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Abstract
Full Text

B. P. PANEYAKH

ON GENERAL SYSTEMS OF DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFI-
CIENTS
(Presented by Academician A. N. Kolmogorov on 17 XII 1960)

In Hörmander’s paper (1), among other things, a somewhat unexpected result
was obtained, namely that for any differential operator with constant coefficients
in an arbitrary domain Ω of the space 𝑅𝜈 there exists a correctly posed boundary-
value problem (correctness is understood here in the sense of M. I. Vishik, see
(4)). The significance of this theorem, which is essentially a pure existence
theorem, should not, however, be overestimated, since even in the simplest cases
it does not make it possible to indicate the boundary conditions that realize the
correct problem.

When one passes to systems of differential equations with constant coefficients,
Hörmander’s theorem turns out to be false; this was first pointed out by A. A.
Dezin (3). He constructed a system of equations for which correct solvability
was ensured in the space 𝑊 1

2 , but no solvable extension in 𝐿2 existed.

In the present note we give necessary and sufficient conditions for an operator-
system 𝑎 to be subordinate to an operator 𝑏. These conditions are described
by means of determinants of certain matrices and, in the case where 𝑎 is the
identity operator, give a criterion for the existence of a correct problem for the
operator 𝑏. The proof of the criterion is carried out by a new method, different
from the energy-integral method usually used in such cases. At the same time,
the above-mentioned Hörmander theorem can be derived as a special case.

We shall use the following notation: 𝑅𝜈 is the real 𝜈-dimensional space of in-
dependent variables 𝑥 = (𝑥1, … , 𝑥𝜈); 𝑅𝜈 is the real space of elements 𝜉 =
(𝜉1, … , 𝜉𝜈); 𝑃(𝜉) = ∑ 𝑎𝛼𝜉𝛼, where 𝛼 = (𝛼1, … , 𝛼𝑘) is a sequence of indices
between 1 and 𝜈, is an arbitrary polynomial with complex (constant) coeffi-
cients 𝑎𝛼; 𝒫 = 𝑃(𝒟), 𝐷𝑗 = 1

𝑖
𝜕

𝜕𝑥𝑗 , 𝒟𝛼 = 𝒟𝛼1
⋯ 𝒟𝛼𝑘

is the differential operator
defined by it, acting on functions defined on 𝑅𝜈; if 𝐺 is a domain in 𝑅𝜈, then
𝐶∞

0 (𝐺) is the set of complex-valued infinitely differentiable vector-functions
𝑢(𝑥) = (𝑢1(𝑥), … , 𝑢𝑛(𝑥)) that vanish outside compact subsets of 𝐺; 𝐻(𝐺) is the
closure of 𝐶∞

0 (𝐺) in the usual norm

‖𝑢, 𝐻‖ = (
𝑛

∑
𝑗=1

∫
𝐺

|𝑢𝑗(𝑥)|2 𝑑𝑥)
1/2

= (
𝑛

∑
𝑗=1

‖𝑢𝑗, 𝐿2‖2)
1/2

; (1)
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ℋ is the space dual to 𝐻(𝐺) in the sense of the Fourier transform, i.e. 𝑢̂(𝜉) ∈ ℋ
if and only if

𝑢̂(𝜉) = 1
(2𝜋)𝑛/2 ∫

𝐺
𝑢(𝑥)𝑒𝑖⟨𝑥,𝜉⟩ 𝑑𝑥, 𝑢(𝑥) ∈ 𝐻(𝐺);

𝑎 = ‖𝑎𝑖𝑗‖ and 𝑏 = ‖𝑏𝑖𝑗‖ are square matrices of the corresponding orders.

Let 𝑎 = ‖𝑎𝑖𝑗(𝒟)‖, 𝑖, 𝑗 = 1, … , 𝑛, be a differential operator-system in which
the 𝑎𝑖𝑗(𝜉) are arbitrary polynomials. Denote by 𝒜 = ‖𝒜𝑖𝑗(𝒟)‖, 𝑖, 𝑗 = 1, … , 𝑛,
the operator whose elements are the algebraic cofactors of the elements of the
operator 𝑎. Let Λ = ‖𝛿𝑖𝑗Δ‖, where Δ = det ‖𝑎𝑖𝑗‖, and 𝛿𝑖𝑗 is the Kronecker
symbol. Then

𝑎𝒜 = Λ. (2)

Let 𝐺 be a bounded domain in 𝑅𝜈.

