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Abstract
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MATHEMATICS
G. A. BESSMERTNYKH

ON THE BEHAVIOR OF CORRECTIONS
IN SOME METHODS FOR APPROXIMATE
COMPUTATION OF THE BOUNDS OF THE
SPECTRUM OF A SELF-ADJOINT OPERA-
TOR
(Presented by Academician G. I. Petrov, 1 X 1960)

1. Let 𝐴 be a linear bounded positive definite self-adjoint operator, and suppose
that it is required to find one of the bounds 𝑚 of its spectrum. Usually, for
this purpose, a certain sequence of elements {𝑥𝑛} is constructed such that the
numerical sequence

𝜇𝑛 = (𝐴𝑥𝑛, 𝑥𝑛)
(𝑥𝑛, 𝑥𝑛) (𝑛 = 0, 1, 2, …) (1)

converges to the desired bound of the spectrum. In constructing the sequence
{𝑥𝑛}, one has to compute correction vectors 𝛿𝑛 = 𝑥𝑛+1 − 𝑥𝑛. At the seminar
on functional analysis of Voronezh State University, M. A. Krasnosel’skii put
forward the supposition (see also (1)) that in a number of methods the correction
vectors 𝛿𝑛 can be used to obtain additional information about the spectrum of
the operator 𝐴. It turned out that this is indeed so. Some results in this
direction are indicated in (2,5 ). Here new results are presented.

2. Denote the upper and lower bounds of the spectrum of the operator 𝐴,
respectively, by 𝑀 and 𝑚 (0 < 𝑚 ≤ 𝑀). A sequence of elements {𝑥𝑘} of the
space 𝐻 will be called extremal for the functional

𝜇(𝑥) = (𝐴𝑥, 𝑥)
(𝑥, 𝑥) , (2)

if

lim
𝑘→∞

𝜇(𝑥𝑘) = 𝑚 (3)

or
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lim
𝑘→∞

𝜇(𝑥𝑘) = 𝑀. (4)

In this case, if equality (3) is fulfilled, then the sequence {𝑥𝑘} will be called
minimizing, and if equality (4) is fulfilled, maximizing.

Let 𝐸𝜆 denote the spectral function of the operator 𝐴; let Δ(𝑥) denote the
projection of the element 𝐴𝑥 onto the subspace orthogonal to the element 𝑥. It
is easy to verify that

Δ(𝑥) = 𝐴𝑥 − 𝜇(𝑥)𝑥. (5)

A maximizing sequence of elements {𝑥𝑘} will be called biextremal for the
functional 𝜇(𝑥), if for the corresponding sequence {Δ𝑘 = Δ(𝑥𝑘)} the relations

‖Δ𝑘‖ ≠ 0 (𝑘 = 0, 1, 2, …), lim
𝑘→∞

𝜇(Δ𝑘) = 𝑚.

We shall call a minimizing sequence {𝑥𝑘} strongly minimizing if the following
conditions are satisfied: a) 𝑚 is an isolated point of the spectrum of the operator
𝐴; b) ‖Δ𝑘‖ ≠ 0 (𝑘 = 0, 1, 2, …), lim𝑘→∞ 𝜇(Δ𝑘) = 𝑚1, where 𝑚1 is the smallest
number of the spectrum greater than 𝑚.

Analogously, we shall call a maximizing sequence of elements strongly max-
imizing if: a) 𝑀 is an isolated point of the spectrum of the operator 𝐴; b)
‖Δ𝑘‖ ≠ 0 (𝑘 = 0, 1, 2, …), lim𝑘→∞ 𝜇(Δ𝑘) = 𝑀1, where 𝑀1 is the greatest num-
ber of the spectrum less than 𝑀 .

In what follows it is useful to keep in mind the following simple facts:

1) If 𝑚 (respectively 𝑀) is not an eigenvalue of the operator 𝐴, then a
minimizing (respectively maximizing) sequence of normalized elements
{ ̄𝑥𝑘 = 𝑥𝑘/‖𝑥𝑘‖} converges weakly to zero in the space 𝐻.

