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Abstract
Full Text
CYBERNETICS AND CONTROL THEORY
V. I. LEVENSHTEIN

SELF-ADAPTIVE AUTOMATA FOR DECOD-
ING MESSAGES
(Presented by Academician A. I. Berg on 15 VII 1961)

In a preceding note (^12) (whose definitions and notation are used in what fol-
lows), simple algorithms were proposed for recognizing whether a coding system
has the property of unique decodability (8,10), the property of bounded delay
(9,11), and the synchronization property. Below we investigate the question of
the possibility of carrying out the decoding of messages in an automaton with a
finite number of states. It is easy to show that a decoding automaton for a given
coding system exists if and only if the latter has the property of bounded delay.
For coding systems with error correction (for methods of constructing such sys-
tems, see (1–5)) one can construct a decoding automaton that operates correctly
even in the presence of a number of errors (random transitions of some letters
of the code into others). However, if one considers disturbances of a more gen-
eral kind, such as an automaton failure (a random transition to another state),
synchronization failure (a shift of the code), etc., then any such failure may lead
to incorrect operation of the automaton for all subsequent time. In this connec-
tion the concept is introduced of a self-adaptive automaton, which, after some
bounded interval of time following the next failure, begins to operate correctly
if no new failure has occurred during this time. It is shown in the note that a
self-adaptive decoding automaton can be constructed if and only if the coding
system has the synchronization property.

1. Let there be given an input alphabet 𝐵 = {𝑏1, … , 𝑏𝑟}, an alphabet of states
𝑆 = {𝑆0, 𝑆1, … , 𝑆𝑁−1} with a distinguished initial state 𝑆0, and an output
alphabet 𝐴 = {𝑎1, … , 𝑎𝑞}. By an automaton we shall mean a collection
of two discrete functions 𝑓1(𝑆𝑖, 𝑏𝑗) = 𝑆𝑖,𝑗 ∈ 𝑆 and 𝑓2(𝑆𝑖, 𝑏𝑗) = 𝛼𝑖,𝑗, where
𝛼𝑖,𝑗 is some (possibly empty) word in the alphabet 𝐴. An automaton
may be regarded as a device which, receiving in state 𝑆𝑖 an admissible*
input letter 𝑏𝑗, processes it into the word 𝛼𝑖,𝑗 and passes into the state
𝑆𝑖,𝑗. If an automaton, receiving in state 𝑆𝑖0

an admissible input sequence
𝑏𝑗1

… 𝑏𝑗𝑛
, successively processes it into the word 𝛼 = 𝛼𝑖0,𝑗1

… 𝛼𝑖𝑛−1,𝑗𝑛
and

passes into some state 𝑆𝑖𝑛
, then we shall write this in the following form:

(𝑆𝑖0
; 𝑏𝑗1

… 𝑏𝑗𝑛
∣ 𝑆𝑖𝑛

; 𝛼).
A completely defined automaton will be called stable with respect to a set
𝔅 of infinite sequences in the alphabet 𝐵 if there is a number 𝑡 such that, for
any sequence 𝛽 = 𝑏𝑗1

𝑏𝑗2
… ∈ 𝔅, there exists a state 𝑆(𝛽) ∈ 𝑆 into which the
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word 𝑏𝑗1
… 𝑏𝑗𝑡

brings the automaton from any state 𝑆𝑖 ∈ 𝑆. The smallest of the
numbers 𝑡 possessing the indicated property will be denoted by 𝑡𝔅.

Let an automaton in the initial state 𝑆0 realize a prescribed mapping of the
set 𝔅 into the set of all infinite sequences in the alphabet 𝐴. If the automaton
is stable with respect to the set 𝔅′, where 𝔅′ denotes the set of all sequences
obtained from—

* Generally speaking, we do not assume that the automaton is completely de-
fined, i.e., that 𝑓1 and 𝑓2 are defined on all pairs (𝑆𝑖, 𝑏𝑗); in this case the concept
of an input sequence admissible in a given state is introduced in the usual way
(^6).

throwing away any number 𝑘 (𝑘 = 0, 1, …) of the first letters of sequences from
𝔅, then we shall call it self-adjusting, and the number 𝑡𝑛 = 𝑡𝔅′ will be called
the adjustment time.