Definition. We shall say that an operator 𝑏 is subordinate to the operator 𝑎,
and write this as 𝑏 < 𝑎, if, with some constant 𝛾,

‖𝑏𝑢, 𝐻‖ ≤ 𝛾‖𝑎𝑢, 𝐻‖, 𝑢 ∈ 𝐶∞
0 (𝐺). (3)

We shall give a description of all operators 𝑏 = ‖𝑏𝑖𝑗(𝒟)‖ that are subordinate to
the operator 𝑎. To formulate the result, following Hörmander, we introduce the
function

𝑃(𝜉) = (∑
𝛼

|𝑃 (𝛼)(𝜉)|2)
1/2

,

where 𝑃 is an arbitrary polynomial. Further, for given operators 𝑎 and 𝑏 define
𝑛2 operators 𝑆𝑖𝑗(𝒟), obtained from 𝑎 by replacing its 𝑖-th row by the 𝑗-th row
of 𝑏. Let Δ𝑖𝑗(𝒟) = det ‖𝑆𝑖𝑗‖.
Theorem 1. In order that the operator 𝑏 be subordinate to the operator 𝑎, it
is necessary and sufficient that, for every value 𝑖, 𝑗 = 1, … , 𝑛,

|Δ𝑖𝑗(𝜉)|
Δ̃(𝜉)

≤ 𝐶 (4)

for all real 𝜉, where 𝐶 is a constant.

Necessity. Let 𝑏 < 𝑎. Then for all 𝑢 ∈ 𝐶∞
0 (𝐺),

‖𝑏𝑢, 𝐻‖ ≤ 𝛾‖𝑎𝑢, 𝐻‖.

Since for any 𝑣 ∈ 𝐶∞
0 (𝐺), 𝒜𝑣 ∈ 𝐶∞

0 (𝐺), by virtue of (2) we have
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‖𝑏𝒜𝑣, 𝐻‖ ≤ 𝛾‖Λ𝑣, 𝐻‖. (5)

Inequality (5) holds, in particular, for the vector 𝑣𝑗 = (0, … , … , 𝑣𝑗, … , 0), where
𝑣𝑗 is an arbitrary smooth function equal to zero outside a compact subset of 𝐺.
In this case, as is easily verified, (5) takes the form

𝑛
∑
𝑘=1

‖Δ𝑗𝑘𝑣𝑗, 𝐿2‖ ≤ 𝛾‖Δ𝑣𝑗, 𝐿2‖. (5’)

Hence, for each fixed 𝑘, 1 ≤ 𝑘 ≤ 𝑛,

‖Δ𝑗𝑘𝑣𝑗, 𝐿2‖ ≤ 𝛾‖Δ𝑣𝑗, 𝐿2‖.

By the arbitrariness of 𝑣𝑗 it has been proved that the operator Δ𝑗𝑘 < Δ, 𝑘 =
1, … , 𝑛, and since 𝑗 can be chosen arbitrarily, Δ𝑗𝑘 < Δ for all values of the
indices. Inequality (4) now follows from Theorem 2.2 of paper (1).
In proving the sufficiency of condition (4), the following basic lemma is used:

Lemma. Let 𝑃(𝜉) = 𝑃(𝜉1, … , 𝜉𝜈) be an arbitrary polynomial. Then there
exists a set ℳ ⊂ 𝑅𝜈 having the following properties:

1∘. ℳ = ⋃𝑛
1 ℳ𝑘, 𝑛 < ∞, and for each of the sets ℳ𝑘 there exists a direction

⃗𝜂𝑘 such that every vector 𝑦 parallel to ⃗𝜂𝑘 intersects ℳ𝑘 in a finite number of
segments whose total length does not exceed a certain number 𝑙𝑘. (The number
𝑙𝑘 depends only on the direction ⃗𝜂𝑘 and can be chosen arbitrarily small.)

2∘. If 𝔐 = 𝑅𝜈 ∖ ℳ, then for all 𝜉 ∈ 𝔐

|𝑃(𝜉)|
𝑃 (𝜉)

≥ 𝐶, 1 > 𝐶 > 0.

