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Abstract
Full Text
MATHEMATICS

O. A. OLEINIK

ON QUASILINEAR PARABOLIC EQUA-
TIONS WITH MANY INDEPENDENT VARI-
ABLES
(Presented by Academician I. G. Petrovskii, 14 XII 1960)

Below we give a proof of the existence and uniqueness of a classical solution
of the Cauchy problem and of the first boundary-value problem for one class
of quasilinear parabolic equations of second order, and indicate an approximate
method for solving them. The existence theorems for solutions of these problems
will be obtained on the basis of the well-known Leray—Schauder theorem (1).
In deriving a priori estimates for the solutions we make substantial use of the
work of J. Nash (2) and of the method for estimating the maxima of the moduli
of derivatives proposed in (3).
We shall consider an equation of the form

𝑛
∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝑎𝑖𝑗(𝑡, 𝑥, 𝑢) 𝜕𝑢
𝜕𝑥𝑗

) + 𝑎(𝑡, 𝑥, 𝑢, 𝑢𝑥) − 𝜕𝑢
𝜕𝑡 = 0, (1)

where

0 < 𝜆1(𝑀) ≤
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗𝛼𝑖𝛼𝑗 ≤ 𝜆2(𝑀),

if |𝛼| = 1, for all 𝑥, 0 ≤ 𝑡 ≤ 𝑇 , |𝑢| ≤ 𝑀 ; the coefficients 𝑎𝑖𝑗, 𝑎 are sufficiently
smooth functions; 𝑎(𝑡, 𝑥, 𝑢, 𝑝), 𝑎𝑖𝑗(𝑡, 𝑥, 𝑢) and their derivatives are bounded for
|𝑢| ≤ 𝑀 (𝑀 is an arbitrary number) and all values of 𝑝, 𝑥 and 𝑡 ≥ 0; 𝑎𝑖𝑗 = 𝑎𝑗𝑖,
𝑎𝑢 < 𝑐. Obviously, one may assume that 𝑐 < 0.

1. The Cauchy problem. In the layer 𝑄{𝑇 ≥ 𝑡 ≥ 0} we seek a bounded
solution of equation (1) satisfying the condition

𝑢(0, 𝑥) = 𝑢0(𝑥), where |𝑢0(𝑥)| ≤ 𝑀0. (2)

In what follows, by 𝑀𝑙 (𝑙 = 1, 2, …) we shall denote positive constants depending
only on 𝑐, 𝑇 , 𝑀0, the maxima of the moduli of the derivatives of 𝑢0(𝑥), the
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maxima of the moduli of the functions 𝑎𝑖𝑗, 𝑎 and of their derivatives for 0 ≤
𝑡 ≤ 𝑇 , |𝑢| ≤ 𝑀0 + 𝐴/|𝑐| = 𝑀1, where 𝐴 = max |𝑎(𝑡, 𝑥, 0, 𝑢𝑥)|. We establish
a number of a priori estimates for the solution 𝑢(𝑡, 𝑥) of the problem (1), (2),
assuming that 𝑢, 𝑢𝑥𝑖

, 𝑢𝑡, 𝑢𝑥𝑖𝑥𝑗
are bounded in 𝑄 and satisfy a Hölder condition.

Lemma 1. For the solution 𝑢(𝑡, 𝑥) of the problem (1), (2) in 𝑄, the inequalities

|𝑢(𝑡, 𝑥)| ≤ 𝑀1, |𝑢(𝑡, 𝑥) − 𝑢0(𝑥)| ≤ 𝑀2𝑡 (3)

hold.

The estimates (3) are a consequence of the maximum principle.

We shall assume that, for (𝑡, 𝑥) ⊂ 𝑄 and |𝑢| ≤ 𝑀1, 𝑎𝑖𝑗 ⊂ 𝐶3+𝛼, 𝑎 ⊂ 𝐶2+𝛼,
0 < 𝛼 ≤ 1, and 𝑢0(𝑥) ⊂ 𝐶3. Using (6), it is easy to show that, under these
assumptions on the smoothness of 𝑎𝑖𝑗, 𝑎 and 𝑢(𝑡, 𝑥), equation (1) can be differ-
entiated twice with respect to 𝑥𝑖 inside 𝑄.

