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Abstract
Full Text

MATHEMATICS
GU LIAN-KUN

ON THE BEHAVIOR OF THE SOLUTION
OF THE STEFAN PROBLEM UNDER UN-
BOUNDED INCREASE OF TIME

(Presented by Academician I. G. Petrovskii, 2 1 1961)

In the present note the behavior of the solution of the Stefan problem with a
Cauchy condition for a parabolic equation as t — oo is studied. For the heat-
conduction equation, the asymptotic behavior as ¢ — oo of the solution of the
Stefan problem with boundary conditions was considered in (1).

We formulate the Stefan problem with a Cauchy condition as follows: find func-
tions s(t) and w,(x,t) such that u;(z,t) (i = 1,2) are bounded and continuous
in the domains D; (D, = {x < s(t), t > 0} and D, = {z > s(t), t > 0}) every-
where, except possibly at the point (0,0), have derivatives du,/dx, 0?u, /02,
Ou,; /0t in D, and satisfy the equation

0?u,
ox?

Ou, Ou; .
Oz + Ci(@, t)u; — Ay(, 1) It =0 inD; (1)

Li(u;) = + B;(z,1)

and the conditions

u(z,0) = ¢ (xr) <0 forz <0; us(x,0) = py(x) 20 forxz >0; (2)

_o.  (Om Ouw _ 350
weon=0 (Gr-ge) =T 3)

where A,(z,t) > a > 0; C;(x,t) < 0; A;, B;,C;, @, are sufficiently smooth and
bounded functions; s(t) is a differentiable function, s(0) = 0.

Using the maximum principle, it is easy to prove the lemma (see (1)):

Lemma. Let y(t) be a differentiable function, and let V,(x,t) (i = 1,2) be
bounded and continuous in the domains Q, (2, = {z < y(t), t >0}, Qy = { >
y(t), t > 0}) everywhere except possibly at the point (y(0),0), and suppose that
V,(x,t) have derivatives 9V, /0x, 0*V,/0x?, OV, /0t in Q,. Let, further, u,(x,t),
s(t) be a solution of problem (1)—(3), and let L;(V;) < 01in Q, (i = 1,2),
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uy(z,0) < Vi(z,0) for z < y(0); ug(x,0) < Vo(z,0) for z > s(0);

dy(t) ov, IV,
Vi =0 o< (a2 <t<
(y(t),t) = 0; < ( 9 Oa )x " for 0 <t < T,

and let there exist ¢, > 0 such that y(¢) < s(¢) for 0 < ¢ < t,. Then for all
t € (0,T) the inequality y(t) < s(¢) holds.

It is clear that if one changes the sign of the inequalities in all conditions of the
lemma, then one obtains the relation y(¢) > s(t) for t € (0,7).

Using the similarity method (see (?)), one can prove the following proposition:

Theorem 1. The solution of the equation 9%u,/0x? = a?du, /Ot with the
conditions u(x,0) = u_ < 0 for < 0, uy(x,0) = u, > 0 for x > 0 and the
conditions (3) has the form s(t) = ayv/t and

uy (x,t) = u_ [erf(ayay/2) — erf(a,z/2v1)]/[1 + erf(a,an/2)]  for z < s(t),

us(,t) = u, [erf(ayr/2Vt) — erf(ayay/2)]/[1 — erf(ayay/2)]  for = > s(t),

where

erf(z) =

/ e ¢ de;
0

—a?a?/4

§i

oy is the root of the equation

a,u_e L eaze’/4 a\/E
1+erf(a;/2)  1— erf(a2a/2) 2

Flaju_,u ;a,,ay) = =0.

It is easy to see that F, > 0 and oy < 0 when ayu_ + agu, > 0; oy > 0 when
aju_ + aqu, < 0.

Theorem 2. Let u,;(z,t) be a solution of the equation

L;(u;) = 0%u; /0x* + B,(x,t)0u, /0x — A,(x,t)0u, /0t =0

with conditions (2) and (3), and let the coefficients A;(z,t) — a2, B;(z,t) =
o(1/y/t) as t — oo, uniformly in x. Suppose zB;(x,t) > 0 for |z > xo, where
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xy > 0 is a certain constant. Then, if ¢(z) - u_ < 0 as © — —oo and
po(x) = uy > 0as x — oo, with ayu_ +ayu, > 0, then lim,_,  s(t) = —oo and

tlggo uy(z,t) = uy erf(aglag|/2)/[1 + erf(ag|ag|/2)] = U,

Proof. Since a u_ + ayu, > 0, we have oy < 0 and F(ay;u_,u ;a;,ay) <0,
where a; = ay — ¢ and € > 0. Construct the functions y(t) = a;v/t — N and

erf(e;aq /2) — erf(e (z + N)/2V/%)

Vy(z,t) = (u_ + 3e,) 1+ erf(e;aq/2)

