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Abstract
Full Text

V. Ya. Urm

On Necessary and Sufficient Conditions for the Stability of
Systems of Difference Equations

(Presented by Academician M. V. Keldysh, February 10, 1961)

In the present note we shall indicate necessary and sufficient conditions for the
stability of difference systems of the form

n+1l,k _ 1, nk+l
up R = ag u (1)
i

p,j=1,2,...,m; [ is bounded, with initial data from the class {l,} with norm

400 1/2
||ug||{ > |u;:»k|2} .
k=—o0

To the difference system (1), by means of the Fourier transform, one can asso-
ciate the system

Un(t) = AMt)U°(t), (2)

where t = €%,

We have formulated (!) a theorem on the possibility of reducing a matrix with
analytic elements to triangular form by a similarity transformation with a non-
singular analytic transition matrix. In connection with this theorem, several
remarks should be made.

Remark 1. If at the point s = s, the eigenvalues split into groups, in each
of which they are equal to one another, then in a neighborhood of s = s, the
matrix can be reduced to block-triangular form with the number of blocks equal
to the number of groups of eigenvalues.

Remark 2. When a block-triangular matrix is raised to a power, each block is
raised to the power independently of the others.

Suppose that the eigenvalues of the matrix A(t) satisfy the conditions: |\, <
gy < 1 outside some neighborhood of the point s = 0, while inside it the \; are
analytic functions of the parameter s.
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As we showed (1), the asymptotic behavior of the solution of system (1) will
be determined by the matrix A,(t), whose elements coincide with A(t) inside a
neighborhood of s = 0 and are identically equal to zero outside it.

Let us suppose that in a neighborhood of the point s = 0 we have established a
similarity transformation, as a result of which the system obtained is

U (1) = 4y (HU (1), 3)
where A (t) is a triangular matrix.

Every triangular matrix can be represented in the form D+ N, where D is diag-
onal and N is nilpotent. By induction the following formula can be established:

(D+N)" =D+ NV 4 N® ... 4 N1, (4)
where N®) is the p-th power of the matrix N, whose elements have been mul-
tiplied by certain functions of \;, and k is the order of the matrix N. Let

N = {a;.}, where the a;;, lying on the main diagonal and above it are identi-
cally equal to zero. Then

NW = {aik0ik s N = { Z aipapkéigk} o

i<p<k

where

O = AT/ (X = Xe) + A8/ (A = X)),
Ot = AL/ (A = Ap) (Ai = M) + A0/ (A = M) (dy, = M)+ ()

FAE/ A = A) (A — Ay

We called the system (1) stable if
lupl < K ). (6)
J

We shall now determine the conditions for stability of the difference scheme
generated by system (3), and hence of scheme (1).

Theorem. In order that system (3) generate a stable difference scheme, it is
necessary and sufficient that:
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I. The eigenvalues of the matrix A(t) in a neighborhood of s = 0 satisfy the
inequality |\;] < 1 (we shall assume that at the point s = 0, |A;] = 1 and the
matrix consists of a single cell).

Taking into account that |A;| < 1 and |\;| =1 at s = 0, we obtain

A = exp{ug(s) +iv,(s)} = ozék> + agk)s + oz<2k)s2 Fot s e

2q
In A\, :iZagk)sj—ﬂ;?szq+w, (7)
7=0

where (5, > 0, and the index 2¢ depends on k.

II. The elements of the matrix AO must satisfy the following conditions:

Let A\, and A, be a pair of eigenvalues and

oy =y, oy =y, a; =’

Then:

a) if j < 2q(k), j < 2q(l), the element a;; must have at the point s = 0 a
zero of multiplicity not less than j + 1;

b) if j > 2q(k) = 2¢(l), the element a;; must have at the point s = 0 a zero
of multiplicity not less than 2g¢;

c) if A, = A, and |A\;|,|A| = 1 throughout a neighborhood of s = 0, the
element a;; must be identically equal to zero in a neighborhood of s = 0.

We outline the proof of the theorem.

Sufficiency. In case a), a;; has a zero of multiplicity not less than A\, — A,
whence it is seen that a,;d7; has no singularity, and, by item I, the norm a,;dy;
is bounded.

