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Abstract
Full Text

MATHEMATICS
SU YU-CHEN

ASYMPTOTICS OF SOLUTIONS OF CER-
TAIN DEGENERATING QUASILINEAR HY-
PERBOLIC EQUATIONS OF SECOND OR-
DER

(Presented by Academician I. G. Petrovskii on 25 XI 1960)

In the present note an asymptotic expansion with respect to the small param-
eter ¢ is constructed for the solutions of the Cauchy problem and of a mixed
problem for a quasilinear partial differential equation of hyperbolic type with
small parameter ¢, and for a boundary-value problem in the case of an equation
of elliptic type. For quasilinear ordinary differential equations with a small pa-
rameter, the Cauchy problem and the boundary-value problem were studied in
work (1). In the present note we use the methods of (1:2).

1. The Cauchy problem. In the domain G : {—c0 < & < 400, t > 0} we
consider the following problem, which we call problem A._:

L.u, = e (0%u,/0x* — 0%u,_/0t?) — p(x,t,u.) Ou, /Ot + P(z, t,u) = 0; (1)

u a(z), 6u5/8t’t20 = B(z). (2)

5’1&:0 -
The degenerate problem A, (¢ = 0) consists in solving the equation
Lyw = —p(z,t,w) Ow/0t + Y(z,t,w) =0 (3)

under the condition

w|t:0 = a(z). (4)

We assume that ¢(z,t,u) > a > 0 for all points (x,t,u) € Gx{—00 < u < +00}.
With the aid of the first iterative process we construct a sequence wy, wy, ..., w
so that L_w,, = O(e"*1), where

n
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n
oo— i
wn—g e'w;.
i=0

Expanding ¢(z,t,w,,), ¥(z,t,w,) at the point (z,t,w,) in powers of ¢ and
equating to zero the terms with like powers, we obtain

—po(@,t,wg) Owy /Ot + Py (x, T, wy) = 0, wo‘tzo = a(z); (5)

o(x,t,wy) Owy, /Ot+(p1 Owy /Ot — 1)) wy,+0%wy,_, JOt2—0?w,,_, [0x*+ Uy (2, t,w) =0 (k=1,2,...

(6)

where Uy (z,t,w) depends only on w;, Ow,;/0t (i < k); ¢g, Yo, p1,%; are the
coeflicients of the expansions of the functions ¢, 1. The initial conditions for w;
will be determined below.

To find the asymptotics of the boundary layer

we introduce a new variable y = t/e. We construct functions v; (i =0,1,...,n+
1) so that for the function v,, we have

La(’wn + /Bn) - Lewn = O<€n+1)' (7)
Then, in view of L w,, = O(¢"*1), we obtain that
L (w, +v,) = O(e"*!). (®)
We rewrite equation (1) in the new variable

%u 1 0% ou
— 2 _ — —
ELSU’ =€ <8I2 52 ayg) (10(33751/7 ’LL) ay +51/J(3775y7u)~

We expand the function w,, found above in a series in powers of ¢ = ey. Substitut-
ing its expression in (7) and expanding the functions ¢(z, ey, w,,), ¥(z, ey, w,,)
in powers of €, we obtain successively

O3 /0y* + oo (2, ug + vg) vy /Dy = 0; 9)
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9?1,/ 0y*+0 [poo (m,ug + vo) (ug, + vy) — Qoo (2, ug)uy] /Oy—(E), — E) =0, (k=1,2,...,n+1),

where E,, — E), depends only on u;, v;, du;/0y, Ov;/dy, 0*v)_,/02> (i < k);
ug, Yoo are the coefficients of the expansions of w,,, ¢.

Define v, (k = 0,1,2,...,n + 1) as solutions of equations (9), (10) under the
following conditions:

’Uo‘y:O =0, Uk’y:() = _wk’t:O (k=1,2,...,n); Un+1‘y:O =0;
8v0/8y‘y:0 = ef(x); 8vk/6y’y:0 = —8wk71/8t’t:0 (k=1,2,...,n); (11)
3vn+1/8y’y:0 = —8wn/8t‘t:0.

For ¢ > a > 0 one can compute directly that
vo = ef(x)(1 — e %) /ca,

where ¢ = ¢(xz) > 1. By induction one can prove that all the functions vy,
(k=1,2,...,n+ 1) are functions of boundary-layer type.

Integrating equation (10) from 1/e to y and using the fact that
y
/ (Ey — E}) dy = By,
1/e

is a function of boundary-layer type, we obtain the initial conditions for wy:

@oo(x’uo)wk’tzo = _Bk|t:0 - 8wk71/8t’t:0 (k=1,2,..,n).