Lemma 2. In the domain 𝑄1{0 ≤ 𝑡 ≤ 𝑀3, −∞ < 𝑥 < +∞}

|𝑢𝑥𝑖
| ≤ 𝑀4, where 𝑖 = 1, … , 𝑛. (4)

For the proof of this lemma we use a device from the paper (3). In equation
(1) we make the substitution 𝑢 = 𝜑(𝑣), where 𝜑′ > 0 and (𝜑″/𝜑′)′ < 0. We
differentiate the resulting equation with respect to 𝑥𝑘, multiply it by 𝑝𝑘 =
𝜕𝑣/𝜕𝑥𝑘, and sum over all 𝑘. It follows from this equation that at the point of
an interior maximum of the function 𝑎𝜀(𝑥 − 𝑥0)𝑝2, where 𝑎𝜀(𝑥) is a sufficiently
smooth function, 𝑎𝜀(𝑥) ≡ 0 for |𝑥| ⩾ 2𝜀, 𝑎𝜀(𝑥) ≡ 1 for |𝑥| ⩽ 𝜀, and 𝑝2 ≡
| grad 𝑣|2, the inequality

𝑎𝜀𝑝4 [(𝜑″/𝜑′)′ + 𝑀5|𝜑′|2 + 𝑀6|𝜑″| + 1/4] ⩾ −𝑀7𝑝2. (5)

is satisfied. Choose 𝜀 and 𝑀3 so that in the domain 𝐷0{|𝑥 − 𝑥0| ⩽ 2𝜀, 0 ⩽
𝑡 ⩽ 𝑀3} the oscillation of 𝑢(𝑡, 𝑥), equal to max 𝑢(𝑡, 𝑥) − min 𝑢(𝑡, 𝑥) = 𝑀8, is so
small that the function

𝜑(𝑣) = min
𝐷0

𝑢 − 2𝑀8 + 3𝑒𝑀8 ∫
𝑣

0
𝑒−𝑠2 𝑑𝑠 (6)

satisfies the inequality

− (𝜑″/𝜑′)′ > 1/2 + 𝑀5|𝜑′|2 + 𝑀6|𝜑″|. (7)

With this choice of 𝜑(𝑣), it follows from inequality (5) that in the domain 𝐷0,
𝑎𝜀𝑝2 ⩽ 4𝑀7. Obviously, this is sufficient for the proof of (4), since 𝑥0 is an
arbitrary point.
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Lemma 3. In the domain 𝑀3 ⩽ 𝑡 ⩽ 𝑇 ,

|𝑢𝑥𝑖
| ⩽ 𝑀9. (8)

The proof of this lemma is carried out in exactly the same way as that of Lemma
2, taking into account that for 0 < 𝑀3 ⩽ 𝑡 ⩽ 𝑇 Nash’s inequality (2) holds:

|𝑢(𝑡1, 𝑥1) − 𝑢(𝑡2, 𝑥2)| ⩽ 𝑀10|𝑥1 − 𝑥2|𝛽 + 𝑀11|𝑡1 − 𝑡2|𝛽/4 (9)

0 < 𝛽 < 1, 𝛽 depending only on 𝑀1, which is also valid for nonhomogeneous
equations. By virtue of (9), every point (𝑡0, 𝑥0) of 𝑄 can be covered by a
parallelepiped |𝑥 − 𝑥0| ⩽ 𝑀12, |𝑡 − 𝑡0| ⩽ 𝑀13, where the substitution (6), and
hence the estimate |𝑢𝑥𝑖

|, is possible.

Lemma 4. The derivatives 𝑢𝑥𝑖
, 𝑢𝑥𝑖𝑥𝑗

, 𝑢𝑡 satisfy in 𝑄 a Hölder condition with
Hölder constants and exponent depending only on 𝑀1.

