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Abstract

Full Text
MATHEMATICS
L. I. KAMYNIN

ON THE STABILITY OF DIFFERENCE
PARABOLIC EQUATIONS

(Presented by Academician S. L. Sobolev on 16 IX 1960)

This note considers the question of solving, by the method of lines and by the
method of finite differences, the first boundary-value problem for the parabolic
equation

ou 0%u ou ou
Lu= i a(axt)ﬁ — b(m,t)% +c(z,t)u=F (x,t,u%) ; (1)
u(@,0) =p(x), 0<wz<i; (2)
u(0,t) = u(l,t) =0, 0<t<T; (3)

a(z,t) > ay >0, c(z,t) >0,

in the rectangular domain G (0 < z <1, 0 <t < T). The well-known inves-
tigations of Lax and Richtmyer (}2) make it possible to reduce the question
of convergence of the method to the study of the stability of the correspond-
ing differential-difference and finite-difference equations. In this note, certain
energy inequalities for solutions of difference equations are indicated, and with
their help the unconditional stability (in the sense of John (?)) of these equations
is established.

Let, in (1), the functions a, b, ¢, da/dx, and da/dt be continuous in G, and let

|a“ S A17 |b| S A2a ‘C| S A37 |aa/a$| S A4a |aa/at| S A5'
Method of lines. On the set

D,: {(z,t)eG, 0<t<T, x=nh,n=1,2,...,N—1, Nh=1}

consider the differential-difference operator
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ou(z,t)

Ryu(z,t) = 5y

- a(l‘, t)uim@ca t) - b(iL‘, t)ui(xa t) + C(l‘, t)“(‘xa t)a

where the difference quotients with forward and backward step are defined as
usual:

N N
Julf = 2> ut(nh,t),  leld =n>_ ¢*(nh).
n=1 n=1

If the continuous function F'(x,t,y, z) has uniformly bounded derivatives 9F /0y
and 0F /0z in G,

F
87‘ < Bla

oF
— <
5 52| < B, @

then for the solution of the quasilinear differential-difference equation on D),

Ryu(z,t) = F (x,t,u(z,t), uz(x,t)) (5)

with the initial condition

u(z,0) = p(x), r=nh, n=0,1,2,...,N, (6)

and the boundary condition (3), the energy inequality holds

t
Julf + lug 7 < € (Is&II%Jr ||<pi”(2)+/ |F(m,7,0,0)|3d7) :
0

Definition 1 (cf. John [3]). The nonlinear differential-difference equation (5)
is called stable with respect to a given solution u(x,t) of the problem (5),
(6), (3) if, for fixed T and for the chosen solution, there exists a constant B,
independent of h, such that for any ¢,,t (0 < t, <t < T) and h on D), the
inequality

el + oz [7 < B (Jual, + s 7)) - (7)
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holds.
Theorem 1. Let F(z,t,y, z) satisfy (4). Then:

a) the quasilinear differential-difference equation (5) is stable for any solution
of the problem (5), (6), (3);

b) if F has continuous 9?°F/0y?, 0°F /0y 0z, 0*F /022, then there exists a
unique solution of the problem (5), (6), (3);

¢) if u(x,t) is a solution of (1)—(3), and du/dt, du/dx, 8*u/dx* are uniformly
continuous on G, then

lim sup J|u(z,t)—u(x,t;h)| =0, (8)

h=0 (z,t)eD),

where wu(z,t; h) is the solution of the problem (5), (6), (3);

d) if, in ¢), u(z,t) has uniformly continuous 9%u/0t?, d3u/0z®, d*u/dz* on
G, then

sup |u(x,t) —u(z,t;h)| = O(h?). 9)
(z,t)eD,,

Let now F(z,t,y, z) satisfy the growth restriction in y and z
[F(a,t,y,2)] < flz.6) + K ([y| +|2])", (10)
where K > 0 and a > 0 are constants. If ¢(z) and F'(z,t,y, z) are such that

T a—1
20 (a —1)21* (II@II% + ez l3 +/ ||f||?dt> KT <1, (11)
0

then for the solution of the nonlinear differential-difference equation (5), the
energy inequality holds

[ulf + Ju, 7 < P[1— (o= 1) Port2t e k20, 7 (12)

where

T
P =20 (”SD”% + . I3 +/ Ifllfdt> :
0

Theorem 2. If p(z) and F(z,t,y, z) satisfy (12), then the nonlinear differential-
difference equation (5) is stable for any solution of problem (5), (6), (3).
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The finite-difference method. On the grid