Theorem 1. Let Q be any triangle in the domain G, bounded by characteristics
of equation (1) and by a segment of the axis Ox. If: 1) in G x {—oco < u < +00},
©, 1 have continuous derivatives of the form 0™ /Ox'1dt20u’s (m = 1,2, ..., 2n+
2); 2) p(x,t,u) > a > 0 for all (x,t,u) € G x {—o00 < u < +o0}; 3) ax) is
continuously differentiable 2n (n = 2,3, ...) times (forn = 0,1 it has continuous
derivatives up to the third order); 4) f(x) has continuous derivatives up to order
(n—1) and (n — 2), respectively, forn =2k+1, n=2k+2 (k=2,3,...) (for
n=0,1,2,3,4, f(x) is three times continuously differentiable); 5) ©u 7 Wl are
bounded in Q X {—oo < u < 400}, then: a) in Q there exists a unique solution
u.(z,t) of problem (1), (2), continuous and having the continuous derivatives
entering equation (1); b) the first and second iterative processes converge; c) the
solution u_(x,t) admits the asymptotic representation

ue:w0+€w1_|_.“_|_6nwn_|_,uo+€Ul+...+€n+1’un+l+Rn7

where the w; are obtained by means of the first iterative process; the v, are
functions of boundary-layer type neart = 0, constructed by solving equations (9),
(10) under conditions (11); the estimate |R,,||1,q) = O(e™*Y) holds everywhere

n Q.
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2. Mixed problem

Problem A,.. In a certain rectangle
R: {0<2<l,0<t<T}

consider the following problem:
Lou, =€ (0%u, /02 — 0%u,/0t?) — p(x,t,u,) Ou, /Ot + Pz, t,u.) =05 (12)

u6|t:0 = a(x), 3u5/3t|t:0 = B(z); u(0,t) = u.(l,t) = 0;

e>0
is a small parameter.

The degenerate problem A, (¢ = 0) consists in solving the problem

Lyw = —p(z,t,w) Ow/0t + P(x,t,w) = 0; w|t:0 = a(x). (13)

In the present case the first iterative process is unchanged, with the only dif-
ference from the Cauchy problem case that the initial conditions are defined as
follows:

w0|t:0 = a(x), wi|t:0 =0 (i=1,2,...,n).

We shall construct functions of boundary-layer type first near the sides = =
0, x = [, then near ¢ = 0. In this case a parabolic boundary layer appears
near + = 0 and z = [, i.e. the boundary-layer functions are constructed by
solving parabolic equations. We shall restrict ourselves to the construction near
x =0, 0<t<T, because the boundary-layer function near x =1, 0 <t < T
can be obtained by a similar method.

Introduce a new variable y; = z/y/e. We split the operator for constructing the

boundary-layer functions vgo),vg%, ,viloll /2,1)51011 in the same way as we did

for the Cauchy problem. Hence we have

820y 03 — oot g + vy”) Duy /Ot + [poo(t, o)

—poo(t; ug + Uéo))]azﬂo/at + Yoo (t; Ug + U(()O)) — oo (t, uy) = 0; (14)

ol =00 o] = —(0.1) = —wy(0,1); (15)

‘yIZO
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821};3)2/39% — oo(t, @y + vy 8”2%/& — [0 (t g + ) Bt + v) [Ot+

_ 0
+w01(t,u0+vé))]vk/2 Fyopp+ By — B =0 (k=1,2,..,2n+2); (16)

i/Q‘tZOZO (i=1,2,...,2n + 2); Ui/Q‘yI:OZO
(i=2k+1; k=0,1,..,n); (17)
(e + eay, topa)], (=0 (k=12..,n+1),

where
_ 0 _ _
Fijo = [poolt, g + ) — oot Uy )| Oty jo O+

_ O)s _ 0 0
+[po1 (t, 1o + vé ))auo/at + o1 (t, ug + vé ))Ové )/Z%

—po1(t, o) Oy /Ot — gy (T, Up + Uo ) + o1 (t, o))ty 2

©00> Po1> Yoo Yo1 Uos Uy are the terms of the expansions of the functions
©, ¥, w,, in powers of /¢; Ek/Q—Ek/Q depends only on ; 5, 0, 5 /0t, vg%, 81}2%/815
(i < k) and 821}2%71/81&2, and we obtain

L.(w, + ) — L.w, = O(e™).

From L_w, = O(g""!) it follows that

L.(, + ) = O(e").

It can be proved that véo), ”(13)27 oY 29

»Vpt1/2> Uny1 have the character of a boundary

layer.

Analogously we can construct the boundary-layer function

2n+2

o = Uo E : 1/2
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near x =1, 0 <t <7T. Suppose that

50 =y (/0 0, Y = (- 2)/0) o,

where 1,15 are smoothing functions. Then everywhere in R one has

L.(w, +5)) = 0", L(w, +7)) = O(e").

