
Soviet-era science, translated into English

ON A
NONSTATIONARY
PROBLEM OF MAGNE-
TOHYDRODYNAMICS
1961

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196101.11663

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196101.11663


Abstract
Full Text
MATHEMATICAL PHYSICS
D. V. SHARIKADZE

ON A NONSTATIONARY PROBLEM OF
MAGNETOHYDRODYNAMICS
(Presented by Academician N. N. Bogolyubov on 4 II 1961)

In the present work we consider the flow past a flat plate by a nonstationary
stream of a viscous incompressible fluid possessing finite electrical conductivity.
Perpendicular to the plane of the plate there acts an external constant mag-
netic field with induction 𝐵0. The induced magnetic field arising in the fluid is
assumed to be negligibly small in comparison with the external magnetic field.
The equations of magnetohydrodynamics under the boundary-layer assumptions
(according to Rossow (1)) will have the form

𝜕𝑣𝑥
𝜕𝑥 + 𝜕𝑣𝑦

𝜕𝑦 = 0; (1)

𝜈 𝜕2𝑣𝑥
𝜕𝑦2 − 𝜕𝑣𝑥

𝜕𝑡 = 𝑣𝑥
𝜕𝑣𝑥
𝜕𝑥 + 𝑣𝑦

𝜕𝑣𝑥
𝜕𝑦 + 1

𝜌
𝜕𝑝
𝜕𝑥 − 𝜎𝐵2

0
𝜌 𝑣𝑥; (2)

𝛼𝜕2𝑇
𝜕𝑦2 − 𝜕𝑇

𝜕𝑡 = 𝑣𝑥
𝜕𝑇
𝜕𝑥 + 𝑣𝑦

𝜕𝑇
𝜕𝑦 − 𝜈

𝑐𝑝
(𝜕𝑢

𝜕𝑦 )
2

− 𝜎𝐵2
0

𝜌𝑐𝑝
𝑣𝑥 − 1

𝜌𝑐𝑝

𝜕𝑝
𝜕𝑥 − 1

𝜌𝑐𝑝
𝑣𝑥

𝜕𝑝
𝜕𝑥, (3)

where 𝑣𝑥, 𝑣𝑦 are the components of the velocity vector in the boundary layer; 𝐵0
is the magnitude of the external magnetic-induction vector; 𝑝 is the pressure;
𝜌 is the density; 𝜎 is the coefficient of electrical conductivity; 𝑐𝑝 is the heat
capacity at constant pressure; 𝛼 is the coefficient of thermal diffusion; 𝜈 is the
coefficient of viscosity; 𝑇 is the temperature.

We shall assume that the Prandtl number Pr = 𝜈/𝛼 = 1. If we denote 𝐸 =
𝑐𝑝𝑇 + 𝑣2

𝑥/2, then from (2) and (3) we obtain

𝜈 𝜕2𝐸
𝜕𝑦2 − 𝜕𝐸

𝜕𝑡 = 𝑣𝑥
𝜕𝐸
𝜕𝑥 + 𝑣𝑦

𝜕𝐸
𝜕𝑦 − 1

𝜌
𝜕𝑝
𝜕𝑡 . (4)

Thus, the problem consists in determining 𝑣𝑥, 𝑣𝑦, 𝐸 from equations (1), (2), and
(3) under the following initial and boundary conditions:
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𝑣𝑥(𝑥, 𝑦, 0) = 𝑣0
𝑥(𝑥, 𝑦), 𝑣𝑦(𝑥, 𝑦, 0) = 𝑣0

𝑦(𝑥, 𝑦),
𝑣𝑥(𝑥, 0, 𝑡) = 𝑣𝑦(𝑥, 0, 𝑡) = 0, 𝑣𝑥(𝑥, ∞, 𝑡) = 𝑢0(𝑥, 𝑡),

𝐸(𝑥, 𝑦, 0) = 𝐸0(𝑥, 𝑦), 𝐸(𝑥, 0, 𝑡) = 𝐸pl(𝑥, 𝑡), 𝐸(𝑥, ∞, 𝑡) = 𝐸∞(𝑥, 𝑡).
(5)