Let the self-adjusting automaton process, in the initial state 𝑆0, the sequence

𝑏𝑗1
𝑏𝑗2

… ∈ 𝔅

and
(𝑆0; 𝑏𝑗1

… 𝑏𝑗𝑡
∣ 𝑆′

𝑡 ; 𝑎𝑡), 𝑡 = 1, 2, … .
As a result of a random failure (either in the automaton itself or in the input
sequence), the automaton at some instant 𝑡0 may find itself not in the state 𝑆′

𝑡0
,

but in some other state, as a consequence of which it will operate incorrectly
for a certain time. However, since the sequence

𝑏𝑗𝑡0+1
𝑏𝑗𝑡0+2

… ∈ 𝔅′

and the automaton is stable with respect to 𝔅′, during the time 𝑡𝑛 (if no new
failures occur) it will“adjust,”and at time 𝑡0 + 𝑡𝑛 it will be in the state 𝑆′

𝑡0+𝑡𝑛
,

as in the case when there are no failures.

2. Consider a code system (12)

{𝐴 = {𝑎1, … , 𝑎𝑞}, 𝑈 = {𝑢1, … , 𝑢𝑚}; 𝐵 = {𝑏1, … , 𝑏𝑟}, 𝑉 = {𝑣1, … , 𝑣𝑚}}

(𝑚 ≥ 2, 𝜆max ≥ 2) of the simplest kind, where 𝐴 = 𝑈 (𝑞 = 𝑚, 𝑎𝑖 =
𝑢𝑖, 1 ≤ 𝑖 ≤ 𝑚), and investigate the question of the possibility of con-
structing an automaton and, in particular, a self-adjusting automaton, for
decoding messages. We shall call an automaton decoding (for the given
code system) if it maps every infinite sequence representable in the form

𝑣𝑖1
𝑣𝑖2

…

into the sequence
𝑢𝑖1

𝑢𝑖2
… .
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It can be shown that for every decoding automaton there exists a number
𝑡 such that the automaton, being in the initial state, processes the first

𝜆(𝑣𝑖1
… 𝑣𝑖𝑘

) + 𝑡

letters (𝑘 = 1, 2, …) of an arbitrary sequence

𝑣𝑖1
… 𝑣𝑖𝑘

𝑣𝑖𝑘+1
…

into a word whose beginning is the word

𝑢𝑖1
… 𝑢𝑖𝑘

.

The least of these numbers 𝑡 we shall call the delay of the decoding au-
tomaton and denote it by 𝑡𝑧.

𝑢1 = 𝑎1 ⟷ 𝑣1 = 10,
𝑢2 = 𝑎2 ⟷ 𝑣2 = 101,
𝑢3 = 𝑎3 ⟷ 𝑣3 = 001,
𝑢4 = 𝑎4 ⟷ 𝑣4 = 0111,
𝑡𝑑 = 8, 𝑡𝑠 = 5.

Fig. 1

Fig. 2. Decoding automaton for the code system of Fig. 1 and the self-adjusting
automaton obtained by its completion.

𝑁 = 14 (𝑁 = 15), 𝑡𝑧 = 6, 𝑡𝑛 = 14

Fig. 3. Self-adjusting automaton for the code system of Fig. 1.

𝑁 = 16, 𝑡𝑧 = 6, 𝑡𝑛 = 9

Consider the dictionary (of elementary codes) 𝑉 = {𝑣1, … , 𝑣𝑚} over

𝐵 = {𝑏1, … , 𝑏𝑟}.

Denote (cf. (12)) by 𝐻(𝑉 ) (respectively 𝐾(𝑉 )) the set of all proper beginnings
(ends) of words of the dictionary 𝑉 , including the empty

word Λ. By the letters 𝑣, 𝛾, 𝛿 with various indices we shall denote elements of
the sets 𝑉 , 𝐻(𝑉 ), and 𝐾(𝑉 ), respectively.
Theorem 1. In order that, for a given coding system, there exist a decod-
ing automaton, it is necessary and sufficient that it possess the bounded-delay
property.
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We shall construct the decoding automaton for a coding system possessing the
bounded-delay property in a manner analogous to that in which the operators
in (7) were constructed. Consider an infinite 𝑟-ary oriented tree. Into each
vertex of the tree, except the initial one, one edge enters, and 𝑟 edges leave it in
different directions. To each direction one may put into correspondence some
letter of the alphabet 𝐵 = {𝑏1, … , 𝑏𝑟}, as a result of which to each vertex of the
𝑛-th level there will be put into correspondence some word 𝑏𝑖1

