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Abstract

Full Text
MATHEMATICS
M. I. VISHIK

SOLUTION OF A SYSTEM OF QUASILIN-
EAR EQUATIONS HAVING DIVERGENT
FORM, UNDER PERIODIC BOUNDARY
CONDITIONS

(Presented by Academician I. G. Petrovskii, 28 X 1960)

In this note we prove existence and uniqueness theorems for solutions of certain
classes of systems of quasilinear equations whose principal terms are written in
divergent form, under prescribed periodic boundary conditions. It is assumed
here that certain forms are positive; this requirement generalizes the condition of
strong ellipticity for linear systems of equations (!) and the regularity condition
for variational problems. The case of systems with “weakly”nonlinear coefficients
was considered in (2).

1. Let a system of elliptic equations of the form* be given

(—1)|Q‘DaAa(x,u, Dgu) + B(x,u, Dgu) = h(z), (1)
la|<m, |Bl<m

where © = (24, ..., x,), D, = 01 /02{" - 0xp™, a = (o, ..., ), |a] = aq +--+
a,,. The functions u = (u',...,u"), h = (h*,...,h"Y), A, (), B( ) take vector
values in R, and A, (z,0,0) = 0, B(z,0,0) = 0. Thus, (1) is a system of N
equations with N unknowns u/, written in vector form. A, B are continuously
differentiable functions of their arguments for x € G, G = (0 < z; < 27),
—00 < u,Dgu < +oo. For simplicity we restrict ourselves here to periodic
boundary conditions

D u

= u‘
;=0 x; =27’ o |xi:0

ul = D, ul (i=1,..,n). (2)

T, =2m

Thus, we seek a solution of system (1) on the n-dimensional torus G.

Our main assumption, which will be made more precise below, reduces to the
positivity of the form

l(u) = [Ay (2, u, Dgu), Dyu] + [B( ), u] > [ul'*?, (3)
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where § > 0, | || is the norm in L, or L, [, ] is the scalar product of vector
functions; u(z) € P?™, i.e. u(z) is any function from C?™(G) satisfying (2);
summation is to be taken over repeated indices. Condition (3) has functional
form. It is easy to give an algebraic condition sufficient for (3) to hold:

(AQ(I,U, gﬁ)’ga) + (B(JU,’U,, 55)’ U) = 62|u|1+67 (4)

where £, are arbitrary N-dimensional vectors, x € G, —oo < u? < +o0o. Obvi-
ously, condition (3) is less restrictive than (4). Using the embedding theorems
of S. L. Sobolev (?), it is easy to give other sufficient conditions ensuring the
validity of (3).

2. Construction of approximate solutions. Let

u

— 6i(k1x1+"'+knzn>
X )

where x = (kq, ..., k,,) is any integral vector.

* For simplicity of notation we assume that system (1) has the same order 2m
with respect to all components /. Everything that follows remains valid, with
obvious changes, if the order of (1) with respect to u/ is equal to 2m;, where
the m; may be different.

The approximate solution is sought by the Galerkin method in the form u; =
Z\xléi Cyu,, where |x| = |ki| + ... + |k, |. The unknown coefficients C, are

determined from the nonlinear system of equations:

K(uj,uy) = [Ag (2,05, Dgwy), Doy ] + [B( )y uy ] = [hyuy ] (Ix[ <4). (5)

The existence of a solution of this system follows from the following lemma:

Lemma. Let a finite system of nonlinear equations be given

A(C)=h, C=(Cy,..,C),  h=(hy,..,h), (6)

where A(C) = (AY(C), ..., AY(C)) is a continuous vector function, —oco < C; <
C

+oo. If, for sufficiently large |C|, the inequality

(A(C),C) z~*|C|** (7)

holds, then system (6) has at least one solution.
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1/6
Indeed, on the sphere |C| = R > 1, where R > <2|h) , 6 = min(J, 1),
M

7§ =min(y?, 1),

(tA(C) + (1= )C = 1, C) = 32|C|*5 — [h] -|C] > 0. (8)

Consequently, the vector field A(C) — h on the sphere |C| = R is homotopic to
the field EC' — h, and in the process of deforming one field into the other we
do not pass through the zero vector. It follows that the rotation of the field
A(C) — h on the sphere |C| = R is the same as the rotation of the field EC' — h
(4). But the latter is equal to 1, and hence the former is equal to 1; therefore,

for some C in the ball |C| < R, AC —h = 0.