Gy {(x,t) G, x=nh, n=1,2,...,N—1, t=mk, m=1,2,..., M}

(I=Nh, T = Mk, k/h? = X is constant) consider the inhomogeneous difference
equation

Ry (z,t) = ui(z,t) — alz, t)ug, (z,t) — b(z, t)ug(z, )+
+e(z, tu(z, t) = f(z,t) (13)

with conditions (6) and

u(0,t) = u(l,t) =0, t=mk, m=0,1,2,...,M. (14)

For the solution of problem (13), (6), (14), for sufficiently small k, the following
energy inequality holds (cf. Lees [4]):

Jul + Juzl? < C, (II@II% +lezlg + k) ||f||§k) , t=mk.

s=1

Definition 2 (cf. John [3]). The linear equation (13) is called stable if, for
the given T, there exists a constant B, independent of h, such that for every
function wv(x,t) satisfying the homogeneous equation (13) (f(x,t) = 0) with
condition (3), for any ty,t (0 <t, <t <T)and h on G}, (k = Ah?), inequality
(7) holds.

Theorem 3.
a) The linear difference equation (13) is unconditionally stable (i.e., for any ratio
of the steps in x and t; A\ = k/h?);

b) on G, there exists a unique solution of problem (13), (6), (14);
c) if u(x,t) is a solution of (1) (F = f(x,t)), (2), (3), and Ou/dt, Ou/ox,

0?u/0z? are uniformly continuous on G, then (9) holds, where D), is
replaced by G}, and u(z,t; h) is the solution of (13), (6), (14);

d) if in c), for u(z,t), there exist and are uniformly continuous on G the
derivatives 02u/0t?, 93u/0z3, 0*u/0z*, then (cf. Lees [4])

sup |u(z,t) —u(x,t;h)| = O(k + h?). (15)
(x,t)€G,

If F(x,t,y,z) satisfies (4), then for the solution of the quasilinear difference
equation on G,
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Ry, (x,t) = F (z,t,u(x,t), uy(z,t)) (16)

with conditions (6) and (14), for sufficiently small k, the following energy in-
equality holds:

s=1

Jul + lluzl? < Cs (le% +lelg + k) IF(x,t,0,0)|§k> :

Theorem 4. Let F(x,t,y, z) satisfy (4).
Then:

a) the quasilinear difference equation (16) is unconditionally stable for any
solution of the problem (16), (6), (13) (in the sense of Definition 1);

b) if F(z,t,y,2) has continuous 0*F/dy?, 0*F /0y 0z, 0*F/0z?, then there
exists a unique solution of the problem (16), (6), (14).

Assertions ¢) and d) of Theorem 1 hold with D,, replaced by G}, and (9) by
(15).

Finally, suppose that F'(z,t,y, z) satisfies (10). If ¢(x) and F(x,t,y, z) are such
that

M a—1
2Cy(a —1)21* (IIwI% +lesld + 5 |f||3nk> KT <1,  (17)

m=1

then for the nonlinear difference equation

Ryu(x,t) = F (z,t,u(x,t — k), ug(x,t —k)) (18)

for sufficiently small k£ the energy inequality holds

1

Julf + lugl? < P[1— (o= 1) P12 K2Co(t — k)]

where

M
P =20, (II@II% +leslg + 5 IIfII%k) :

m=1

Theorem 5. If ¢(z) and F(x,t,y, z) satisfy (17), then the nonlinear difference
equation (18) is unconditionally stable (in the sense of Definition 1) for any
solution of the problem (18), (6), (14).
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Theorems 1-5 are proved by means of the indicated energy inequalities, ob-
tained by applying difference analogues of Gronwall-type lemmas (see (7,%,%)),
the Schauder principle, and the embedding theorems of S. L. Sobolev (°).
(Cy, Cy, Cq are constants depending only on ay, T and A4;, i =1,2,3,4,5.)

All the arguments remain valid also for nonhomogeneous boundary conditions

U(O, t) =1 (t>7 U(l, t) = ’(/)2(15),

if one observes that the substitution

vl t) = ulw,t) = (1= T ) 1) — Tun(t)

reduces the problem (1), (2) to homogeneous boundary conditions (3).

For a hyperbolic equation of the form

@_( t)@_p< ; @%)
oz~ WV T IA\Th Y 50 By

analogous results were obtained by M. Lees (°).
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Note: Figure translations are in progress. See original paper for figures.
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