2) If 𝑚 (respectively 𝑀) is an isolated eigenvalue of the operator 𝐴 of finite
multiplicity, then a minimizing (respectively maximizing) sequence of nor-
malized elements { ̄𝑥𝑛 = 𝑥𝑛/‖𝑥𝑛‖} converges“in direction”to some vector
𝑒 corresponding to the eigenvalue 𝑚 (respectively 𝑀), i.e.

lim
𝑛→∞

sin2(̂ ̄𝑥𝑛, 𝑒) = lim
𝑛→∞

[1 − ( ̄𝑥𝑛, 𝑒)2] = 0.

3) If 𝑚1 (respectively 𝑀1) is not an eigenvalue of the operator 𝐴 and
the sequence {𝑥𝑘} is strongly minimizing (respectively strongly max-
imizing) for the functional 𝜇(𝑥), then the corresponding sequence
{Δ𝑘 = Δ(𝑥𝑛)/‖Δ(𝑥𝑘)‖} converges weakly to zero in the space 𝐻.
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4) If, however, 𝑚1 (respectively 𝑀1) is an isolated eigenvalue of the operator
𝐴 of finite multiplicity and the sequence {𝑥𝑘} is strongly minimizing (re-
spectively strongly maximizing) for the functional 𝜇(𝑥), then the sequence
{Δ̄𝑘} converges“in direction”to some eigenvector 𝑒1 corresponding to the
number 𝑚1 (respectively 𝑀1).

Below two methods of approximate computation of the bounds of the spectrum
of the operator 𝐴 are considered, and it is established that the sequence of
approximations {𝑥𝑘} obtained in their realization, under certain conditions, is
either strongly minimizing, or extremal, or strongly maximizing.

3. To find the lower bound 𝑚 of the spectrum of the operator 𝐴, M. A.
Krasnosel’skii proposed (1) an iterative process in which the sequence of
approximations is defined by the equalities

𝑥𝑘+1 = 𝑥𝑘 − 1
𝛾𝑘

Δ𝑘, (6)

where

Δ𝑘 = 𝐴𝑥𝑘 − 𝜇𝑘𝑥𝑘, 𝜇𝑘 = 𝜇(𝑥𝑘), 𝛾𝑘 = 𝜇(Δ𝑘). (7)

B. P. Pugachev showed that the sequence {𝑥𝑘} obtained by formulas (6)—(7)
is minimizing for the functional 𝜇(𝑥), and obtained estimates of the rate of
convergence of the process under consideration. It turns out that, under certain
restrictions on the spectrum of the operator 𝐴, one can assert that this sequence
is strongly minimizing for the functional 𝜇(𝑥). Namely, the following holds:

Theorem 1. Suppose:

1) 𝑚 is an isolated point of the spectrum of the operator 𝐴, and

𝑚 > 𝑀 − 𝑚1
2 ;

2) the initial approximation 𝑥0 is chosen so that, for any 𝜀 > 0,

‖𝐸𝑚+𝜀𝑥0‖ > 0, ‖(𝐸𝑚1+𝜀 − 𝐸𝑚1−𝜀)𝑥0‖ > 0.

Then the sequence of approximations {𝑥𝑘}, obtained from the element 𝑥0 by
means of the process (6)—(7), is strongly minimizing for the functional 𝜇(𝑥).
Thus, the iterative process (6)—(7) can be used, generally speaking, for the si-
multaneous computation of two points of the spectrum of the operator 𝐴, which
under certain conditions are its eigenvalues. In the latter case the corresponding
eigenvectors can also be obtained with its aid.
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4. V. N. Kostarchuk investigated in [3] an iterative process for the approxi-
mate computation of the upper bound 𝑀 of the spectrum of the operator
𝐴, in which the sequence of approximations is constructed by the formula