Here it is understood that outside the boundary layer the motion is potential
with velocity 𝑣𝑥 = 𝑢0(𝑥, 𝑡), and the pressure does not depend on 𝑦 and is
determined from the equation of potential motion. We denote

1
𝜌

𝜕𝑝
𝜕𝑥 = 𝑓(𝑥, 𝑡), 1

𝜌
𝜕𝑝
𝜕𝑡 = 𝑓1(𝑥, 𝑡). (6)

In the stationary case, analogous problems were considered by Rossow (1) and
Scesa (2). In the present work the solution of the problem is reduced to integral
⋯

equations, which are solved by successive approximations. This method can also
be generalized to solutions of problems of magnetic boundary layers of the first
and second kind, considered by V. N. Zhigulev (3). If one introduces the Green’
s function for the heat-conduction equations

𝐺(𝑦, 𝜂, 𝑡) = − 1
2
√

𝜋𝜈𝑡 exp [−(𝑦 − 𝜂)2

4𝜈𝑡 ] + ∫
𝑡

0

exp [− 𝜂2

4𝜈𝜏 − 𝑦2

4𝜈(𝑡−𝜏) ] 𝑦
4𝜋𝜈√𝜏(𝑡 − 𝜏)3 𝑑𝜏, (7)

then the solution of our problem can be reduced to the following functional
equations (4):

𝑣𝑥(𝑥, 𝑦, 𝑡) = 𝑉1(𝑥, 𝑦, 𝑡)+∫
𝑡

0
𝑑𝜏 ∫

∞

0
(𝑣𝑥

𝜕𝑣𝑥
𝜕𝑥 − 𝜕𝑣𝑥

𝜕𝜂 ∫
𝜂

0

𝜕𝑣𝑥
𝜕𝑥 𝑑𝜂 + 𝑣𝑥

𝜎𝐵2
0

𝜌 ) 𝐺(𝑦, 𝜂, 𝑡−𝜏) 𝑑𝜂;
(8)

𝐸(𝑥, 𝑦, 𝑡) = 𝑉2(𝑥, 𝑦, 𝑡) + ∫
𝑡

0
𝑑𝜏 ∫

∞

0
(𝑣𝑥

𝜕𝐸
𝜕𝑥 − 𝜕𝐸

𝜕𝜂 ∫
𝜂

0

𝜕𝑣𝑥
𝜕𝑥 𝑑𝜂) 𝐺(𝑦, 𝜂, 𝑡 − 𝜏) 𝑑𝜂,

(9)

where 𝑉𝑖(𝑥, 𝑦, 𝑡) satisfy the heat-conduction equation

𝜈 𝜕2𝑉𝑖
𝜕𝑦2 − 𝜕𝑉𝑖

𝜕𝑡 = 𝐹𝑖(𝑥, 𝑦, 𝑡), 𝑖 = 1, 2, (10)
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and the boundary conditions (5). In equations (2) and (3) the values

𝑣𝑦 = − ∫
𝑦

0

𝜕𝑣𝑥
𝜕𝑥 𝑑𝑦 (11)

have been substituted from the continuity equation (1).

It can be shown that if 𝑎 ≤ 𝑥 ≤ 𝑏, then for an arbitrary continuous function
Φ(𝑥, 𝑦, 𝑡) the formula

Φ(𝑥, 𝑦, 𝑡) = lim
𝑧→0

1√𝜋𝑧 ∫
𝑏

𝑎
Φ(𝜉, 𝑦, 𝑡)𝑒−(𝑥−𝜉)2/𝑧 𝑑𝜉, (12)

holds when 𝑎 < 𝑥 < 𝑏.