3∘. There exists a constant 𝛾 < 1 such that for all 𝑢̂(𝜉) ∈ ℋ

∫
𝑀

|𝑢̂(𝜉)|2 𝑑𝜉 ≤ 𝛾 ∫
𝑅𝜈

|𝑢̂(𝜉)|2 𝑑𝜉. (6)

Let us note that, in order to prove the lemma, it is enough to construct a set
ℳ satisfying conditions 1∘ and 2∘. Then, as follows from the results of [2],
ℳ will automatically satisfy condition 3∘, provided care is taken that the sum
𝐿 = ∑𝑛

𝑘=1 𝑙𝑘 is sufficiently small.

Let us now observe that inequality (3) means the continuity of the operator
𝑇 ∶ 𝑇 𝑎𝑢 = 𝑏𝑢, 𝑢 ∈ 𝐶∞

0 (𝐺), and therefore, in order to prove this inequality, by
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Banach’s theorem it is enough to show that from 𝑎𝑢𝑘, 𝐻‖ → 0 it follows that
‖𝑏𝑢𝑘, 𝐻‖ → 0, 𝑘 → ∞, 𝑢𝑘 ∈ 𝐶∞

0 (𝐺).
Thus, suppose that conditions (4) are satisfied. Suppose also that

𝑎𝑢𝑘 = 𝑓𝑘, 𝑏𝑢𝑘 = 𝑔𝑘, 𝑢𝑘 ∈ 𝐶∞
0 (𝐺); (7)

‖𝑓𝑘, 𝐻‖ → 0, 𝑘 → ∞. (8)

Applying the operator 𝒜 to the first of equations (7), and the operator 𝑏 to the
resultant, and using the commutativity of the operators Λ and 𝑏, we find that

Λ𝑔𝑘 = ℬ𝑓𝑘, 𝑘 = 1, 2, … , (9)

where the operator ℬ = ‖Δ𝑖𝑗(𝒟)‖, or, in Fourier transforms,

Λ(𝜉) ̂𝑔𝑘(𝜉) = ℬ(𝜉) ̂𝑓𝑘(𝜉), 𝑘 = 1, 2, … . (9’)

Write out the 𝑖-th row of equality (9′). It has the form

Δ(𝜉) ̂𝑔𝑘𝑖(𝜉) =
𝑛

∑
𝑗=1

Δ𝑖𝑗 ̂𝑓𝑘𝑗(𝜉), 𝑘 = 1, 2, … . (9”)

Divide both sides of (9″) by Δ̃(𝜉). Then from (8), by virtue of condition (4)
and Parseval’s equality, it follows that

∥Δ(𝜉)
Δ̃(𝜉)

̂𝑔𝑘𝑖(𝜉), ℋ∥ → 0, 𝑘 → ∞.

In other words,

∫
𝑅𝜈

|Δ(𝜉)|2
Δ̃(𝜉)2

| ̂𝑔𝑘𝑖(𝜉)|2 𝑑𝜉 → 0, 𝑘 → ∞. (10)

We now construct, for the polynomial Δ(𝜉), the corresponding set ℳ, satisfying
conditions 1∘—3∘ of the lemma, and let, as before, 𝔐 = 𝑅𝜈 ∖ℳ. Then for 𝜉 ∈ 𝔐

|Δ(𝜉)|
Δ̃(𝜉)

≥ 𝐶 > 0, (11)

whence we find
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∫
𝑅𝜈

|Δ(𝜉)|2
Δ̃(𝜉)2

| ̂𝑔𝑘𝑖(𝜉)|2 𝑑𝜉 > ∫
𝔐

|Δ(𝜉)|2
Δ̃(𝜉)2

| ̂𝑔𝑘𝑖(𝜉)|2 𝑑𝜉 ≥ 𝐶 ∫
𝔐

| ̂𝑔𝑘𝑖(𝜉)|2 𝑑𝜉.

