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Abstract
Full Text
MATHEMATICS

D. P. ZHELOBENKO

DESCRIPTION OF ALL IRREDUCIBLE REP-
RESENTATIONS OF AN ARBITRARY CON-
NECTED LIE GROUP
(Presented by Academician P. S. Aleksandrov on 11 IV 1961)

I. In the theory of infinite-dimensional representations of Lie groups, the con-
struction of“induced”representations, introduced in the well-known works of I.
M. Gelfand and M. A. Naimark, is widely used; this construction is a convenient
model of a representation whose operators are determined by an explicit formula
in a certain class of functions on a homogeneous manifold. At the same time, in
the theory of finite-dimensional representations there still remains a gap: thus,
for a semisimple Lie group only the classification of all irreducible representa-
tions is known (2), but, as a rule, an effective construction in the form of a
model is not known. More precisely, by analogy with the infinite-dimensional
case it is easy to write down a formal expression for the representation operators;
the difficulty lies in describing the corresponding class of functions in which the
representation is realized.

In the present paper a complete solution of the problem is given for an arbi-
trary connected Lie group (a description of all finite-dimensional irreducible
representations); the exposition is carried out for the most meaningful case of
a semisimple complex Lie group, and subsequently it is indicated how to re-
duce to this case the solution of the problem in the general form. Along the
way, for the group “as a whole,”É. Cartan’s infinitesimal result is repeated:
a description of the system of invariants (“highest weight”) characterizing an
irreducible representation of a semisimple Lie group up to equivalence; the use
of the notion of simple roots (3) makes it possible to propose for this purpose
a unified method of classification, without recourse to the special structure of
one or another simple Lie algebra.

In view of the existence of“Jordan cells,”one may consider that the description
of all irreducible representations is only the first step in the study of all possible
linear representations; however, if the group under study is semisimple, then
for its representations, according to Weyl’s theorem, the property of complete
reducibility holds, and knowledge of all irreducible representations in principle
makes it possible to describe any linear representation of this group. The results
obtained have applications in the “spectral analysis”of linear representations
(5), and also in the study of the structure of the Lie group itself.
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II. General scheme of the theory “as a whole”and the main results.

1. For every connected semisimple complex Lie group there is established a
“Gauss decomposition”:

𝐺 = 𝑍𝐷𝑍, 𝑍 ∩ 𝐷𝑍 = 𝐷 ∩ 𝑍 = {𝑒}

(the bar denotes closure), where 𝐷 is a connected abelian group (a Cartan sub-
group of the group 𝐺), and the“root”subgroups 𝑍 and 𝑍 are simply connected
and nilpotent; the sets 𝑍𝐷 and 𝐷𝑍 are maximal connected (solvable)

* A similar method of classification“as a whole”was first applied by R. Godement
(4) for classical Lie groups.

subgroups in 𝐺; any two decompositions of this type are conjugate with respect
to an automorphism of the group 𝐺. The infinitesimal analogue of this theorem
is well known from the theory of Killing—Cartan; the idea of the integration
consists in using the remarkable property of the algebraicity of a simply con-
nected complex Lie group Λ (6)*. For definiteness we shall assume that the Lie
algebra of the group 𝑍 is spanned by the root vectors 𝑒𝛼 with positive roots 𝛼.

2. Every irreducible representation of the group 𝐺 is induced by some char-
acter 𝛼(𝛿) of the subgroup 𝐷:

𝑇𝑔𝑓(𝑧) = 𝛼(𝑧, 𝑔)𝑓(𝑧 ⋅ 𝑔),

where 𝛼( ̃𝑧, ̃𝑔) is the value of the character 𝛼 on the element ̃𝛿 in the Gauss
decomposition: 𝑧𝑔 = ̃𝛿 ̃𝑧 and 𝑧 ⋅ 𝑔 = ̃𝑧; the linear space ℜ𝛼(𝑍), in which 𝑇𝑔 acts,
consists of polynomials in the canonical parameters in the group 𝑍 (recall that
in the case of a simply connected nilpotent Lie group the canonical mapping of
the algebra into the group is a mapping onto the group as a whole).

3. If 𝐺 is simply connected, then its Cartan subgroup 𝐷 is a direct product:

𝐷 = 𝐷1𝐷2 … 𝐷𝑟,

where 𝐷𝑖 is a one-parameter subgroup whose directing vector is one of the simple
roots of the Lie algebra of the group 𝐺.