+ eyv(z, 1)
for z < y(t),

erf(eq(z + N)/2V/t) — erf(eqar, /2)
1 —erf(eqay /2)

VZ ($7 t) = (u+ + 351) + 527J<SC, t)

for & > y(t), where €2 = a2 — g5 and v(x, t) = e 0@HtN)*/t _ =02t Choose 6 so
small that

L;(v) < —[y +20(z + N)B;] exp(—f(z + N)?/t) /1,

where v > 0 is a constant and 6 < min(a?/8,a3/8). In this case

(T
z=y(t)

oxr Oz -t 1+ erf(e;aq/2) 1 —erf(eyary /2)

e (u_ +3e;)e ot/ ey(u, +351)e_e%“%/41

Ll(Vl) =

_ —eg(u_+3¢) P
= VAL + exf(e; ay /2)] [(A“ =)

x4+ N n B, (x,t)
2Vt Vi

} e I N ey Ly (0),
Lz(V2) =

B ey(uy +3¢q) 2t) —e
- - [<A2< ) —ed)

x+ N n By (z,t)
V[l —erf(eqay /2

2/t Vit

:| efeg(x+N)2/4t+52L2(,U)'
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First choose £; > 0 and €3 > 0 such that u_ + 3¢; < 0, F(a;u_ + 3e;,u; +
3eq;e1,65) <0, and e5 < min(a?/2,a%/2). Then choose £, > 0 sufficiently small
and k > 0 large so that 2, — e, %7 > 0 and

erf(eqk/2) — erf(eqa /2)

—0k? 700/;’ >
1 —erf(eyay /2) +eale ) 2 up ter

(uy +3ep)
For such ¢,¢q,¢,,0, and k, decrease €5 so that

ex(ug +3e)(1+k)es  eq(u_+3ey)ey
vl —erf(eay /2)] /[l + erf(e oy /2)]

Moreover, take all €; so that ¢, =+ 0 as ¢ — 0. For any -

+ 2e,50ke; < g497.

for arbitrary e; and &5, in view of the condition zB;(z,t) > 0 for |z| > x,, as
in (3), one can find such a 7' > 0 that uy(z,t) < u, + &y, |4;(z,t) — af| < &g,
and |B;(z,t)| < e3/v/t for t > T. For such a T we have: u;(z,T) < u_ + &,
for x < —N, where N > 0 is sufficiently large and such that —N < s(T") and
N >z, (see (4)). For simplicity we assume that T = 0. Then it is easy to verify
that ‘/1<an) > ul(x,O), %(xvt)lz:k\/ffN > u2($7t)|z:k\/{—N’ Vi(y(t)at) =0,
(OV1/0x — OV, [0x),_yp) > dy(t)/dt, and Ly (V;) < 0 for & < y(t), Ly(V) <0

for y(t) < < kv/t — N. Hence it is easy to see that s(t) > y(t). Consequently,
lim uy(@,1) < Jim V(. t) = (u, +3,)
x erf(eg|an|/2)/[1 + exf(ea|ay |/2)] + (1 — e%1).

Since ¢ is arbitrary and e; — 0 as ¢ — 0, it follows that tlim uy(z,t) < U,.
—00
Analogously one can prove that tlim uy(z,t) > U, and tlim s(t) = —oo.
—00 —00
If B;(z,t) = O(1/+/t), then Theorem 2 may turn out to be false. Indeed, take
A, =1,B, =0, By, = f(z/2Vt)/Vt, ¢, = 0 and ¢, = 1, where f(z) = 0 for
z21; f(z)=2z—2for 0< 2 < 1; f(z) =—2 for 2 < 0. Then

s(t) = a; Vi, uy(z,t) =0, uy(x,t) = [®(x/2Vt)—
—®(ay/2)]/[P(00)—P(cr;/2)], where @(x)/o exp(—22—G(2))dz, G(z)=

= —2/ f(z)dz, «is the root of the equation exp(—a?/4—G(a/2))/[®(c0)—
0
—®(a/2)]+a=0.
It is easy to verify that tlim uy(,t) #U,.
—00

Theorem 3. Let u,;(z,t) be the solution of problem (1)—(3), and let the co-
efficients A,(z,t) — a?, B;(z,t) = o(1//t) as t — oo uniformly in z, with
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xBy(z,t) > 0 for |z| > x4, Cy(z,t) =0, Cy(x,t) < C < 0. Then, if ¢, (z) —
u_ < 0as x — —oo and p,(z) is bounded, then

lim s(t) =oc0 and lim wu,(z,t) =u_ erf(a;0q/2)/[1 + erf(a;0,/2)] =U_,

t—00 t—00 B
where a4 is the root of the equation F(a;u_,0;aq,a,) = 0.