𝑥𝑘+1 = 𝑥𝑘 − 2
𝜇𝑘

𝐴𝑥𝑘. (8)

The latter can evidently also be written as

𝑥𝑘+1 = − (𝑥𝑘 + 2
𝜇𝑘

Δ𝑘) . (9)

With respect to the process (9) the following holds:

Theorem 2. Suppose:

1) 𝑀 is an isolated point of the spectrum of the operator 𝐴, and 𝑀 < 2𝑚;

2) the initial approximation 𝑥0 is chosen so that, for any 𝜀 > 0,

‖(𝐸 − 𝐸𝑀−𝜀)𝑥0‖ > 0, ‖(𝐸𝑀1+𝜀 − 𝐸𝑀1−𝜀)𝑥0‖ > 0.

Then the sequence of approximations {𝑥𝑘}, obtained from the element 𝑥0 by
means of the process (9), is strongly maximizing for the functional 𝜇(𝑥).
Let 𝐿(𝑚, 𝜀) be the subspace of the space 𝐻 onto which the operator 𝐸𝑚+𝜀
projects; 𝐻(𝑚, 𝜀) the orthogonal complement to 𝐿(𝑚, 𝜀) in the space 𝐻.
We shall say that the iterative process (9) degenerates into the subspace
𝐻(𝑚, 𝜀) if the sequence of approximations {𝑥𝑘} has a pair of elements 𝑥𝑘0

, 𝑥𝑘0+1
such that 𝑥𝑘0

∈ 𝐻(𝑚, 𝜀), 𝑥𝑘0+1 ∈ 𝐻(𝑚, 𝜀). By 𝐺𝜀 we shall denote the set
of all elements of the space 𝐻 possessing the property that if the initial
approximation 𝑥0 is chosen in 𝐺𝜀, then the process (9) degenerates into the
subspace 𝐻(𝑚, 𝜀).
Theorem 3. Suppose:

1) 𝑀 is an isolated point of the spectrum of the operator 𝐴, and 𝑀 > 2𝑀1;

2) the initial approximation 𝑥0 is chosen so that, for any 𝜀 > 0,

‖(𝐸 − 𝐸𝑀−𝜀)𝑥0‖ > 0, ‖𝐸𝑚+𝜀𝑥0‖ > 0,

and, for 𝜀 < 𝜀0,

𝑥0 ∉ 𝐺𝜀,

where 𝜀0 is some fixed number.
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Then the sequence of approximations {𝑥𝑘}, obtained from 𝑥0 by means of the
process (9), is biextremal for the functional 𝜇(𝑥).
We note that 𝑥0 ∉ 𝐺𝜀 for 𝜀 < 𝜀0, if

𝜇(𝑥0) = (𝐴𝑥0, 𝑥0)
(𝑥0, 𝑥0) > 2(𝑚 + 𝜀0).

Theorems 2 and 3 are also valid for the so-called 𝛼-processes considered by V. P.
Kostarchuk in (3) (by analogy with the 𝛼-processes for solving systems of linear
algebraic equations proposed by M. A. Krasnosel’skii and S. G. Krein (4)).

5. In conclusion, we note that the proof of Theorems 1–3 and of analogous
theorems previously published by the author in (5) can be obtained by
means of a certain general scheme, which we do not present here because
of its unwieldiness.

By arguments analogous to those given in (5), one can (with the aid of Theo-
rems 1–3) establish formulas for accelerating the convergence of the methods
considered above.

It should also be noted that, by passing from the operator 𝐴 to the operator
𝐴1 = 𝐴 − 𝑘𝐼 (where 𝑘 is a certain number and 𝐼 is the identity operator),
one can, generally speaking, always arrange that the conditions of one of the
formulated theorems be satisfied.

The author takes this opportunity to express his gratitude to his teacher M. A.
Krasnosel’skii for his attention and a number of suggestions.
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