… 𝑏𝑖𝑛
. We shall

carry out the process of construction successively by levels. At the zero stage
we assign to the initial vertex of the tree the symbol 𝑆Λ. At the 𝑛-th stage
we consider all vertices of the 𝑛-th level remaining as a result of the preceding
construction and apply the following rules:

1∘. The word 𝛽 corresponding to the vertex under consideration is the beginning
of a code. Consider all representations 𝛽 = 𝑣𝑗,1 … 𝑣𝑗,𝑙(𝑗)𝛾𝑗, 𝑗 = 1, … , 𝑠. Let
𝛽′ = 𝑣𝑖1

… 𝑣𝑖𝑘
be a word of maximal length such that for any 𝑗 (𝑗 = 1, … , 𝑠)

𝑙(𝑗) ≥ 𝑘 and 𝑣𝑗,𝑡 = 𝑣𝑖𝑡
, 1 ≤ 𝑡 ≤ 𝑘. Then we assign to the vertex under

consideration the symbol 𝑆𝑣𝑗,𝑘+1…𝑣𝑗,𝑙(𝑗)𝛾𝑗
(the index does not depend on 𝑗), and

to the edge entering it—the word 𝑢𝑖1
… 𝑢𝑖𝑘

; moreover, if 𝛽′ ≠ Λ (𝑘 > 0), then
we delete the subtree issuing from this vertex.

2∘. Case 1∘ does not occur. Then we delete the vertex under consideration, the
edge entering it, and the subtree issuing from it.

The process described has an end, since for any word 𝛽 of length 𝑇𝑑 that is the
beginning of a code, 𝛽′ ≠ Λ. Suppose that in the process of construction the
symbols 𝑆𝛽0

, 𝑆𝛽1
, … , 𝑆𝛽𝑁−1

(𝛽0 = Λ) have been assigned to the vertices. Then
the resulting graph may be regarded as the “unfolded”state diagram of an
automaton with 𝑁 states 𝑆𝛽0

, 𝑆𝛽1
, … , 𝑆𝛽𝑁−1

, since for each state 𝑆𝛽𝑖
and each

input letter 𝑏𝑗 admissible in the given state, the output word and the next state
are indicated. It is evident that this automaton is a decoding automaton for
the coding system under consideration, if the state 𝑆Λ is taken as the initial
state. The constructed automaton* has minimal delay 𝑡3, which lies within the
following bounds:

𝑇𝑑 − 𝜆max ≤ 𝑡3 ≤ 𝑇𝑑 − 𝜆min.
The necessity of the condition of the theorem is evident.

3. Theorem 2. In order that, for a given coding system, there exist a self-
adaptive decoding automaton, it is necessary and sufficient that it possess
the synchronizing property.

The construction of a self-adaptive decoding automaton for a coding system
possessing the synchronizing property is carried out analogously to the pre-
ceding construction. However, since a completely defined automaton is being
constructed, at the 𝑛-th stage of the construction, for any word 𝑏𝑖1

… 𝑏𝑖𝑛−1
, one

may assume known a state 𝑆𝑗 and a word 𝛼 such that

(𝑆Λ; 𝑏𝑖1
… 𝑏𝑖𝑛−1

∣ 𝑆𝑗; 𝛼).
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Moreover, when an arbitrary word can be assigned to some edge without loss,
we shall denote this word by the variable 𝑥. To the vertex considered at the
𝑛-th stage of construction, to which there corresponds some word 𝛽 = 𝑏𝑖1

… 𝑏𝑖𝑛
,

the following rules are applied:

1∘. The word 𝛽 belongs to 𝐻(𝑉 ) or 𝛽 is a proper beginning of some word
belonging to 𝐾(𝑉 ). Then we assign to the vertex under consideration the symbol
𝑆𝛽, and to the edge entering it—the word Λ, if 𝛽 is the beginning of a code, or
𝑥 otherwise.

* All states of the automaton constructed are distinguishable in the sense of op-
eration (6); nevertheless their number can sometimes be reduced by completing
the definition of the automaton on those sequences that are inadmissible in the
state 𝑆Λ.

