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MATHEMATICS
V. F. VLASOV and A. F. TIMAN

ON A CERTAIN RELATION FOR INTE-
GRALS OF MODULI OF TRIGONOMETRIC
POLYNOMIALS

(Presented by Academician S. N. Bernstein on 17 II 1961)

Let
PN
T, (z)= % + ; al cosvz (1)

be a sequence of even trigonometric polynomials with real coefficients, and let
p,(z) be a sequence of functions of bounded variation, defined on [—m, 7], for
which

Var p,(z) =1.

z€[—m,m|

Denote by

o= et dp, (1) @)

the corresponding diagonal sequence of Fourier-Stieltjes coefficients for p,, (x).

In the present note we consider the integrals

N

L(T,; pn) = /:

[ e+ tydp o) ae (3

and establish one relation between the sequences of constants (3) and (2).
Theorem. If the coefficients of the polynomials (1) form a convex or concave

system of numbers

(A2a§€n) = agﬂn) — 2a§€n+>1 + aECTQ <0 or A2a§€n) >0; k=0,1,...,n—1; ai@l = 0)

and, for some positive sequence €, = O (%),
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then the equality

o<v<

LT,ip) = leal [ [To@)]do 0 ua. jal) )

holds, in which O(1) is a quantity uniformly bounded with respect to n over all
polynomials T, (x).

We note that condition (4), while not, generally speaking, necessary, is in a
certain sense essential for the validity of relation (5). Without it, i.e. in the
general case, the theorem stated would already be false. To see this, it suffices

to put M =1 (v=0,1,...,n)

and consider the sequence of functions

2k +1
0, —7<t<— i m,
n
1 2k +1 2k +1
==, - <t
palt) =4 5 om TSP T, T
2k +1
1, + m<t<m,
2n

where k = k(n) is a nonnegative integer-valued function of n, increasing without
bound together with n. In this case it is known (see (3), Lemma 1) that, as
n — 0o,

1 ™
LTin) =5 [

_ %ln{K(n) F1+0(1) 500, D(x) = 22 E )T

2n

2k+1 2k+1
Dn<x+ - 7T>+Dn((L'— 2+ w)‘dx:
n

whereas the right-hand side of (5) is bounded.

1

n
the sense that, if it is not satisfied, then there exists a sequence of functions
pn(t) satisfying (4) and such that relation (5) does not hold.

Thus, for the validity of relation (5) the condition e, = O( ) is necessary in

On the other hand, the example
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T
—m<t< ——,

=

. 2n
pt) =935 —5 St<g-
™
1, g-<t<m
n
1 m
T.(z)= 5 + Zcos vz + cosnx,
v=1

where m = m(n) is an arbitrary integer-valued function of n for which

. m
lim m(n) = oo, sup — < 1,
n—oo n>1 n

shows that, for the validity of relation (5), condition (4) alone, without the
assumption of convexity or concavity of the coefficient system of the polynomial
T, (x), is still insufficient. Since in this case ¢,, = 0, the right-hand side of (5) is
bounded, whereas (see (4), Theorem 11)

LaﬁMJ—;/leGH:;)+Dm@::;”dx+mn_

4 mm
= " cos 2y 1 1
—cos - n(m+ 1)+ O(1),

ie. L(T,

i Pp) — 00 as m— 00,

At the same time, there exist examples showing that relation (5) may sometimes
hold also in cases not covered by the theorems, i.e., in fact it is valid for a broader
class of sequences T, (z) and p,, (z).

Let us also note that in some concrete cases the asymptotic estimate of the
sequence L(T,; p,,) is known.

In particular, for

the equality (6) is valid (see also (7), p. 8. 2. 33)

n (n)

a
Zn—lzj/—l—l

v=0

4

LTip,) = [ fo)ldo =

+o(mmm@0. (6)
0<v<n
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From the theorem presented and equality (6) there follows directly a number of
other results relating to particular sequences of polynomials 7, (z) and functions
pn () (see, for example, (5)).

Corollary. If M = O(1), then, under the conditions of the theorem, the

sequence of constants L(T,,; p,,) is bounded if and only if

noam 17
=0| |1 — .
“n * ;0 n—v+1
In special cases, for a(yn) =1 (v=0,1,...,n), this corollary contains the known

convergence conditions for summation processes of the S. N. Bernstein—Rogosin-
ski type for Fourier series (see (12,4,9)).
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