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AN ITERATIVE METHOD FOR SOLVING A
LINEAR PROGRAMMING PROBLEM

(Presented by Academician V. I. Smirnov, 28 XI 1960)

Let R, be an n-dimensional Euclidean space consisting of vectors h =
(h<1>, A h<")). We formulate the linear programming problem as follows.
A system of linear inequalities is given

n
Zay)h(j) > pu’), 1=1,2,...,m;
j=1

R >0, j=1,2,..,n, (1)
where ag-i)7p(i> are given numbers. In addition, a vector ¢ € R,, is given. The
system (1) defines a closed convex set @@ C R,,. It is required to find a vector
hy € @ such that (¢, hy) < (¢, h) for all h € Q. We shall call this problem
problem 1.

In addition to it, we pose another problem II: find a vector h, € @ such that
(¢ +0Bhgy,h,) < (¢c+ oBh,,h) for all h € Q). Here B is a given matrix and

o) g

o > 0 is a number.

The proposed method for solving problem I consists in replacing it by problem
IT for some small o and a specially chosen matrix B. To solve the latter problem
an iterative process is constructed.

Lemma. If ' is a nonempty, bounded, convex, closed set in R,,, and F is a
continuous operation from @’ into R,,, then there exists a vector h’ € @’ such
that (Fh/,h') < (FRh',h) for all h € Q’.

The proof of this assertion can be obtained by slightly modifying the arguments
in Theorem 3 of (3).

Theorem 1. If there exists a vector h solving problem I, and the matrix B is
positive definite: (Bh,h) > ~v|h|?, then for any o > 0 there exists a vector h,,
solving problem II, and moreover

|Bl
7ol < = lol
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Proof. Adjoin to (1) the inequality

Y W< THBH “Nhol + 1.

J=1

The system of inequalities thus obtained defines a domain @’. By the lemma,
there is a vector h, € @’ such that (¢ + oBh,,h,) < (c + cBh,,h) for all

o o

h € Q. Since hy € Q’, we have (¢ + oBh,, h,) < (¢ + cBh,, hy). Taking into

account that (c, hy) < (c, h,), we obtain ov|/h,|> < o(Bh,,h,) < o(Bh,, hy) <
ol Bl sl Aol

1Bl

Ihall < =Rl (2)

We shall show that h, solves problem II. If h € @', then, by the construction
of h,, we have (¢ + oBh,,h,) < (c+ 0Bh,,h). Let h € @\ Q'. From (2) we
obtain

J

; B
S < vl < v 2L gl
Consequently,

A=S"h0-3"hd > 1.
7 J

Put A\=1:Aand " = Ah+(1—A)h,. It is not hard to verify that A" € Q’, and
consequently (¢ + oBh,,h,) < (¢ + oBh,,h"). Substituting in place of A’ its
expression, we obtain (¢c+oBh,,h,) < (¢c+oBh,,h). This proves the theorem.

(o) o

Corollary. Since the vector h, solves the problem of minimizing the functional
L(h) = (¢ + oBh,,h), it follows from (1,2), under the conditions of Theorem 1,

that there exists a vector v, = (v(gl), vf), ,v?,"”) such that

Zag%ﬁf) <)+ J(Bh0)<j), if h,(;j) =0;
i=1

Sy = ¢ 4 o(Bh,), it b > 0; 3)
i=1
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v(@ =0, if Zagﬂhfyj) > plo),
j=1

Theorem 2. The following assertions are valid:

a) the solution of problem II is unique;

b) for ¢ > 0, h, depends continuously on o;

c) if o < o/, then (¢, h,) < (¢, hy);

d) there exists o > 0 such that for o < g, the vector h, is a solution of problem
L

We omit the proof.

Denote a; = (a(;),af), ,a‘(jm)), p = (pM,p?, ..., p™), and assume that all
a; #+0,j5=1,2,....,n. As B take the triangular matrix in which zeros stand

above the main diagonal, and the (u,v)-th element (v < p) is equal to (a,,a,).
For this matrix (Bh, h) > v[h|?, where 2y = min [a,|?.

From the first two relations (3) we find

(Ua,j—h aj) —c
hy = ola|? ’

07 lf (,Ua',jflvaj) < C(j>7

if (/UO',j717 a’j) > C(j>a

where

J—1
Vg jo1 = Uy — O'Z hf,l')al,.
v=1
Put v, = v, , + op. From (1) and the last two relations (3) we conclude that
S0 Uaa’(i), if vga’(i) > 0;
’ 0, if v,a’" < 0.

We now construct the following iterative process:

I. Vo = Vg

(’Uk,j—l, aj) —cld
I A = ofla;[?
0, if (vg;1,0;) < cl);

\V4

) if (Uk,jflv a“j) = C(j)v

(4)

— ()
Vi = Vg j1 — Ohy a;.
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ITI.

Iv.
NOR U’S?, if U’Sj) >0,
M0, it <o.
V.
1 2 m 1 2 n
(vl vt uitt) = vk, (B ) =
Put
AW _ . 2h(j) _ ) ) (7). AW — . 2h<j) _ ] ()
o O'HCL]H o (UO',]—17 a]) + k U||a]|| k (Uk,]—lv a’) + .
From (4) and (4") we conclude that

nd (47)
() j
A7 20, A7 >0,
hgﬁAgj) = hgj)Agj) = 0. Consequently,
(h9 — ) (A9 — AD) = — (ADAY + AVAD) <0,
Next,
Moy, ; — vy I = vk o1 — Vo ;1 — Jhg)aj + ghf,ﬁaj”?
. e 2
= [or 1 = Vool = 2l ? (B = 1Y)
420 (W) WP (A — A9

2

Denoting 7 = o min ||, we obtain

. W 2
lok; = vosl2 < Ivgj1 = vy 1P =7 (R — 0

Adding these inequalities for j = 1,2, ..., n, we obtain

”Uk,n - ’UU,nHQ < Hvk,O - UU,O”2 - T”hk - h‘aHQ'

Next,
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I?
o,n

Applying the obtained inequality for smaller k, we obtain

k
[ok1 = val® < llvg = w12 = 7Y [y, — ho*.
v=0

Since 7 > 0, it follows from this that h, — h, as v — o0.

Thus, we have shown that the proposed iterative process gives, in the limit, the
solution of problem II, which in turn approximates problem I, as follows from
Theorems 1 and 2. It can be shown that the sequence {v,} also converges to
some vector v, satisfying a system of inequalities analogous to (3).
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