4. Normalizing the canonical parameters 𝑢𝑖 in the subgroups 𝐷𝑖 by the con-
dition 0 ≤ Im𝑢𝑖 < 2𝜋, we write an arbitrary character of the group 𝐷 in
the form

𝛼(𝛿) = 𝑒𝑙1𝑢1+𝑙2𝑢2+⋯+𝑙𝑟𝑢𝑟;

the character 𝛼(𝛿) is “inductive”with respect to the group 𝐺 if and only if all
the exponents 𝑙𝑖 are nonnegative integers. The corresponding representation 𝔇
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is the “Young product”𝔇 𝑙1
1 𝔇 𝑙2

2 … 𝔇 𝑙𝑟𝑟 of the basic representations 𝔇𝑖 of the
group 𝐺; the simply-connectedness condition is easily discarded.

5. Define the infinitesimal left-shift operators on the group 𝑍 as elements
of a complex-analytic representation 𝑥 ↦ 𝔇(𝑥) of the Lie algebra of the
group 𝑍, and denote by 𝔇𝑖 = 𝔇(𝑒𝛼𝑖

) the operator generated by the root
vector 𝑒𝛼𝑖

, where 𝛼𝑖 is one of the simple (positive) roots. The main result:

The space ℜ𝛼(𝑍) consists of all solutions of the system of differential equations:

𝔇 𝑙𝑖+1
𝑖 𝑓(𝑧) = 0, 𝑖 = 1, 2, … , 𝑟,

in the class of complex-analytic functions on the group 𝑍.

If one is dealing with real representations of the group 𝐺, then the system of
operators 𝔇𝑖 is supplemented by the system of complex-conjugate operators 𝔇𝑖
(the antianalytic representation of the left shift), and the space ℜ𝛼(𝑍) is the
analogous null-space in the class of “all”functions on the group 𝑍 (meaning:
functions for which Lie differentiation is defined, for example, in the class of
all generalized functions on 𝑍); elements of the space ℜ𝛼(𝑍) are automatically
polynomials of degree not exceeding a fixed one.

6. As a consequence, for each simple complex algebra 𝐿 the class 𝑜(𝐿) of
all connected Lie groups having 𝐿 as their Lie algebra is described; more
precisely, the center of the universal covering group from the class 𝑜(𝐿) is
described.

* An analogous theorem holds for a real group 𝐺; in this case 𝐷 is a direct
product of a compact and a vector group.

The result can also be formulated in terms of the Poincaré group: call the square
matrix 𝔖 with (integer) entries

𝔰𝛼𝛽 = 2(𝛼, 𝛽)
(𝛼, 𝛼) ,

where 𝛼 and 𝛽 run through the system of all simple roots, the structure matrix
of the semisimple algebra 𝐿. Then the order of the Poincaré group for any
semisimple complex group 𝐺 ∈ 𝑜(𝐿) does not exceed det𝔖 and attains this
value for the “adjoint”group 𝐺0 ∈ 𝑜(𝐿)*; if the group 𝐺 is simple, then its
Poincaré group is cyclic, with the exception of the adjoint group with algebra
Lie𝐷2𝑚, 𝑚 = 1, 2, … (in the latter case the Poincaré group is always the direct
product of two cyclic groups of order two).

We give the values of det𝔖 and the number 𝑁(𝑐) of distinct locally isomorphic
groups in the class 𝑜(𝐿) for all simple algebras 𝐿:
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Algebra 𝐴𝑛 𝐵𝑛 𝐶𝑛

𝐷𝑛
(𝑛 ≥

3) 𝐸6 𝐸7 𝐸8 𝐹4 𝐺2

det𝔖 𝑛 + 1 2 2 4 3 2 1 1 1
𝑁(𝑜) 𝑐 (𝑛 +

1)
2 2 4 3 2 1 1 1

𝑐(𝑝) denotes the number of distinct divisors of the integer 𝑝, including 𝑝 and
1; in particular, from this follows the simple connectedness of the special linear
groups constructed by É. Cartan in (1).

7. Representations of a semisimple real Lie group are obtained by “analytic
continuation.”Finally, for an arbitrary connected Lie group it turns out
that every irreducible representation differs only by a simultaneous multi-
plier from an irreducible representation of the (semisimple) factor group
by the radical; hence, in particular, follows a generalization of H. Weyl’s
theorem: a representation of a connected Lie group is completely reducible
if and only if its restriction to the radical is completely reducible. In the
case of a complex group, an irreducible representation receives a transpar-
ent geometric characterization by means of the concept of an “extremal
direction,”or vector of “highest weight”(see (5), theorem 1).