Applying this lemma to system (5), which also has the form (6) and which,
according to (3), satisfies condition (7), we see that there exists at least one
solution {C, } of system (5).

3. We shall prove the possibility of passage to the limit and the existence
theorem for the solution of problem (1), (2) under two new assumptions,
which, as a rule, already imply condition (3).

Condition R. For any s, 1 < s < n,

E{ o (@0, Dyu), “gu]+{;:653()’§:1]>
> 5 ZZJ:‘Q‘Z [|D uﬂ|’”7D gj]+...f1(zl<u)), ©)

where w is any function from P?™, the ellipsis denotes an analogous sum over
|a| < m, or it is absent; r; > 0. Here and below f; denotes some monotone
function.

Condition P. For some p > 1, f, and f5,

ly(w) = Y Aa(@,u, Dgu)l, + IBO, < folly(w) + f3(la(w),  (10)

|a|<m

where || [, = | ||Lp7 and for || =m and some p; > 1

IDoully, < fally(w) + f5(la(u)). (107)

Obviously, in a number of cases one may, for greater precision, replace p in (10)
by p,, P, > 1. It is easy to give sufficient algebraic conditions for the fulfillment
of inequalities (9) and (10). Below we present some of them.
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Theorem 1. If conditions R, P, and (3) are satisfied, then there exists at
least one solution u(z) of problem (1), (2) for every function h(zx) € 256,
Moreover, the norms appearing on the left in (10) and (10”) are certainly finite,

and for any function v € Wém)(G), 1/q + 1/p = 1, the relation holds-

solution (see notation (5))

K(u,v) = (h,v). (11)

For brevity, we shall carry out the proof for the particular case (the general
case is treated analogously) when in (1) Ag = A,(Dsu) (|a| =m, |3| = m) are
homogeneous polynomials of order 21 + 1 with respect to DBuj (j=1,..,N),
A, =0 for |a| < m, B = w?u (in the case of boundary conditions of the first
boundary-value problem one may take B = 0). We note that in this particular
case the following is a sufficient condition for the fulfillment of conditions R, P,
and (3):

04, (¢y) .
(W%ym) >92 Y PR (12)
B J» 18l=m

for any vectors (5 = (Cé, ...,Cév), ng = (néw.. 71715\[); 0A,/0¢g, for fixed o and
$3; is a matrix of order N. In the case (12), condition R is satisfied with r; = 21,
f1 = 0. Substituting the vector tng for (5 in (12) and integrating both sides
with respect to ¢ from 0 to 1, we obtain

> (Aa(), 1) >%Z\V75I2”2 (13)

[e%

Hence, by the choice B = w?u, (3) is satisfied with 6 = 1. Condition P, by virtue
of (13), is also satisfied for p = (21 + 2)/(21 + 1), f, = Ct'/? 4 Ct'/2, f; = 0,
p, =21+ 2, f,(t) = t'/P1, f, = 0. The further exposition will be given for the
case (12).

Multiply both sides of (5) by C,, and sum over z, |z| < i. We obtain

l(u;) = K(ug,u;) = [hyug), (14)

7 3

and hence, by virtue of (3), we find that I, (u;) < |h|**'/® = M. By virtue of
(13) (or condition P in the general case), it follows from this that

il + Y IDauill3is < Cly(ug) < My (14)
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Next, since u,, are exponentials, du, /0x, = ik ,x. Multiply both sides of (5) by
—k2, replace this multiplier for u, by the operator §%/9x2, and transfer 9/0z,
to the first factor. We obtain (in the case under consideration)

0A (D au, . 2
[ o(Dgu;) D du, Ou; Ou, 0%u,, (15)

w? =— :
dx, Y0z, oz, Oz, " Ox?

