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Abstract
Full Text
MATHEMATICS

A. A. TALALYAN

ON THE EXISTENCE OF A TRIGONOMET-
RIC SERIES UNIVERSAL WITH RESPECT
TO SUBSERIES
(Presented by Academician M. V. Keldysh, January 3, 1961)

In 1941 D. E. Men’shov (^1) proved the following fundamental theorem on the
representation of measurable functions by trigonometric series:

For every almost everywhere finite measurable function 𝑓(𝑥), defined on [−𝜋, 𝜋],
there exists a trigonometric series

𝑎0
2 +

∞
∑
𝑛=1

𝑎𝑛 cos 𝑛𝑥 + 𝑏𝑛 sin 𝑛𝑥,

which converges to 𝑓(𝑥) almost everywhere on [−𝜋, 𝜋].
In proving this theorem, D. E. Men’shov used the following theorem, proved
by him in paper (^2):

For every almost everywhere finite measurable function 𝑓(𝑥), defined on [−𝜋, 𝜋],
and for every positive number 𝜎, one can determine a function 𝐺(𝑥), continuous
on [−𝜋, 𝜋], and a measurable set 𝐸, possessing the following properties:

𝛼) 𝐸 ⊂ [−𝜋, 𝜋], mes 𝐸 > 2𝜋 − 𝜎;

𝛽) 𝐺(𝑥) = 𝑓(𝑥) (𝑥 ∈ 𝐸);

𝛾) the Fourier series of the function 𝐺(𝑥) converges almost everywhere on [−𝜋, 𝜋].

Using Men’shov’s lemmas proved in paper (^2), and applying a method different
from the method used in (^1), one can prove the following theorem, which is
a strengthening of Men’shov’s theorem on the representation of measurable
functions by trigonometric series:

Theorem 1. There exists a trigonometric series
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𝑎0
2 +

∞
∑
𝑛=1

𝑎𝑛 cos 𝑛𝑥 + 𝑏𝑛 sin 𝑛𝑥 (1)

such that for every almost everywhere finite measurable function 𝑓(𝑥), defined
on [−𝜋, 𝜋], there exists a subseries of the series (1)

∞
∑
𝑘=1

𝑎𝑛𝑘
cos 𝑛𝑘𝑥 + 𝑏𝑛𝑘

sin 𝑛𝑘𝑥 (𝑛1 < 𝑛2 < ⋯ < 𝑛𝑘 < ⋯), (2)

which converges to 𝑓(𝑥) almost everywhere on [−𝜋, 𝜋].
This theorem is a positive solution of the question posed in the survey article
(^3) (see (^3), § 10, problem 3).

We shall outline the proof of Theorem 1 in general terms.

We construct a series (1) having the following properties (we formulate these
properties as lemmas, because they may be regarded as properties of trigono-
metric polynomials in general).

Lemma 1. For any almost everywhere finite measurable function 𝜓(𝑥), given
on some set 𝐸, mes 𝐸 > 0, for any natural number 𝑁 and positive number 𝛿,
from the terms of the series (1) one can form a trigonometric polynomial

𝑞
∑
𝑗=1

(𝑎𝑝𝑗
cos 𝑝𝑗𝑥 + 𝑏𝑝𝑗

sin 𝑝𝑗𝑥)

and determine measurable sets 𝑃 and 𝑄 such that the following conditions are
satisfied:

𝑁 < 𝑝1 < 𝑝2 < ⋯ < 𝑝𝑞; (3)
𝑃 ⊂ 𝐸, mes 𝑃 > mes 𝐸 − 𝛿; (4)

𝑄 ⊂ 𝐶𝐸, mes 𝑄 > mes 𝐶𝐸 − 𝛿 (𝐶𝐸 = (−𝜋, 𝜋) − 𝐸); (5)

∣
𝑞

∑
𝑗=1

𝑎𝑝𝑗
cos 𝑝𝑗𝑥 + 𝑏𝑝𝑗

sin 𝑝𝑗𝑥 − 𝜓(𝑥)∣ < 𝛿 (6)

for 𝑥 ∈ 𝑃 ;

∣
𝑖

∑
𝑗=1

𝑎𝑝𝑗
cos 𝑝𝑗𝑥 + 𝑏𝑝𝑗

sin 𝑝𝑗𝑥∣ < 𝛿 (7)

for 𝑥 ∈ 𝑄 and for all 𝑖, where 1 ≤ 𝑖 ≤ 𝑞.