III. Example 1. 𝐺 = 𝑆𝐿(3, 𝐶). The Gauss decomposition is the usual de-
composition of a matrix into triangular factors; we shall assume that 𝐷
consists of the diagonal elements of 𝐺, and 𝑍′ and 𝑍, respectively, of all
“lower”and all“upper”triangular matrices with ones on the main diagonal,
for example:

𝑧 = ⎛⎜
⎝

1 𝑧12 𝑧13
0 1 𝑧23
0 0 1

⎞⎟
⎠

.

The complex-analytic character 𝑎(𝛿) can be represented in the form Δ𝑙1
1 Δ𝑙2

2 ,
where Δ1 = 𝛿1, Δ2 = 𝛿1𝛿2 are the minors of the matrix

𝛿 = ⎛⎜
⎝

𝛿1 0 0
0 𝛿2 0
0 0 𝛿3

⎞⎟
⎠

, 𝛿1𝛿2𝛿3 = 1;

the system {𝑙1, 𝑙2} determines an irreducible representation of the group 𝐺 only
in the case when 𝑙1 and 𝑙2 are nonnegative integers; the corresponding space of
the induced representation is singled out by the system of equations 𝒟 𝑙𝑖+1

𝑖 𝑓(𝑧) =
0, 𝑖 = 1, 2, where

sovietrxiv.org/items/ru-196101.05120 Machine Translation

https://sovietrxiv.org/items/ru-196101.05120


𝒟1 = 𝜕
𝜕𝑧12

+ 𝑧23
𝜕

𝜕𝑧13
, 𝒟2 = 𝜕

𝜕𝑧23
.

* That is, for the group of all automorphisms of the algebra 𝐿.
and consists of polynomials in the variables 𝑧12, 𝑧13, 𝑧23. The generalization to
matrices of 𝑛-th order is obvious.

Example 2. 𝐺 = 𝑆𝑂(2𝜈+1, 𝐶). The matrices from 𝑍 and 𝑍 become triangular
for a certain choice of basis—when the scalar product is written in the form

(𝑥, 𝑦) = 𝑥1𝑦𝑛 + 𝑥2𝑦𝑛−1 + ⋯ + 𝑥𝑛𝑦1;

the irreducible representations are constructed quite analogously; in particular,

𝑎(𝑧, 𝑔) = Δ𝑟1
1 (𝑧𝑔) … Δ𝑟𝜈𝜈 (𝑧𝑔),

where Δ𝑖(𝑔) denotes the principal minor of the matrix 𝑔 ∈ 𝐺, formed from the
first 𝑖 rows and the first 𝑖 columns; however the minor Δ𝜈(𝑧𝑔) turns out to be
reducible in the class of polynomials in the variable 𝑧: Δ𝜈(𝑧, 𝑔) = |𝑆(𝑧, 𝑔)|2, and,
accordingly, the parameter 𝑟𝜈 may be a half-integer (the series of double-valued
representations of the group 𝐺); in the same way, for the group 𝐺 = 𝑆𝑂(2𝜈, 𝐶),
spinors of the first and second kind arise.

The finite-dimensionality of the space ℜ𝜆(𝑍) follows from a general theorem
valid for an arbitrary nilpotent Lie group, and is explained by the fact that the
“simple”root vectors 𝑒𝛼 constitute a system of generators in the Lie algebra of
the group 𝑍.

To formulate this theorem, introduce“normal”coordinates in a connected nilpo-
tent group 𝐺 by means of the well-known decomposition

𝐺 = 𝐻1𝐻2 … 𝐻𝑚

into a product of one-parameter connected subgroups 𝐻𝑖, each of which is iso-
morphic to either the circle or the line. 𝐺 is simply connected if and only if
all the 𝐻𝑖 are simply connected; in the latter case one can also use canonical
coordinates in the group 𝐺, which are related to the normal ones recursively
and polynomially.

Let {𝑒𝛼} be a system of generators in the Lie algebra of the group 𝐺, and
let 𝒟𝛼 = 𝒟(𝑒𝛼) be their images in the left regular representation on 𝐺; then
the space ℜ𝑙(𝐺), defined as the set of all solutions of the system of differential
equations

𝒟 𝑙𝛼+1
𝛼 𝑓(𝑔) = 0,
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with nonnegative integers 𝑙𝛼, is finite-dimensional and consists of polynomials
in the normal parameters in the group 𝐺.

Moscow State University
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