Consider the following functional equations:

𝑢 = 𝛿 ∫
𝑡

0
𝑑𝜏 ∫

∞

0
𝑑𝜂 ∫

𝑏

𝑎
(𝑢𝜕𝑢

𝜕𝜉 − 𝜕𝑢
𝜕𝜂 ∫

𝜂

0

𝜕𝑢
𝜕𝜉 𝑑𝜂 + 𝜎𝐵2

0
𝜌 𝑢) 𝐺(𝑦, 𝜂, 𝑡−𝜏)𝑒−(𝑥−𝜉)2/𝑧 𝑑𝜉√𝜋𝑧 +𝑉1(𝑥, 𝑦, 𝑡);

(13)

ℎ = 𝛿 ∫
𝑡

0
𝑑𝜏 ∫

∞

0
𝑑𝜂 ∫

𝑏

𝑎
(𝑢𝜕ℎ

𝜕𝜉 − 𝜕ℎ
𝜕𝜂 ∫

𝜂

0

𝜕𝑢
𝜕𝜉 𝑑𝜂) 𝐺(𝑦, 𝜂, 𝑡−𝜏)𝑒−(𝑥−𝜉)2/𝑧 𝑑𝜉√𝜋𝑧 +𝑉2(𝑥, 𝑦, 𝑡).

(14)

Using (12), we obtain the solution of our problem (8) and (9) from the solutions
of (13) and (14) for

lim
𝑧→0

𝑢 = 𝑣𝑥, lim
𝑧→0

ℎ = 𝐸, 𝛿 = 1.

Putting 𝜕𝑢/𝜕𝑥 = 𝑣, 𝜕𝑢/𝜕𝑦 = 𝑤, 𝜕ℎ/𝜕𝑥 = 𝜑, 𝜕ℎ/𝜕𝑦 = 𝜓, from (13) and (14)
we obtain

𝑢 = 𝛿 ∫
𝑡

0
𝑑𝜏 ∫

∞

0
𝑑𝜂 ∫

𝑏

𝑎
(𝑢𝑣 − 𝑤 ∫

𝜂

0
𝑣 𝑑𝜂 + 𝜎𝐵2

0
𝜌 𝑢) 𝐺(𝑦, 𝜂, 𝑡−𝜏)𝑒−(𝑥−𝜉)2/𝑧 𝑑𝜉√𝜋𝑧 +𝑉1(𝑥, 𝑦, 𝑡),

𝑣 = 𝛿 ∫
𝑡

0
𝑑𝜏 ∫

∞

0
𝑑𝜂 ∫

𝑏

𝑎
(𝑢𝑣 − 𝑤 ∫

𝜂

0
𝑣 𝑑𝜂 + 𝜎𝐵2

0
𝜌 𝑢) 𝐺(𝑦, 𝜂, 𝑡−𝜏)𝑒−(𝑥−𝜉)2/𝑧 2(𝜉 − 𝑥)√

𝜋𝑧3 𝑑𝜉+𝜕𝑉1
𝜕𝑥 ,
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𝑤 = 𝛿 ∫
𝑡

0
𝑑𝜏 ∫

∞

0
𝑑𝜂 ∫

𝑏

𝑎
(𝑢𝑣 − 𝑤 ∫

𝜂

0
𝑣 𝑑𝜂 + 𝜎𝐵2

0
𝜌 𝑢) 𝜕𝐺

𝜕𝑦 𝑒−(𝑥−𝜉)2/𝑧 𝑑𝜉√𝜋𝑧 + 𝜕𝑉1
𝜕𝑦 ,

ℎ = 𝛿 ∫
𝑡

0
𝑑𝜏 ∫

∞

0
𝑑𝜂 ∫

𝑏

𝑎
(𝑢𝜑 − 𝜓 ∫

𝜂

0
𝑣 𝑑𝜂) 𝐺𝑒−(𝑥−𝜉)2/𝑧 𝑑𝜉√𝜋𝑧 + 𝑉2(𝑥, 𝑦, 𝑡), (15)