We obtain the estimate |𝑢𝑥𝑖𝑥𝑗
| ⩽ 𝑀14 by using the function 𝑎𝜀(𝑥) and the

transformation 𝑢𝑥𝑘
= 𝜑(𝑞𝑘), analogously to the way the estimates of the second

derivatives were obtained in the paper (4) (pp. 508–511). The estimate |𝑢𝑡| ⩽
𝑀15 follows from (1). The functions 𝑢̄ = 𝑎1(𝑥 − 𝑥0)[𝑢 − 𝑢0] and ̄𝑝𝑘 = 𝑎1(𝑥 −
𝑥0)[𝑢𝑥𝑘

− 𝜕𝑢0/𝜕𝑥𝑘] in the parallelepiped {|𝑥 − 𝑥0| ⩽ 4, 0 ⩽ 𝑡 ⩽ 𝑇 } satisfy zero
initial and boundary conditions and the equations

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢̄𝑥𝑖𝑥𝑗
= 𝑓1,

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗 ̄𝑝𝑘
𝑥𝑖𝑥𝑗

= 𝑓2, where |𝑓1| ⩽ 𝑀16, |𝑓2| ⩽ 𝑀17.

Using these equations and Theorem 1 from the paper (5), we obtain that 𝑢𝑥𝑖
and 𝑢𝑥𝑖𝑥𝑗

satisfy a Hölder condition. We shall also assume that 𝑢0(𝑥) → 0 as
|𝑥| → ∞ and 𝑎(𝑡, 𝑥, 0, 0) ≡ 0.

Theorem 1. Under the assumptions indicated above on 𝑎𝑖𝑗, 𝑎, 𝑢0(𝑥), there
exists in 𝑄 a unique solution 𝑢(𝑡, 𝑥) of equation (1) with condition (2); moreover
𝑢, 𝑢𝑥𝑖

, 𝑢𝑡, 𝑢𝑥𝑖𝑥𝑗
are bounded in 𝑄 and satisfy a Hölder condition.

The proof of Theorem 1 follows from the Leray–Schauder theorem (1) applied
to the family of equations

𝜕𝑢
𝜕𝑡 =

𝑛
∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝑎𝑖𝑗(𝑡, 𝑥, 𝑘𝑢) 𝜕𝑢
𝜕𝑥𝑗

) + ̃𝑎(𝑡, 𝑥, 𝑘𝑢, 𝑘𝑢𝑥) 𝑢 + 𝑎(𝑡, 𝑥, 0, 𝑘𝑢𝑥) = 0,

where
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0 ⩽ 𝑘 ⩽ 1, ̃𝑎(𝑡, 𝑥, 𝑢, 𝑢𝑥)𝑢 + 𝑎(𝑡, 𝑥, 0, 𝑢𝑥) ≡ 𝑎,

with condition (2), if one uses the a priori estimates obtained, which are inde-
pendent of 𝑘, the results of [6], and the condition on 𝑢0(𝑥).
2. Boundary-value problem. Consider equation (1) in the cylinder 𝐷{Ω ×
[0, 𝑇 ]}, where Ω is a certain domain in the space 𝑥 with smooth boundary Γ.
Denote Γ × [0, 𝑇 ] by 𝑆. Let 𝑢0(𝑡, 𝑥) be a sufficiently smooth function in 𝐷. We
shall seek a solution 𝑢(𝑡, 𝑥) of equation (1) with the condition

𝑢∣Ω+𝑆 = 𝑢0(𝑡, 𝑥), where |𝑢0| ⩽ 𝐾0. (10)

We assume that for 𝑢0(𝑡, 𝑥) the compatibility condition is fulfilled, i.e. 𝑢0 satisfies
equation (1) at the points of Γ. We shall establish a number of a priori estimates
for 𝑢(𝑡, 𝑥). By 𝐾𝑙 (𝑙 = 1, 2, …) we shall denote positive constants depending on
𝑐, 𝑇 , on the maxima of the moduli of 𝑢0(𝑡, 𝑥) and its derivatives, 𝑎𝑖𝑗, 𝑎 and their
derivatives in 𝐷 for |𝑢| ⩽ 𝐾0 + 𝐴/|𝑐| = 𝐾1, and also on the smoothness of Γ.

