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Abstract

Full Text
MATHEMATICS
S. I. POKHOZHAEV

ON A BOUNDARY-VALUE PROBLEM FOR
THE EQUATION AU = U?

(Presented by Academician M. A. Lavrent ev, January 5, 1961)

In the present note we consider the boundary-value problem

AU =U? Ul =¢(s) (1)

for twice continuously differentiable real functions U(z,y) in a bounded domain
G with boundary T', under continuous boundary values ¢(s).

First, the existence of a nontrivial solution of problem (1) is established for the
case of zero boundary values. Then a theorem is proved on the existence of two
distinct solutions of the boundary-value problem (1) under certain conditions on
the function ¢(s). Further, the boundary-value problem (1) is investigated for
the case of nonpositive values of the function ¢(s). In this case some sufficient
conditions for the existence or nonexistence of solutions of the boundary-value
problem (1) are indicated.

Let K(P,Q) be the Green’ s function of the operator L(U) = AU — qU, where
the function ¢(x,y) has continuous first-order derivatives; P and @ are points
of the domain GG, and suppose that the equation

w@ﬁ=§éKGumwQMQ

has only positive eigenvalues.

Theorem 1. There exists a p such that the integral equation

uwmzémn@W@MQ 2)

has a nontrivial solution.

Proof. Consider the auxiliary variational problem: to find the greatest value
of the functional
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under the condition

1 o0
H(xl?mm ey Ty ) = 52)‘193?% — 027
1

where ¢, (Q) and A, are, respectively, the orthonormal eigenfunctions and eigen-
values of the kernel K(P,Q). From the theorems of M. Vainberg (?) on the
properties of quadratic integral forms in the spaces L, (¢ < 2), it follows that
the functional F is defined on the manifold H = ¢? and is bounded in absolute
value.

To prove the existence of a solution of this variational problem we apply the
Ritz method.

The maximizing sequence of elements X (") = (x(ln), xgn), ,x;n)) is found from
the condition that the functional F, defined by the equality

no

F, (zq,29,...,2,) = F(x,29,...,2,,0,...)

attains at the point X(®) its maximum d,, under the condition

)= H(zy,79,...,7,,0,..) = c%

) n’ v

Hn(xtha vy Ty

The coordinates of the point X(™ satisfy the system of equations

2
oA = / (Zx%k(@)) 0:(Q) dQ, (3)
G 1
where

3

‘LLHZTCQ n*

By a known device, from the sequence of elements

X0 = (VA Vg A

one extracts a subsequence {X ")} weakly convergent in I,, such that for every
1
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\/)Tixin’“) — \/)Tixgo) as k — oo.

Applying the theorems of Vainberg (?), from system (3) we obtain the system
of equations

2
pral) = / (Zx;%k(@)) 0,(Q) dQ;
G 1

the element X(© = (x(10>,:1:<20>, ,x%) ),...) also solves the original variational
problem. For the quantity p the inequality

\/5 (\/50)3/2

C
32 lellps < p < T3 HK”LE‘/Q(GXG)'
1

In obtaining the lower bound for p it was assumed that ¢, (P) > 0. This is
ensured if ¢(z,y) > 0, or if |¢(z,y)| is sufficiently small.

The sequence of functions

Vo(P) = 20, (P)

converges uniformly in the domain G to the function V(P). The function V(P)
is not identically zero and satisfies equation (2).

1
Remark. The function U(P) = —V(P) is not identically zero and satisfies the
w

equation

U(P) = /G K(P,Q)U(Q)dQ.

Theorem 2. The boundary-value problem (1) with ¢ = 0 has a nontrivial
solution.

Proof. Tt suffices to set the function ¢(z,y) equal to zero and use the remark
to Theorem 1.

Let K,(P,Q) be the Green’ s function of the Laplace operator for the domain
G. Denote

ma /G Ky(P.Q)dQ = K,.  max|p(s)| = B.
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Theorem 3. If the function ¢(s) satisfies one of the conditions:
a) ¢(s) = 0; b) 4BK; < 1, then the boundary-value problem (1) has two distinct
solutions.

