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PLANE MAGNETIC FIELD

(Presented by Academician N. N. Bogolyubov, 4 II 1961)

In studying the flow of an electrically conducting medium between solid bound-
aries, it was assumed that all parameters characterizing the flow of the medium
are unchanged in the direction of the flow (1,2). As was shown in (3,%), one
can find such plane magnetic fields of the form H = [a(y) — bx]i+ (by + by)j, for
which motion of the medium is possible with velocity v, = u(y), v, = v, = 0. In
this case a new exact solution of the equations of magnetohydrodynamics was
obtained: by Lin—on the basis of formal requirements on the structure of the vec-
tors v, H, Vp’, and by Regirer—for the steady flow of a viscous incompressible
conducting medium.

In the present work, such magnetic fields are sought for which the following
are possible: 1) unsteady flows of a compressible conducting medium; 2) steady
flow of a compressible conducting medium; 3) unsteady flows of a viscous in-
compressible conducting medium; 4) unsteady flow of a viscous compressible
conducting medium.

In the third case, for steady flow, Regirer’ s results are obtained. Analogously
to (3,%), the solutions obtained will be new exact solutions of magnetohydrody-
namics.

The equations of magnetohydrodynamics, when the flow of a medium with
density p = p(x,y,t) occurs along the Oz axis with velocity v, = u(y,t),
v, = v, = 0, and in the presence of an as yet undetermined plane magnetic
field with components H_(z,y,t), H,(x,y,t), will have the form:
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where p’ = p + h?/2 is the total pressure of the medium; A\ = ¢?/4no is the
magnetic viscosity; h = H/v/4m.

Introducing the vector potential A and substituting into (1)—(6) the values
h, = 0A/0y, h, = —0A/0x, after simple transformations we obtain

dp op
0A 0A
E%—u% = AA+ E(t); (8)

0,00 _DibAA) ot o
oy\"ot) = Diay) oy
where E(t) is proportional to the z-component of the electric-field vector and,

in the general case, is different from zero; in what follows we shall regard it as
given; D(AA, A)/D(z,y) is the Jacobian.

1. If the medium is inviscid, then = 0, and from (7) we immediately obtain
that the density is an arbitrary function p = F(z), where

t
z:ac—/ u(y, ) dr.

0

t
p=az=a«a (m—/ u(y,t) dT) , o = const,
0

from (9), after differentiating with respect to x and taking into account
that du/0x = 0, we shall have

Putting

?u 0 D(AA,A)
Yoyot ~ oz D(z,y) (10)

and since the left-hand side of (10) does not depend on x, then
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and from (8)

0 (\AA-04/t+ B _,
Ox 0A/ox -

For the determination of A two equations have been obtained, which are satisfied
by the value

A= _-x@(yvﬂ +f(y7t>7 (11)

where ¢ and f are determined from a joint system of two equations.

Apparently there are no other solutions for A, since only (11) ensures the in-
dependence of the coefficients of the expressions (10) from x when the value of
AA from (8) is substituted.

Substituting (11) into (10), we obtain equations for determining u, ¢, f:
0%u 0%p 0y 03¢

SR et P 12
Mayal ~ a2 oy Coy (12)

Oy 0%p o

ot o Y (13)
of *f
E—)\a—y2 =up + E(t). (14)

Solving the boundary-value problem for the heat-conduction equation, we can
find ¢ from (13), and then v and f. h is determined from

0A dp Of 0A
r oz w@y + oy’ 4 Ox w(y:1)
2. For the steady flow of a compressible medium, the following equa-
tions are obtained:

WA a4 E,
ox
D(AA,A) _0
D(z,y) '
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Hence

A=zp(y)+ f(y),

and we obtain the solutions ¢, f,u in the form

p=ay+b,

¢

f=3y*+my+n,
Ae+ FE
u=—-7>,
ay +b

where a, b, c, m,n are constants.
3. In the case of nonstationary flow of a viscous conducting fluid with

p = const, introducing h = H/\/4mp, from (7)—(9) we obtain

A 94
S FuGe = AAA+ E(); (15)

Pu _ DAAA) D
oyot  D(x,y) oy3’

Taking into account that du/dxz = 0, from (15) and (16) we have

8 [AAA—09A/Ot + E(t)

oz 0A/0x =0,
9 D(AAA)
dr D(x,y)

Hence for A and ¢ we obtain the expressions

A=—zp(y) + f(y,1),

p=ay+b,

and f and u satisfy the equations
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4. For a viscous compressible conducting medium, from (7)—(9) we
have

dp 82<p_

o a0
of 0%f
R N E
5t )\ayZ wp + E(t),

o (Ou n O*u\ 1 (*0dp e
N Oy? Oy ¢8y3 '

ay\ot xady?)  da

Developing analogous methods used in papers (5, 6), the solution of nonsta-
tionary problems can be reduced to integral equations solvable by successive
approximations. In some cases, with the aid of operational calculus, solutions
can be obtained in a more compact form.
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