norm ‖𝑥‖ for 𝑥 ∈ 𝑋 is the same in 𝑋 and 𝑋.

Theorem 3. For every 𝐵𝑍-module there exists its 𝐵-extension.

Define in the 𝑀 -extension 𝑋 the norm

‖ ̃𝑥‖ = (𝑜)- lim
𝑛→∞

‖ ̃𝑥𝑛‖.

Then 𝑋 satisfies all the requirements of Definition 9.

sovietrxiv.org/items/ru-196101.20185 Machine Translation

https://sovietrxiv.org/items/ru-196101.20185


7. Module over a space of scalar products
Definition 10. Let to each pair 𝑥, 𝑦 of elements of the 𝑀𝑍-module 𝑋 there
correspond a scalar product (𝑥, 𝑦) ∈ 𝑧, with: 1) (𝑥, 𝑥) ⩾ 0; if (𝑥, 𝑥) = 0, then
𝑥 = 0; 2) (𝑥, 𝑦) = (𝑦, 𝑥); 3) (𝑥 + 𝑦, 𝑦′) = (𝑥, 𝑦′) + (𝑦, 𝑦′); 4) (𝑧𝑥, 𝑦) = 𝑧(𝑥, 𝑦), if
𝑧𝑥 or 𝑧(𝑥, 𝑦) exists. We shall call 𝑋 an 𝐻𝑍-module.

Definition 11. If an 𝐻𝑍-module is an absolute 𝑀𝑍-module, then we shall call
it an absolute 𝐻𝑍-module. Such a module of type 𝐻𝑍 (see Definition 13) will
be called absolute.

Definition 12. An absolute 𝐻 ̄𝑍-module 𝑋 will be called an 𝐻-extension of
the 𝐻𝑍-module 𝑋, if 𝑋 is an 𝑀 -extension of the 𝑀𝑍-module 𝑋 and the meaning
of (𝑥, 𝑦) for 𝑥, 𝑦 ∈ 𝑋 is the same in 𝑋 and 𝑋.

Theorem 4. For every 𝐻𝑍-module there exists its 𝐻-extension.

Define in the 𝑀 -extension 𝑋 the scalar product

( ̃𝑥, ̃𝑦) = (𝑜)- lim
𝑛→∞

( ̃𝑥𝑛, ̃𝑦𝑛).

All the conditions of Definition 12 are fulfilled.

Define in 𝑋, as usual, the norm

‖𝑥‖ = √(𝑥, 𝑥).

Then 𝑒𝑥 = 𝑒(𝑥,𝑥). As before it is proved that 𝑒𝑥𝑥 = 𝑥. Therefore

(𝑥, 𝑦)𝑒𝑦 = (𝑥, 𝑒𝑦𝑦) = (𝑥, 𝑦).

Theorem 5. For an 𝐻𝑍-module 𝑋 relation (2) is fulfilled; 𝑋 is a 𝐵𝑍-module.

Let 𝑥, 𝑦 ∈ 𝑋. In 𝑍 there exists

̃𝑧 = (𝑥, 𝑦)/(𝑦, 𝑦).

Construct in the 𝐻-extension 𝑋 the element 𝑥 − ̃𝑧𝑦. For the 𝐻𝑍-module 𝑋, in
𝑍 the relations

0 ⩽ (𝑥 − ̃𝑧𝑦, 𝑥 − ̃𝑧𝑦) = (𝑥, 𝑥) − (𝑥, 𝑦)2/(𝑦, 𝑦)

are fulfilled. Multiply by (𝑦, 𝑦). Then

(𝑥, 𝑥)(𝑦, 𝑦) − (𝑥, 𝑦)2𝑒𝑦 ⩾ 0, (𝑥, 𝑥)(𝑦, 𝑦) ⩾ (𝑥, 𝑦)2 ⩾ 0.

Since extraction of the root is an increasing operation (1,2 ), it follows from this
the comparability in 𝑍

|(𝑥, 𝑦)| ⩽ ‖𝑥‖‖𝑦‖. (2)
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Verification of the axioms of a 𝐵𝑍-module is carried out in the usual way. It
is clear that an absolute 𝐻𝑍-module is an absolute 𝐵𝑍-module and that an 𝐻-
extension is simultaneously also a 𝐵-extension, if in 𝑋 one sets ‖ ̃𝑥‖ = √( ̃𝑥, ̃𝑥)
(taking into account the (𝑜)-continuity of the root (1)).
From comparability (2) it follows that 𝑒(𝑥,𝑦) ≤ 𝑒𝑥 ∧ 𝑒𝑦; if 𝑥𝑑𝑦, then 𝑥 ⟂ 𝑦.
Definition 13. A countably complete 𝐻𝑍-module 𝑋 will be called a module
of type 𝐻𝑍. If here convergence in 𝑍 is understood as (𝑜)-convergence (or
(𝑏𝑘)-convergence, see item 4), then 𝑋 will be called a module of type 𝐻𝐾 (or,
respectively, 𝐻𝐵𝐾

).