2∘. Case 1∘ does not occur and the word 𝛽 is the beginning of a codeword.
Consider all possible representations 𝛽 = 𝛿𝑖𝑣𝑗,1 … 𝑣𝑗,𝑙(𝑗)𝛾𝑗, 𝑗 = 1, … , 𝑠. It is clear
that for some 𝑝, 𝛿𝑝 = Λ, and let (𝑆Λ; 𝑣𝑝,2 … 𝑣𝑝,𝑙(𝑝)𝛾𝑝 ∣ 𝑆𝛽1

; 𝛼). If for every 𝑗 (𝑗 =
1, … , 𝑠) there is a code 𝑣(𝑗)

1 … 𝑣(𝑗)
𝑡(𝑗) such that 𝛿𝑗𝑣𝑗,1 … 𝑣𝑗,𝑙(𝑗) = 𝑣𝑝,1𝑣(𝑗)

1 … 𝑣(𝑗)
𝑡(𝑗), then

assign to the vertex under consideration the symbol 𝑆𝛽𝑖
entering the edge into

it—the word 𝑢𝑝,1𝛼—and delete the subtree issuing from this vertex. Otherwise
we do the same as in case 1∘.

3∘. Cases 1∘ and 2∘ do not occur and the word 𝛽 is contained in a code-
word. Consider all possible representations 𝛽 = 𝛿𝑗𝑣𝑗,1 … 𝑣𝑗,𝑙(𝑗)𝛾𝑗, 𝑗 = 1, … , 𝑠.
Let the word 𝛿𝑝 have the smallest length among the words 𝛿1, … , 𝛿𝑠, and
(𝑆Λ; 𝑣𝑝,1 … 𝑣𝑝,𝑙(𝑝)𝛾𝑝 ∣ 𝑆𝛽1

; 𝛼). If for every 𝑗 (𝑗 = 1, … , 𝑠) there is a code
𝑣(𝑗)

1 … 𝑣(𝑗)
𝑡(𝑗) such that 𝛿𝑗𝑣𝑗,1 … 𝑣𝑗,𝑙(𝑗) = 𝛿𝑝𝑣(𝑗)

1 … 𝑣(𝑗)
𝑡(𝑗), then assign to the vertex

under consideration the symbol 𝑆𝛽1
entering the edge into it—the word 𝑥—and

delete the subtree issuing from this vertex. Otherwise we do the same as in
case 1∘.

4∘. Cases 1∘, 2∘, 3∘ do not occur. Let (𝑆Λ; 𝑏𝑖2
… 𝑏𝑖𝑛

∣ 𝑆𝛽1
; 𝛼). Then assign to the

vertex under consideration the symbol 𝑆𝛽1
entering the edge into it—the word

𝛼—and delete the subtree issuing from this vertex.

It can be shown that the construction process described above will terminate
no later than the (𝑇𝑠 +2(𝜆max −1))-th stage, and the automaton constructed as
a result will be a self-adaptive decoding automaton for the given code system;
moreover, for this automaton 𝑡𝑧 ⩽ 𝑇𝑠 +2𝜆max −3, and 𝑡𝑛 ⩽ 2𝑇𝑠 +5𝜆max −7. The
proof of the necessity of the condition of the theorem is based on the following
criterion (12): a code system does not possess the synchronization property if
and only if there exists a relation of the form 𝛽𝑣𝑖1

… 𝑣𝑖𝑘
= 𝑣𝑗1

… 𝑣𝑗𝑙
𝛽, where

0 < 𝜆(𝛽) < 𝜆(𝑣𝑗1
).

4. There exist other methods of constructing a self-adaptive automaton for a
code system possessing the synchronization property. One of them consists
in completing the decoding automaton constructed in Sec. 2 according to
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the rules 1∘—4∘ of Sec. 3. However, for this method we can assert only
that 𝑡𝑛 ⩽ 3𝑇𝑠 + 5𝜆max − 7. The construction method used in the proof
of Theorem 2 is, generally speaking, associated with some increase in the
number of states* and in the delay of the automaton, but guarantees a
smaller adjustment time (cf. Figs. 2 and 3).

Remark. It is obvious that the conditions** of Theorems 1 and 2 are also
sufficient for all code systems {𝐴, 𝑈; 𝐵, 𝑉 } with a free dictionary 𝑈 (12). For
such code systems it can be shown that the condition of Theorem 1 (2) is
necessary when the dictionary 𝑈 is strongly free (respectively, completely free).
Otherwise these conditions, generally speaking, are not necessary.

Received
30 VI 1961
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* The number of states of an automaton constructed by any of the indicated
methods can sometimes be reduced by choosing concrete values for 𝑥 and car-
rying out equivalent transformations (see Figs. 2 and 3).

** In the case of code systems of the simplest type (see Sec. 2), Theorems 1
and 2 are also valid in the class of automata for which the output 𝑎𝑖,𝑗 at each
moment of time is either a letter of the alphabet 𝐴, or the empty word.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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