Condition (6), as is easy to see, entails the inequality

∫
𝔐

| ̂𝑔𝑘𝑖(𝜉)|2 𝑑𝜉 ≥ (1 − 𝛾) ∫
𝑅𝜈

| ̂𝑔𝑘𝑖(𝜉)|2 𝑑𝜉, 𝛾 < 1,

and from (10), thus, it follows that ‖ ̂𝑔𝑖
𝑘(𝜉), ℋ‖ → 0, 𝑘 → ∞. Since this is true

for arbitrary 𝑖 = 1, … , 𝑛, it is proved that if ‖𝑎𝑢𝑘, 𝐻‖ → 0, then ‖𝑏𝑢𝑘, 𝐻‖ → 0,
𝑘 → ∞. The proof of Theorem 1 is complete.

Corollary. Let 𝑎 = ‖𝑎𝑖𝑗(𝒟)‖ be an arbitrary differential operator with constant
coefficients, and let 𝜆𝑖𝑗(𝒟) be the corresponding principal minors of the matrix
𝑎. In order that the operator 𝑎 have at least one well-posed problem, it is
necessary and sufficient that, for all real 𝜉,

|𝜆𝑖𝑗(𝜉)|
Δ̃(𝜉)

≤ 𝐶, 𝑖, 𝑗 = 1, … , 𝑛. (12)

Let 𝑎∗ denote the operator formally adjoint to 𝑎. Then (see (1), Theorem 1.2),
for well-posed problems to exist for the operator 𝑎 it is necessary and sufficient
that, for all 𝑢 ∈ 𝐶∞

0 (𝐺),

‖𝑎𝑢, 𝐻‖ ≥ 𝑐‖𝑢, 𝐻‖, ‖𝑎∗𝑢, 𝐻‖ ≥ 𝑐∗‖𝑢, 𝐻‖.

The operator 𝑏 occurring in Theorem 1 is in this case simply the identity operator
𝐸, while the operators Δ𝑖𝑗(𝒟), evidently, coincide with 𝜆𝑖𝑗(𝒟), and it remains
to note that, according to Theorem 1, both inequalities hold or fail to hold
simultaneously.

Remark 1. The method of proving the sufficiency of condition (4), without
any changes (except for specifically matrix details), carries over to the case of
two differential polynomials 𝑎 and 𝑏. Indeed, we wish to prove that (see (1)), if

|𝑏(𝜉)|
̃𝑎(𝜉) < 𝐶, (4’)

then ‖𝑎𝑢, 𝐿2‖ ≥ 𝜇‖𝑏𝑢, 𝐿2‖, 𝑢 ∈ 𝐶∞
0 (𝐺), 𝜇 = const > 0. We shall prove that if

𝑎𝑢𝑛 = 𝑓𝑛, 𝑏𝑢𝑛 = 𝑔𝑛, 𝑢𝑛 ∈ 𝐶∞
0 (𝐺) (13)

and ‖𝑓𝑛, 𝐿2‖ → 0, then ‖𝑔𝑛, 𝐿2‖ → 0, 𝑛 → ∞. From (13) it is clear that
𝑎𝑔𝑛 = 𝑏𝑓𝑛, or, in Fourier transforms,
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𝑎(𝜉) ̂𝑔𝑛(𝜉) = 𝑏(𝜉) ̂𝑓𝑛(𝜉). (14)

Divide (14) by ̃𝑎(𝜉). Then, from the condition of the theorem and from
‖ ̂𝑓𝑛(𝜉), ℋ‖ → 0, 𝑛 → ∞, it follows that

∥𝑎(𝜉)
̃𝑎(𝜉) ̂𝑔𝑛(𝜉), ℋ∥ → 0,

and, applying the lemma, we find that

‖ ̂𝑔𝑛(𝜉), ℋ‖ = ‖𝑔𝑛, 𝐿2‖ → 0.

Remark 2. We wish to draw special attention to the fact that in the case of
systems of differential equations the notions of strength and subordination
of two operators do not coincide. More precisely, if 𝑏 < 𝑎, then 𝑎 is stronger
than 𝑏. The converse, however, is false. Indeed, for any operator 𝑎 the identity
operator 𝐸 is weaker than 𝑎, but, as the corollary to Theorem 1 shows, not
always 𝐸 < 𝑎.

I express my deep gratitude to Prof. G. E. Shilov for his constant attention.

Moscow State University
named after M. V. Lomonosov
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