Multiplying, as above, both sides of (15) by C,, summing over x, |z| < 4, and

over s, and using (12), we derive the estimate ([ | denotes the integral)

92,1 [0A.(Dgu)  ou, _ ou, ou; ||
_ | — #D ) D 1 2 ) =
zS: {h’ (%cg] 0Dg u P, "o, v zs: Oz,
oul ’ ou, |
— 2 121 i 2 i
= ly(u;) 2 XJ: l|D5“f| ZS: Dﬁaxs J +w ZS: 9z, (16)
Since
L Pu]| | [on o o, |lowf
"oz || Oz, Oz, ||~  ||Ox, c or,
and
0 : : ou
%(Dﬂuf)lﬂ = (I+1)(Dgu;)" - Dﬁaxl ;
from (16) we obtain
H(Dﬁug>l+1||wél) < Clv
or, by virtue of (13), (16),
||(Dﬂug)l+1+z||wm <y (z <0 and z small). (17)

By virtue of (17) and (14’), from {u,} one can choose such a subsequence-

ness, which we shall also denote by {u;}, such that: 1) (D,u;)"*1** converges
almost everywhere to (D, u)"*12 and hence D_u; converges almost everywhere
to Dyu for any |a| < m, where for | = 2, it suffices to take z = 0, while for
| = 21, —1 one takes z = ¢/r, where ¢ and r are odd; 2) (D,, uj)™ - (DaNuzN)”N
converges weakly to (D, u')™ - (D, u™)"~ for any ny +--+ny <20+1. (In
the general case we ensure the convergence of A, (z,u;, Dgu;), B(w,u,,...) to
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Ay (x,u, Dgu), B(x,u,...) on the basis of the estimates (10), (10"), (3). Property

1) follows from the complete continuity of the embedding operator: W2(1> — Lo;
2) follows from estimate (14”). It is important that, thanks to the almost-
everywhere convergence of D u, to D, u, the powers of D_ u,; converge to the
powers of one and the same function D_,u, with u,; converging to u, and D u
being a derivative of u.

For fixed x we pass in (5) to the limit as i — oo, obtaining the same relation
with u, replaced by u. Since by linear combinations of u, one can approximate

any function v € Wém)(G) (in the case under consideration p = (21+2)/(21+ 1),
q = 2l + 2), the function u is a solution of problem (1), (2) in the sense of (11),
i.e. it has derivatives up to order m. The theorem is proved.

4. Theorem 2. If for some p <1 the estimate

10A (2, w, Dgw) [0z || +10B()/0x,|, < folla(w)) + fr(Li(w))  (18)

holds for all w € P*™, then the constructed solution u has finite norms of the
derivatives indicated on the left.

The proof follows from the fact that (18) is satisfied by the constructed approx-
imations wu,, for which I, (u;) and I,(u;) are uniformly bounded in .

For systems of second order (m = 1), in the case where the conditions of The-
orems 1 and 2 are fulfilled, it follows from this that the constructed solution
satisfies equation (1) almost everywhere in G, with A, (z,u, Dgu)/0x, € L,,.

Let us note that in the polynomial example A, (Dgu) considered above, (18)
will be fulfilled if, instead of (12), one requires the more stringent condition

6‘4&(5 ) 2 7|2 J |2
( agﬁlﬂ nﬂl,na> > ( A )( 3 nﬁ1|>. (19)

J> |B=21 J 1B11=21

(One second-order equation of the form (1) under conditions of type (19) has
been studied by other methods in a number of works (see, for example, 7~19.)

Theorem 3 (uniqueness). If condition (12) is fulfilled in the polynomial case
under consideration, or a condition generalizing (12) is fulfilled in the general
case of equation (1), then the constructed solution w is unique in the class of
functions with finite forms I (u) and ly(u).

Let u; and u, be two solutions of problem (1), (2) in the sense of (11). Sub-
tracting term by term the relations (11) for u = u; and u = u,, we obtain, in
the simplest case (12),

[Aa(Dguy) — Ag(Dgtiy), Dyv] + w?[uy — ug, v] = 0. (20)
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Since A, (Dguy 5) € L, where p = (214 2)/(2l + 1), one may take v = u; — uy
in (20). Introduce the auxiliary function

p(t) = [Ay (1 = t)Dguy + tDguy) — A, (Dguy), Dy (uy — )] + w?[...].

Obviously (by (20)), ¢(0) = 0, ¢(1) = 0. Hence ¢’(c) =0, 0 < ¢ < 1, whence
we infer that u, coincides almost everywhere with wu,.
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