Lemma 2. For any positive number 𝜀 one can determine a positive number 𝛿
such that, whatever the measurable function 𝑓(𝑥) defined on some measurable
set 𝐸 ⊂ (−𝜋, 𝜋), mes 𝐸 > 0, and satisfying the inequality

|𝑓(𝑥)| ≤ 𝛿, 𝑥 ∈ 𝐸, (8)
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and whatever the natural number 𝑁 and positive number 𝜂, there exist a mea-
surable set 𝐹 and a polynomial

𝑟
∑
𝑗=1

𝑎𝑘𝑗
cos 𝑘𝑗𝑥 + 𝑏𝑘𝑗

sin 𝑘𝑗𝑥,

chosen from the series (1), which satisfy the following conditions:

𝐹 ⊂ 𝐸, mes 𝐹 > mes 𝐸 − 𝜀; (9)

𝑁 < 𝑘1 < 𝑘2 < ⋯ < 𝑘𝑟; (10)

∣
𝜌

∑
𝑗=1

𝑎𝑘𝑗
cos 𝑘𝑗𝑥 + 𝑏𝑘𝑗

sin 𝑘𝑗𝑥∣ ≤ 𝜀 (11)

for any 𝑥 ∈ 𝐹 and for all 𝜌, where 1 ≤ 𝜌 ≤ 𝑟;

∣
𝑟

∑
𝑗=1

𝑎𝑘𝑗
cos 𝑘𝑗𝑥 + 𝑏𝑘𝑗

sin 𝑘𝑗𝑥 − 𝑓(𝑥)∣ > 𝜂 (12)

for any 𝑥 ∈ 𝐹 .

It is further proved that the series (1), constructed in such a way that Lemmas
1 and 2 hold for it, satisfies the conditions of Theorem 1.

In constructing the series (1) possessing the indicated properties, the following
lemma of D. E. Menshov is used (2):

Lemma 3 (D. E. Menshov). Let 𝑎𝑥 + 𝑏 be a linear function which does not
change sign on some interval [𝑐, 𝑑].
Then, for any positive number 𝜂 and integer 𝜈 > 8, one can define a function
𝜓(𝑥) and a measurable set 𝐸 that have the following properties:

1) 𝜓(𝑥) is continuous on [𝑐, 𝑑] and is linear on each of a certain finite number
of intervals obtained by partitioning the interval [𝑐, 𝑑];

2) 𝜓(𝑐) = 𝑎𝑐 + 𝑏, 𝜓(𝑑) = 𝑎𝑑 + 𝑏;

3) 𝐸 ⊂ [𝑐, 𝑑], mes 𝐸 > (𝑑 − 𝑐) (1 − 8
𝜈 );

4) |𝜓(𝑥)| ⩽ 2𝜘𝜈 (𝑐 ⩽ 𝑥 ⩽ 𝑑), where 𝜘 = max
𝑐⩽𝑥⩽𝑑

|𝑎𝑥 + 𝑏|;

5)

∣∫
𝑑′

𝑐′
𝜓(𝑡) 𝑑𝑡∣ < 𝜂

for all 𝑐′ and 𝑑′, where 𝑐 ⩽ 𝑐′ < 𝑑′ ⩽ 𝑑;
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6)

∣∫
𝑑

𝑐
𝜓(𝑡) sin 𝑛(𝑡 − 𝑥)

𝑡 − 𝑥 𝑑𝑡∣ ⩽ 𝐵𝜘𝜈

(𝑥 ∈ 𝐸, 𝑛 = 1, 2, …), where 𝐵 is an absolute constant;

7) 𝜓(𝑥) = 𝑎𝑥 + 𝑏 for 𝑥 ∈ 𝐸.
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