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Consider the system of differential equations

dx

= = Av+ Fla.), (1)

where z and F(x,t) are real n-dimensional vectors with components
Ty, Tg, ..., T, and Fy(x,t),.., F,(z,t), respectively; A = {a;;} is a real
constant square matrix of order n. As to the function F'(x,t), it is assumed that
it is continuous, has period 27 in the variable ¢, and satisfies the uniqueness

condition for solutions for all z, t.

The purpose of the present note is to establish sufficient conditions for the
existence of a 2m-periodic solution of system (1). M. A. Krasnosel skii studied
an analogous problem (1?). The conditions given below for the existence of
27-periodic solutions differ from those found by M. A. Krasnosel’ skii in that,
under these conditions, the matrix A may have imaginary eigenvalues.

Introduce the following notation. Let & be an n-dimensional vector with com-
ponents &, ..., §,; let B = {b;;} be a square matrix of order n. Put

Il =>" I, 1Bl =" Ibyl.
i=1 i,j=1

Theorem. If the matriz A has no eigenvalues of the form ki (k a natural number
or zero, i the imaginary unit), and if the function F(x,t), for sufficiently large
||, satisfies the inequality

|E(z, )] < L=, (2)

where the positive constant L is sufficiently small, then system (1) has at least
one 2m-periodic solution.

Proof. Denote by z(t,2°,t,) the solution of system (1) with initial data ¢y, 2.
From estimates (2) it follows (%) that all solutions of system (1) can be con-
tinued for all times from —oo to +o00. Associate with the point z(©) the point
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x(2m, 29, 0). Thus we obtain a topological transformation T of the space {2}
into itself. Along with this transformation, consider the vector transformation
v =T(x) — z with components vy, vy, ...,v,,. It is clear that the fixed points of
this transformation or, what is the same, the singular points of the field v, are
the initial data of 27-periodic solutions, and conversely.

Now consider the linear system

dz

pri Azx. (3)
Without loss of generality, we may assume that the matrix A has canonical
structure. Define, for system (3), a transformation T}, of the space {x} into itself,
analogous to the transformation T for system (1). Denote by w = {wy,...,w, }
the vector of the transformation Ty, i.e. w = Ty(x) — x. Let the matrix A have
the following characteristic roots: A\; 440y, Ay & Gftg, ooy Ag £ i, %y, ..., %
among which some may be equal. It is clear that

n—2s»

e?™ 1 cos2mpuy — 1 —e2™ M sin 2wy, 0..0
D(wy, ..., w,) e?™\ sin 271, e?™1 cos 2y, — 1 0..0

and by Laplace’ s theorem we have

D(w, w,,) s 27\ 4\ i 2
A 1 — 2e?™m cos 2wy, + e™m eX™m — 1),
D(zq,...,x,) ”1;[1< " >,!—:[1< )

By virtue of the condition of the theorem that in the case A, = 0 one has
t, # k (k is a natural number or zero), we have

D(wy,...,w,,) Y
D(‘rlv 7xn)
This proves (see, for example, (°)) that the index of the point z; ==z, =0

as a singular point of the field w(x) is equal to +1. Moreover, from the inequality

D(wy,...,w,)/D(xq,...,x,) #0

it follows that there exists a constant K > 0 such that

[w(z)]| = K] (4)
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Let us now estimate the difference [[v(z(?)) —w(z(?)| for sufficiently large values
of |#(®||. Tt is clear that

U(I(O>) - w($(0>) = IL’(QW, :17(0)7 0) - y(Qﬂ-a IE(O>, 0)7 (5)

where y(t, 29, t,) denotes the solution of system (3) with initial data t,,z(.
Let Y (t) be the solution of the matrix equation

dY Jdt = AY (6)

such that Y'(0) = I.

It is known (see, for example, ()) that then the solution z(t,z?),0) of system
(1) satisfies the integral equation

(1, 29,0) = y(t, 20, 0) + /0 Yt — 1) (a7 dr. (™)

Put

ey = sup [y(t,2'”,0)];
0<t<2r

since y(t, z(?),0) is a solution of the linear system (3), there exists a positive
constant M such that ¢; < M|z |. Let, moreover,

cy = sup [Y(t)].

0<t<2m

Then from equality (7) we obtain

t

lo(t,2©,0)] < e, + ¢, / IF(2(r,2©,0),7)|dr for 0 <t < 2n.
0
Assuming that |z(?)] is sufficiently large, from condition (2) we obtain
¢
2t 29 0)] < ¢, + ey L / l2(r,2®,0)[dr for0<t<2r.  (8)
0

Hence, by a well-known lemma (see, for example, (6,7)), we find

|z(t, 2@, 0)| < cre2lt (0 <t < 2rm). (9)

On the other hand, from equality (7) there follows the estimate
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t
Jae(t, 2, 0) — y(t, 2, 0)] < 62/ |F(z,7)[dr (0 <t<2m),
0

and hence, for sufficiently large [|z(?|, taking into account (2), (9), we obtain

t
l=(t, 29, 0) — y(t, 29, 0)]| < cyLe, / et dt = ¢y (e2" —1).
0
Hence and from (5) we conclude, in view of ¢, < M|z,

[o(z?) —w(@ )] < M(e*meF — 1) (10)

for sufficiently large ||z(?)].

Let now R be a sphere of sufficiently large radius with center at the origin. We
shall take the constant L so small that the inequality

K > M(e¥mel 1) (11)

is satisfied.

Then from estimates (4) and (10) it follows that at no point of the sphere R
are the vectors v and w oppositely directed, and, moreover, v does not vanish
at any point of the sphere R. It is then clear that the indices of the sphere R in
the fields w and v coincide. We have already proved that the index of the point

x; ==z, =0, as a singular point of the field w(z), is equal to +1. But the
sphere R, by virtue of inequality (4), contains no singular points of the field w
other than z; = --- = z,, = 0, and therefore its index in the field w is equal to

+1. Consequently, the index of the sphere R in the field v is also equal to 41,
and this means that the sphere R contains at least one singular point of the
field v. Thus, system (1) has at least one 2m-periodic solution. The theorem is
proved.
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