𝜑 = 𝛿 ∫
𝑡

0
𝑑𝜏 ∫

∞

0
𝑑𝜂 ∫

𝑏

𝑎
(𝑢𝜑 − 𝜓 ∫

𝜂

0
𝑣 𝑑𝜂) 𝐺𝑒−(𝑥−𝜉)2/𝑧 2(𝜉 − 𝑥)√

𝜋𝑧3 𝑑𝜉 + 𝜕𝑉2
𝜕𝑥 ,

𝜓 = 𝛿 ∫
𝑡

0
𝑑𝜏 ∫

∞

0
𝑑𝜂 ∫

𝑏

𝑎
(𝑢𝜑 − 𝜓 ∫

𝜂

0
𝑣 𝑑𝜂) 𝜕𝐺

𝜕𝑦 𝑒−(𝑥−𝜉)2/𝑧 𝑑𝜉√𝜋𝑧 + 𝜕𝑉2
𝜕𝑦 .

We seek the solution of this system in the form of series

𝑢 =
∞

∑
𝑛=0

𝛿𝑛𝑢𝑛, 𝑣 =
∞

∑
𝑛=0

𝛿𝑛𝑣𝑛, 𝑤 =
∞

∑
𝑛=0

𝛿𝑛𝑤𝑛,

ℎ =
∞

∑
𝑛=0

𝛿𝑛ℎ𝑛, 𝜑 =
∞

∑
𝑛=0

𝛿𝑛𝜑𝑛, 𝜓 =
∞

∑
𝑛=0

𝛿𝑛𝜓𝑛. (16)

Substituting (16) into (15), to determine the terms of the series we obtain the
following recurrence formulas:

𝑢0 = 𝑉1, 𝑣0 = 𝜕𝑉1
𝜕𝑥 , 𝑤0 = 𝜕𝑉1

𝜕𝑦 ,

𝑢𝑛+1 = ∫
𝑡

0
𝑑𝜏 ∫

∞

0
𝑑𝜂 ∫

𝑏

𝑎

𝑛
∑
𝑚=0

(𝑢𝑛−𝑚𝑣𝑚 − 𝑤𝑚 ∫
𝜂

0
𝑣𝑛−𝑚 𝑑𝜂 + 𝜎𝐵2

0
𝜌 𝑢𝑚) 𝐺𝑒−(𝑥−𝜉)2/𝑧 𝑑𝜉√𝜋𝑧 ,

𝑣𝑛+1 = ∫
𝑡

0
𝑑𝜏 ∫

∞

0
𝑑𝜂 ∫

𝑏

𝑎

𝑛
∑
𝑚=0

(𝑢𝑛−𝑚𝑣𝑚 − 𝑤𝑚 ∫
𝜂

0
𝑣𝑛−𝑚 𝑑𝜂 + 𝜎𝐵2

0
𝜌 𝑢𝑚) 𝐺𝑒−(𝑥−𝜉)2/𝑧×

× 2(𝜉 − 𝑥)√
𝜋𝑧3 𝑑𝜉,
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𝑤𝑛+1 = ∫
𝑡