Theorem 6. A module of type 𝐻𝑍 (or respectively 𝐻𝐾, 𝐻𝐵𝐾
) is a module of

type 𝐵𝑍 (respectively 𝐵𝐾, 𝐵𝐵𝐾
). A module of type 𝐻𝐾 is a space of type 𝐵𝐾.

A module of type 𝐻𝐾 is also a special case of a module of type 𝐻𝐵𝐾
.

Definition 14. A countable system of elements 𝑒𝑛 of an 𝐻𝑍-module will be
called orthonormal if 𝑒𝑖 ⟂ 𝑒𝑘, ‖𝑒𝑛‖ = 𝑒𝑛, where 𝑒𝑛 are unit elements from the
base (|) of the 𝐾-space 𝑍.

As usual, the system {𝑒𝑛} is called complete in 𝑋 if from 𝑥 ⟂ 𝑒𝑛 for all 𝑛 it
follows that 𝑥 = 0.
Theorem 7. If in a module 𝑋 of type 𝐻𝐾 there is a complete orthonormal
system {𝑒𝑛} (𝑛 = 1, … , ∞), then for every element 𝑥 ∈ 𝑋 the expansion

𝑥 =
∞

∑
𝑛=1

(𝑥, 𝑒𝑛)𝑒𝑛, ‖𝑥‖2 =
∞

∑
𝑛=1

(𝑥, 𝑒𝑛)2

holds.

Let us note that here axiom 5 (1) of the 𝐾-space 𝑍 is used only for countable
sets.

If the set of all norms ‖𝑥‖ coincides with 𝑍, then from the completeness of {𝑒𝑛}
in 𝑋 follows the completeness of {𝑒𝑛} in 𝑍, i.e. sup{𝑒𝑛} = 1. In particular,
disjoint elements may be taken as the {𝑒𝑛}, but the completeness condition of
{𝑒𝑛} is still expressed through orthogonality.

8. Examples. Let 𝑋 and 𝑍 consist of real bounded almost everywhere func-
tions 𝑥(𝑠, 𝑡) and 𝑧(𝑠), square-summable (𝑥 on 𝐸, 𝑧 on the projection 𝑆 onto the
𝑠-axis of the set 𝐸). We naturally make 𝑋 into a module over 𝑍 in the sense of
Definition 2. Let 𝑚 disjoint measurable sets 𝑆𝑖 have union 𝑆; the sets 𝑇 (𝑠) are
all measurable sections for 𝑠 = const of the set 𝐸. Put

(𝑥, 𝑦) = ∫
𝑇 (𝑠)

𝑥(𝑠, 𝑡)𝑦(𝑠, 𝑡) 𝑑𝑡, ‖𝑧‖ = {vrai sup
𝑆𝑖

|𝑧(𝑠)|} (𝑖 = 1, … , 𝑚).
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Then 𝑋 becomes a module of type 𝐻𝐵𝐾
, but not an absolute one. The proof

of the countable completeness of 𝑋 is similar to the proof of the countable
completeness of the space 𝐿2.

If, however, 𝑋 consists of functions 𝑥(𝑡) square-summable on the set 𝐸1, and 𝑍
consists of vectors 𝑧 = {𝜁1, … , 𝜁𝑚} (𝑚 fixed), 𝑒𝑖 are measurable, 𝑒𝑖 ∩ 𝑒𝑘 = Λ,

𝑚
⋃
𝑖=1

𝑒𝑖 = 𝐸1,

and the products 𝑧𝑥 and (𝑥, 𝑦) are defined in the following way:

(𝑧𝑥)(𝑡) = 𝜁𝑘𝑥(𝑡) for 𝑡 ∈ 𝑒𝑘, (𝑥, 𝑦) = {∫
𝑒𝑘

𝑥𝑦 𝑑𝑡}
𝑘=1,…,𝑚

,

then 𝑋 becomes an absolute module of type 𝐻𝐾 (convergence in 𝑍 is coordi-
natewise).
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