Lemma 5. For the solution 𝑢(𝑡, 𝑥) of problem (1), (10) in 𝐷, the estimates

|𝑢(𝑡, 𝑥)| ⩽ 𝐾1, |𝑢(𝑡, 𝑥) − 𝑢0(𝑡, 𝑥)| ⩽ 𝐾2𝑡 (11)

hold. On the boundary 𝑆 of the cylinder 𝐷, |𝑢𝑥𝑖
| ⩽ 𝐾3. At all points of 𝐷,

|𝑢(𝑡, 𝑥) − 𝑢0(𝑡, 𝑥)| ⩽ 𝐾4𝜌(𝑡, 𝑥), (12)

where 𝜌(𝑡, 𝑥) is the distance of the point (𝑡, 𝑥) to 𝑆.

The estimates (11) follow from the maximum principle. The estimate of |𝑢𝑥𝑖
|

on 𝑆 and (12) are obtained by a method close to that used in § 5 of [3].

Lemma 6. Let 𝜌1(𝑡, 𝑥) be the distance of (𝑡, 𝑥) to 𝑆 + Ω. In the domain
𝜌1(𝑡, 𝑥) ⩽ 𝐾5,

|𝑢𝑥𝑖
| ⩽ 𝐾6, |𝑢𝑥𝑖𝑥𝑗

| ⩽ 𝐾7, |𝑢𝑡| ⩽ 𝐾8. (13)

The estimate (13) for |𝑢𝑥𝑖
| is proved in exactly the same way as Lemma 2, taking

into account (12) and (11). The estimate of |𝑢𝑥𝑖𝑥𝑗
| on 𝑆 may be obtained

analogously to the way the lemma in [4] was proved. Using this result, the
estimate for |𝑢𝑥𝑖𝑥𝑗

| for 𝜌1 ⩽ 𝐾5 is obtained in the same way as in Lemma 4.

We extend the function 𝑢(𝑡, 𝑥) for all 𝑥 and 0 ⩽ 𝑡 ⩽ 𝑇 so that 𝑢, 𝑢𝑥𝑖
, 𝑢𝑡, 𝑢𝑥𝑖𝑥𝑗

do not exceed in absolute value a certain constant 𝐾9. The obtained function
𝑢(𝑡, 𝑥) satisfies in 𝑄 the equation
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𝑛
∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝑎𝑖𝑗(𝑡, 𝑥, 𝑢) 𝜕𝑢
𝜕𝑥𝑗

) − 𝜕𝑢
𝜕𝑡 = 𝑓3,

where |𝑓3| ⩽ 𝐾10. Using the theorem of J. Nash [2], we obtain that in the
cylinder 𝐷

|𝑢(𝑡1, 𝑥1) − 𝑢(𝑡2, 𝑥2)| ⩽ 𝐾12|𝑥1 − 𝑥2|𝛾 + 𝐾11|𝑡1 − 𝑡2|𝛾/4. (14)

Using (14) and the results of [5], we establish, as for the solution of the Cauchy
problem, that 𝑢𝑥𝑖

, 𝑢𝑥𝑖𝑥𝑗
, 𝑢𝑡 are bounded in 𝐷 and satisfy a Hölder condition

with exponent and Hölder constants depending only on 𝐾𝑙. Here we assume
that 𝑢0 ∈ 𝐶3 in 𝐷, 𝑎𝑖𝑗 ∈ 𝐶3+𝛼, 𝑎 ∈ 𝐶2+𝛼 for |𝑢| ⩽ 𝐾1, 0 < 𝛼 ⩽ 1, and the
boundary Γ is given by functions of local coordinates of class 𝐶3.

Theorem 2. Under the indicated assumptions on 𝑎𝑖𝑗, 𝑎, 𝑢0(𝑡, 𝑥), and Γ, there
exists in 𝐷 a unique solution 𝑢(𝑡, 𝑥) of the boundary-value problem (1), (10),
and 𝑢𝑥𝑖

, 𝑢𝑡, 𝑢𝑥𝑖𝑥𝑗
satisfy a Hölder condition in 𝐷.

The proof of this theorem is carried out in exactly the same way as that of
Theorem 1, on the basis of the a priori estimates indicated above for the solution
of problem (1), (10).