0
𝑑𝜏 ∫

∞

0
𝑑𝜂 ∫

𝑏

𝑎

𝑛
∑
𝑚=0

(𝑢𝑛−𝑚𝑣𝑚 − 𝑤𝑚 ∫
𝜂

0
𝑣𝑛−𝑚 𝑑𝜂 + 𝜎𝐵2

0
𝜌 𝑢𝑚) 𝜕𝐺

𝜕𝑦 𝑒−(𝑥−𝜉)2/𝑧 𝑑𝜉√𝜋𝑧 ,

ℎ𝑛+1 = ∫
𝑡

0
𝑑𝜏 ∫

∞

0
𝑑𝜂 ∫

𝑏

𝑎

𝑛
∑
𝑚=0

(𝑢𝑛−𝑚𝜑𝑚 − 𝜓𝑚 ∫
𝜂

0
𝑣𝑛−𝑚 𝑑𝜂) 𝐺𝑒−(𝑥−𝜉)2/𝑧 𝑑𝜉√𝜋𝑧 ,

𝜑𝑛+1 = ∫
𝑡

0
𝑑𝜏 ∫

∞

0
𝑑𝜂 ∫

𝑏

𝑎

𝑛
∑
𝑚=0

(𝑢𝑛−𝑚𝜑𝑚 − 𝜓𝑚 ∫
𝜂

0
𝑣𝑛−𝑚 𝑑𝜂) 𝐺𝑒−(𝑥−𝜉)2/𝑧 2(𝜉 − 𝑥)√

𝜋𝑧3 𝑑𝜉,

𝜓𝑛+1 = ∫
𝑡

0
𝑑𝜏 ∫

∞

0
𝑑𝜂 ∫

𝑏

𝑎

𝑛
∑
𝑚=0

(𝑢𝑛−𝑚𝜑𝑚 − 𝜓𝑚 ∫
𝜂

0
𝑣𝑛−𝑚 𝑑𝜂) 𝜕𝐺

𝜕𝑦 𝑒−(𝑥−𝜉)2/𝑧 𝑑𝜉√𝜋𝑧 .

To prove the convergence of the series, let us note that the following inequalities
hold (4, 5):

∣∫
𝑡

0
𝑑𝜏 ∫

∞

0
𝐺 𝑑𝜂∣ , ∣∫

𝑡

0
𝑑𝜏 ∫

∞

0

𝜕𝐺
𝜕𝑦 𝑑𝜂∣ , ∣∫

𝑡

0
𝑑𝜏 ∫

∞

0

𝜕𝐺
𝜕𝑦 𝑦 𝑑𝜂∣ < 𝑀

√
𝑡,

∣∫
𝑏

𝑎
𝑒−(𝑥−𝜉)2/𝑧 𝑑𝜉√𝜋𝑧 ∣ , ∣∫

𝑏

𝑎
𝑒−(𝑥−𝜉)2/𝑧 2(𝑥 − 𝜉)√

𝜋𝑧3 𝑑𝜉∣ < 𝑁,

|𝑉1|, ∣𝜕𝑉1
𝜕𝑥 ∣ , ∣𝜕𝑉1

𝜕𝑦 ∣ , ∣𝑦 𝜕𝑉1
𝜕𝑦 ∣ , ∣𝜎𝐵2

0
𝜌 ∣ < 𝐿,

where 𝑀 , 𝑁 , and 𝐿 are constants.

Then

|𝑢𝑛|, |𝑣𝑛|, |𝜔𝑛| < (𝑛 + 2)! 𝑀𝑛𝐿𝑛+1𝑁𝑛𝑡𝑛/2 [Γ(3/2)Γ(1/2)]𝑛−1

Γ(𝑛/2 + 1) ,

where Γ is the gamma function. Hence we obtain a sufficient criterion for the
absolute and uniform convergence of the series for 𝛿 = 1.

In a similar way one can prove the convergence of the series |ℎ𝑛|, |𝜑𝑛|, |𝜓𝑛|.
After finding 𝐸 and 𝑣𝑥, it is easy to determine the temperature distribution in
the boundary layer in the presence of a magnetic field. If there is no magnetic
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field, then 𝐵0 = 0, and we obtain the solution of the problem of ordinary
hydrodynamics (4).
From (8) and (9) one can also obtain the solutions which Rossow (1) obtained
for the case when 𝑣𝑥 = 𝑢(𝑦, 𝑡), 𝑣𝑦 = 𝑣𝑧 = 0, neglecting the pressure gradient.

Tbilisi State University
named after I. V. Stalin

Received
3 II 1961
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196101.11663 Machine Translation

https://sovietrxiv.org/items/ru-196101.11663

	Abstract
	Full Text
	MATHEMATICAL PHYSICS
	D. V. SHARIKADZE

	ON A NONSTATIONARY PROBLEM OF MAGNETOHYDRODYNAMICS
	CITED LITERATURE