Now we pass to the construction of the sequence of boundary-layer functions
near t =0, 0 < x <. They are constructed in the same way as for the Cauchy
problem, and we note only that in the present case, in a neighborhood of t = 0,
we expand not only the functions wgy, wy, ..., w,,, but also the boundary-layer

functions 175? >, 55?. Suppose that the expansions have the form

W = UL +eU” + -+ U, + ent2U),,

i = U +eUY + o+ emul), 4+ em2ull,

By virtue of the conditions (17) and the conditions of the theorem (conditions

1 and 7), the terms UZ-(()),U;” (i =0,1,2,...,n 4+ 1) are equal to zero, while
0) !

Ula Uptls

hood of t = 0, one may regard either 6&9 or T)g) as included in O(e"*?). Hence

we have

are bounded. Therefore, when splitting the operator in a neighbor-

Lo(@, + ) +7,) — L(, +5))) = O(e"+),

where v,, = ¥4(t/9)v,,; v,, is the boundary-layer function constructed near ¢ =
0, 0 <z <I; 14 is a smoothing function. It is already known that

L.(w, + 7)) = O(emt1).
From this it follows that
L.(w, + 5 +1,) = ("),
Analogously we have
L.(w, + 5 +1,) = O(e").

By virtue of the property of the smoothing function, everywhere in R one has
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L.(w, + 5 + 50 +5,) = 0emY).

Theorem 2. If: 1) in R x {—o00 < u < +oo} the functions ¢,y are continuous
together with their derivatives of the form 0™ [0z 0t20u’s (m = 1,2,...,3n+4);
2) on [0,1] a(zx) is continuously differentiable 2n+3 times; 3) B(x) is continuously
differentiable n — 1, n — 2 times, respectively, for n =2k + 1,

n=2k+6(k=23,..) (for n =0,1,2,3,4 it is continuous together with its
derivatives of the second and third orders on [0,1]; 4) a(0) = a(l) = B(0) =
B(l) = 0, a’(0) = a’(l) = 0, a”(0) = —(0,0,0), a”(1) = —(1,0,0); 5) the
functions p(z,t,u), ¥(z,t,u) with respect to the arguments ¢, u have derivatives
of the first and second orders, bounded in R, x {—oc0 < u < +oo}, where
0<t*<T;6)in Rx{—c0 <u<+oo} ¢z, t,u) >a>0;7) 0m™p/dxrdt> =0
at the points (0,0,0), (1,0,0) (m = 0,1,2,....n +2 i, = 0,1,2,4,6,..); 8)
wLwi(0,t) > 4y, for x = 01in [0, T]x {—00 < u < +00}, where w is the solution of
the degenerate problem, then: a) there exists* a unique solution of problem (1),
(2), having continuous derivatives entering the equation; b) problem (14), (15)
has® a unique and bounded solution u; ¢) the first and second iteration processes
converge; d) the solution w,(z,t) admits the asymptotic representation

n
u, =w, + 0 + 0 +7, +R,, where w, =w,+ Zsiwi;

i=1

w,; are obtained by means of the first iteration process;

2n+2
B = i/ = (/8) (vﬁf” +2 m)ivi‘;;) ;
i=1

(0)

v, aTe functions of the parabolic boundary layer near x =0, 0 <t < T

2n+2
B =y ((1—x)/6) (vé” +y %)ivij;) ;
i=1

UE% arenear x =1, 0 <t <T;

n+1
U, = P3(t/8)v, = P3(t/9) (vo + Z€v> ;

v, are functions of the boundary layer near t = 0, 0 < z <I; the estimate
HRn||L2(R) =0(")

holds everywhere in R.
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3. The case when the unperturbed equation is of the same
order as the perturbed one.

A. An elliptic equation degenerates into a parabolic one. In the rectan-
gle R: (0<xz <, 0<t<T) the following problem is considered:

0%u
Lu,=e¢ 8t2€ +

Ou,
5 + ¢Y(z,t,u,) = 0;

0%u
85026 - QD(J;, t7 ug)

where I' is the boundary of R.

B. A hyperbolic equation degenerates into a parabolic one. In the
domain
G:{—oc0o<x<+00, t >0}

we consider the Cauchy problem

Pu, | Pu. ou

L.ou,=—¢ 6t2€ + 92 oz, t,u,) 8256 + P(z, t,u,) = 0;

Ou,

Ul =a@),  SE[ = Bla).
t=0

The asymptotics of the solutions of these problems is constructed in the same
way as for the Cauchy problem in § 1, except that in the first iteration process
Wy, Wy, ... , W,, are obtained as solutions of parabolic equations.

I take this opportunity to express my sincere gratitude to my scientific adviser
L. A. Lyusternik for his work, advice, and systematic assistance in this work.
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