3. Approximate solution of the Cauchy problem (1), (2) and the
boundary-value problem (1), (10). Generalized solutions of
these problems. Consider problem (1), (2). Let 𝑢0(𝑥) be bounded
and summable with square in 𝑅{−∞ < 𝑥 < +∞}. We construct the
approximate solution 𝑢𝜏(𝑡, 𝑥), 0 < 𝜏 ⩽ 1, of problem (1), (2) as the
solution of the linear equation

𝜕𝑢
𝜕𝑡 =

𝑛
∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝑎𝑖𝑗(𝑡, 𝑥, 𝑢(𝑡 − 𝜏, 𝑥)) 𝜕𝑢
𝜕𝑥𝑗

) +

+ ̃𝑎(𝑡, 𝑥, 𝑢(𝑡 − 𝜏, 𝑥), 𝑢𝑥(𝑡 − 𝜏, 𝑥))𝑢 + 𝑎(𝑡, 𝑥, 0, 𝑢𝑥(𝑡 − 𝜏)) = 0 (15)

with the condition

𝑢𝜏 = 𝑢0𝜏(𝑥) for − 𝜏 ⩽ 𝑡 ⩽ 0, (16)

where 𝑢0𝜏 are smooth functions, uniformly bounded in 𝑅 with respect to 𝜏 , and
𝑢0𝜏 → 𝑢0(𝑥) in ℒ2(𝑅) as 𝜏 → 0. The solutions 𝑢𝜏(𝑡, 𝑥) are uniformly bounded in
𝑄 by virtue of the maximum principle. The norms of 𝑢𝜏 and 𝜕𝑢𝜏/𝜕𝑥𝑖 in ℒ2(𝑄),
and of 𝑢𝜏 in ℒ2(𝑅) for any 𝑡, are also bounded with respect to 𝜏 . On the basis
of J. Nash’s theorem 2, the family 𝑢𝜏 is equicontinuous for 𝑇 ⩾ 𝑡 ⩾ 𝑡0 > 0.
It is easy to show that the function 𝑢(𝑡, 𝑥) = lim 𝑢𝜏 as 𝜏 → 0 is a generalized
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solution of problem (1), (2) in the following sense: 1) 𝑢(𝑡, 𝑥) is bounded in 𝑄
and has generalized derivatives 𝑢𝑥𝑖

from ℒ2(𝑄); 2) 𝑢(𝑡, 𝑥) satisfies the Hölder
condition for 𝑡 ⩾ 𝑡0 > 0 for any 𝑡0; 3) for every 𝑡0 the integral identity holds

∬
𝑇 ⩾𝑡⩾𝑡0

[𝜕𝐹
𝜕𝑡 𝑢 −

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖
𝐹𝑥𝑗

+ 𝑎𝐹] 𝑑𝑥 𝑑𝑡 + ∫
𝑡=𝑡0

𝐹(𝑡0, 𝑥)𝑢(𝑡0, 𝑥) 𝑑𝑥 = 0

for every smooth finite function 𝐹(𝑡, 𝑥); 4) 𝑢(𝑡, 𝑥) converges in the mean to
𝑢0(𝑥) as 𝑡 → 0.

Theorem 3. The generalized solution 𝑢(𝑡, 𝑥) of problem (1), (2) exists, is
unique, and is the limit of the solutions 𝑢𝜏 of the linear equations (15) with
condition (16).

The uniqueness of the generalized solution 𝑢(𝑡, 𝑥) is proved by a method close
to Holmgren’s method, using the results of paper 6.

It is easy to show that if 𝑢0(𝑥) ⊂ ℒ2(𝑅), then the classical solution of problem
(1), (2) constructed in Theorem 1 is also a generalized solution of this problem.
Similarly, one can define the generalized solution of the boundary-value problem
(1), (10) and prove its existence and uniqueness.

We note that, in exactly the same way as Theorems 1 and 2 were proved, the
Cauchy problem and the boundary-value problem can be solved in the case when
𝑎𝑖𝑗 ≡ 𝑎𝑖𝑗(𝑡, 𝑥, 𝑢, 𝑢𝑥), under certain restrictions on the dependence of 𝑎𝑖𝑗 on 𝑢𝑥,
as well as boundary-value problems for the corresponding quasilinear equations
of elliptic type.
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
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