In case b), for sufficiently small s the inequalities
A, | Ae] > exp(—nbs??), |67 | < nexp(—nbs??),
hold, where b > 0. Hence we have

+e
la o ]? < Kln2/ 5% exp(—nbs?d) ds ~ Koyn~ /24,
—e

We see that the norm [a,0};| does not increase with increasing n.

sovietrxiv.org/items/ru-196101.08088 Machine Translation


https://sovietrxiv.org/items/ru-196101.08088

The sufficiency of item c) is obvious.

The elements of the matrix Ag contain terms of the form

Qi -+ aqm5;(fk,l,..4,q,m' (8)

By induction one can establish that, when conditions of type II are fulfilled for
the elements a;;, ay, ... , a,,,, the norm (8) is also bounded as n — oco.

Necessity. Suppose conditions I and II are not fulfilled; then there exist initial
data such that system (1) proves unstable. Suppose, for example, that in a
neighborhood of s = 0, |A;| > ¢y > 1. Then, choosing the initial data in the
form U) =1, j = k; U} =0, j # k, we obtain |[U}|> > Kyqf — oc. The
necessity of I is proved. Next one can obtain the necessity of conditions II for
the elements a4, ayg, ..., a;_y x; from the stability conditions for these elements
follows the boundedness of the norms of the terms that are added to the elements
13,094, -, A_a 1, after which the necessity of conditions II for these elements

is verified. In this way, successively, we exhaust all elements of the matrix AO.

Take the element a;; and suppose that the condition of type c¢) is not fulfilled.
Then [la, oy | ~ Kyn.

Suppose the condition b) a;; = 27 a}, is not fulfilled; then the estimate holds

+a
lag o332 ~ A / [exp iy, — expruy|2s*-2k12 ds
- 9)

+a
.2 U —U - _
—l—B/ exp n(uy + u;) sin n% sAa=2k1=2 g,
—Q

Estimating the first term, we obtain

ko—1

+a ko—1 2kg
/ [exp nuy,—exp nuy| 25292172 ds ~ Aln%q +Ayn B0 +Agn” 2 4o, (10)
—Q

where k; =j+1, ky > 1.

Estimate the second integral:

+a
V. —V ) 1 _2ka-1
/ exp n(uy, +Uz)Sin2n% s4-20-2 4 ~ B3 + Byn~ 31 4. (11)
—Q

We see that [67,a;,| grows as n7.
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Suppose now that in case a) the element a;; has a zero of multiplicity j and
2q(k) # 2q(1).
Integrating by parts, estimate the first integral of type (10):

+a N N
/ [expnuy, —expuy)?s™2ds ~ Cie™ ™ + Cyn2» + Cyn2i + . (12)

Estimating the second integral of type (11), we obtain

+a
/ expn(uy, + uy) sin® n% s72ds ~ Dni+. (13)

In the case when the system is stable by virtue of items a) and ¢) of the theorem,
this difference system can be reduced to diagonal form.

In the book [2] sufficient conditions for stability are indicated and examples are
given which show that, generally speaking, these conditions cannot be weakened.
However, there exist examples of schemes that remain stable when conditions
[2] are violated.

Let us try to clarify, in the light of the theorem formulated, the causes of such
phenomena.

Example 1.
n+1

— n n n+l _  n
Up' " = Up gy T UL — Vg, v = U (14)

This system corresponds to the matrix

(15)

We see that for s = 0, A\ = Ay = 1; for s = 7, Ay = Ay = —1, i.e., one of
conditions [2] is violated. For stability it is required that a,5 have a zero of at
least the same multiplicity as A\; —\y = 2¢sin s at the points s = 0, s = 7. In the
present case a5 = 1, and the necessary and sufficient conditions are violated.
The order of growth of the solution is determined by the asymptotics of the
integral:

+T .2
1 sin” ns

1
5 s dSNAn—i—B—&—o(ﬁ) . (16)

Example 2.
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1 1
uptt = 3 (ujpsq +ujig) + 3 (Vi — Y1) s

n+1 -

1 1
Uy = 5 (UZH —up )+ B (”Zﬂ +op ). (17)

The matrix A(t) has the form

) t 0
RN "

The situation is similar to Example 1; however, at the points s = 0, s = m,
a5 = isin s satisfies the stability conditions.
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