Proof. The existence of the first solution Uy(P), nonpositive in case a) and
small in the sense that

1 - /1—4BK
Us(P)] € ———

2K, ’

in case b), was proved in papers (3,*). Put now U(P) = Uy(P) + W(P). Then
the function W (P) satisfies the following conditions:

AW —2U,W =W?2, W], =0. (4)

Let us use Theorem 1. Take as the function ¢(z,y)

q(z,y) = 2Uy(z, y).

In case a) the function g(x, y) is nonpositive, and in case b) the function ¢(z, y) is
sufficiently small in absolute value, so that all eigenvalues of the kernel K (P, Q)
are positive and the first eigenfunction ¢, (P) > 0.

By virtue of the remark to Theorem 1, there exists a nontrivial function W (P)
satisfying conditions (4).

Let us pass to the study of the boundary-value problem (1) in the case of
nonpositive values of the function ¢(s).

Lemma. There exists a constant C, such that the boundary-value problem for
the disk r < R

AV=V2 V(R =C (5)

has a solution if C' > C,/R?, and has no solution if C < C,/R2.

This fact follows from the study of the family of solutions of the boundary-value
problem (5) depending only on r. A numerical solution of the corresponding
ordinary differential equation gives for the value C, the approximate value C, =
—1.40.

From Theorem 2 it follows that in the closed domain G there exists a solution
V (P) of the equation AV = V2, taking on the boundary I' negative values (s).

Theorem 4. If the function ¢(s) is such that

sovietrxiv.org/items/ru-196101.06838 Machine Translation


https://sovietrxiv.org/items/ru-196101.06838

then a solution of the boundary-value problem (1) exists.

Proof. Consider the following method of successive approximations:

AUk:Ulg—l’ Uelp = w(s) (k=1,2,...),

where Uy(z,y) is the harmonic function corresponding to the boundary values
o(s).

We shall show that the sequence of functions U}, is a monotone sequence. Indeed,
for the functions U, (z,y) and Uy(z,y) the inequality

Ul(x7 y) < U0<J}, y)v
holds, since
AU, —U,y) =U5 >0, Uy = Up|p = 0.
Similarly, by induction we obtain the inequalities

Up(z,y) <Upq(z,y)  (F=1,2,..)

The sequence {U,} is bounded below. Indeed, for the function U, (x,y) we have

AV =U)=V2—U2>0, V—U,| =uv(s)—p(s) <0

therefore, everywhere in the domain G the inequality

V(I,y) < Ul(‘ra y)

holds. It is also not difficult to see that
Viz,y) <Uplz,y)  (k=1,2,..).
Writing the integral equation for the limiting function U(z,y),
U('I’ y) = lim Uk:(xa y>7
k—o0

we obtain that the function U(x,y) solves the boundary-value problem (1).

Corollary. The boundary-value problem (1) has a solution if
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.
72 S Ps) <0,

where R is the radius of a disk containing the domain G, and C, is the quantity
defined in the lemma.

Proof. By the lemma, for a disk of radius R there exists a solution of the
boundary-value problem

C

*

AV=V2  V(R)= .

This solution V(P) assumes on the boundary I' of the domain G values ¥ (s),
which, by the subharmonicity of the function V(P), satisfy the inequality

Ws) < 75

Theorem 5. The boundary-value problem (1) has no solution if

8) < —=,
where R is the radius of a disk contained in the domain G, and C, is the
quantity defined in the lemma.

Proof. Suppose the contrary. Then in the domain G there exists a solution
of the boundary-value problem (1), which on the boundary T, of the disk of
radius R, assumes values ¢(s) < ¢(s). Put maxp ¢(s) = A and consider the
following boundary-value problem:

AV =V?2 V(R,) = A.
Since 1(s) < A < 0, a solution of this boundary-value problem depending only
on r exists by Theorem 4. But this contradicts the lemma, since A < C,/R2.

In conclusion, I express my gratitude to L. V. Ovsyannikov for discussion of the
work.
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