It remains for us to prove that uy(x,t) < e, for x > s(t) and t > T, since the
rest of the proof can be carried out in the same way as in Theorem 2. For this
purpose construct the functions w_(x,t) = Me % 4 uy(x,t). Then Ly(w,) =
M(Ay(z, )0 + Cy(z,t))e % < 0 for z > s(t), wy(z,0) = M + @y(z) > 0,
and w, (z,t)|,_s) > 0 for sufficiently small ¢ and large M. By the maximum
principle it follows that |u,(x,t)] < Me %, whence uy(z,t) < &, for z > s(t)
andt > T.

Theorem 3 is also valid in the case when A,(z,t) and By(z,t) are only bounded.

Theorem 4. Let u,;(x,t) be the solution of problem (1)—(3), and let the co-
efficients A,(z,t) — a2, B;(z,t) = o(1/V/t) as t — oo uniformly in z, with
By(z,t) < =b < 0, By (z,t) 2 0 for |z| > x4, Ci(z,t) =0, Cy(x,t) < 0. Then,
if () > u_ <0asz— —oo and p,(x) is bounded, then

lim s(t) = +oo and lim wu,(z,t) =U_.
t—00 t—00

As in Theorem 3, it is enough to prove that for any e; > 0 the inequality
uy(w,t) < e, holds for s(t) < # < kvt + N and t > T, where k > 0 is a
sufficiently large number and N > 0. For this purpose construct the functions
w, (z,t) = M%) 4 uy(x,t). Then

Ly(w,) = M (6% +vA, + By + Cy) x
% e(Gmffyt) < 07

w, (7,0) = Me® + py(z) > 0 for z > 0, and w_(,1)
small §,v and large M. Hence we obtain |u,(x,t)] < Me®*=7) . Consequently,
uy(z,t) < g for s(t) < @ < kyv/t + N and t > T. This theorem is also valid in
the case when A, (x,t) is only bounded.

) > 0 for sufficiently

|x:s(

Theorem 5. Let u;(x,t) be a solution of problem (1)—(3), and let the co-
efficients A, (z,t) — a2, By(z,t) = o(1/\/t) as t — oo, uniformly in x, with
xB;(z,t) > 0for |z]| > zy, C; =0, Cy < 0. Then, if p;(2) > u_<0asz — —o0
and @y(x) — 0 as ¢ — +oo, then tlggo s(t) = oo and tlglolo uy(x,t) =U_.

Theorem 6. For the solution of problem (1)—(3) the following assertions are
valid: 1) tlim s(t) = +oo, tlim uy(x,t) = u_, if C; = 0, B;(z,t) < —=b < 0,
— 00 —00

p1(x) = u_as x — —o0; 2) tlim s(t) = —oo, tlim Ug(z,t) = uy, if Cy = 0,
—00 — 00
Bi(x,t) > b >0, py(x) = u, as x — 005 3) tlim u;(z,t) =0, if C;(z,t) < —C <
—00
0 or By(z,t) > b, >0, By(x,t) < —by < 0.
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The proofs of Theorems 5 and 6 are similar to the proofs of the preceding
theorems.

One may consider a generalized solution of problem (1)—(3). To this end we
write (1)—(2) in the form w,, + B(z,t,u)u, + C(x,t,u) = A(x,t,u)u, and
u(z,0) = ug(x). A continuous bounded function wu(z,t) will be called a gen-
eralized solution of problem (1)—(3) if, for every continuously differentiable
function f(z,t) equal to zero outside some finite domain, u(x,t) satisfies the
equality

/[>O [u % — B(z,t, u)% + Gz, t,u)f + @(x,t,u)%{] dx dt—/: O(x,0,uy(z))f(x,0)de =0,

where

u u
<I>:/ Az, t,u)du  for u <0, (b:/ Adu+1 foru>0,
0 0

Ez/ B(z,t,u)du and G(z,t,u) :C(m,t,u)Jr/ %du—/ a—Bdu.

b h Ot h Oz

If one assumes that u(z) has a generalized derivative summable with its square,
and that C(z,t) = Cy(x,t) = C(z,1), then, as in work (5), one can prove that
there exists a unique generalized solution of problem (1)—(3). This solution
can be obtained as the limit, as h — 0, of a uniformly convergent sequence
of solutions of the Cauchy problem for the equation u,, + B"(z,t,u")ul +
C(z,t)u" = ®"(x,t,uM)ul with the condition u"(z,0) = ul(z), where B" and
®" are the mean functions of B and ®, respectively, and ufl(z) is the mean
function of uy(x) (see (6)). It can be proved that Theorem 2 for A,(z,t) = a2,
B, =0, Theorems 4 and 5 for Cy(x,t) = 0, and Theorem 6 for Cy (z,t) = Cy(x,t)
are valid also for the generalized solution of problem (1)—(3).

I express my sincere gratitude to O. A. Oleinik and A. M. II'in for the formulation
of the problem and for systematic assistance in this work.
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