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Abstract
Full Text

MATHEMATICAL PHYSICS
F. A. BEREZIN

CANONICAL TRANSFORMATIONS OF OP-
ERATORS IN THE SECOND-QUANTIZATION
REPRESENTATION
(Presented by Academician I. G. Petrovskii, 26 X 1960)

1. Let ̂𝑐(𝜉), ̂𝑐∗(𝜉) be operators acting in a Hilbert space 𝐻. Let the parameter
𝜉, which enumerates the operators, range over a certain set Ξ endowed
with a measure 𝑑𝜉. (In cases of practical significance, Ξ is the product of
a finite-dimensional linear space 𝑋, endowed with Lebesgue measure, by
a finite or countable set.) Suppose that the commutation relations

[ ̂𝑐(𝜉), ̂𝑐∗(𝜉′)] = 𝛿(𝜉, 𝜉′) (1)

or
{ ̂𝑐(𝜉), ̂𝑐∗(𝜉′)} = 𝛿(𝜉, 𝜉′) (2)

are satisfied between the operators ̂𝑐, ̂𝑐∗.

Here, as usual, [𝑎, 𝑏] = 𝑎𝑏 − 𝑏𝑎, {𝑎, 𝑏} = 𝑎𝑏 + 𝑏𝑎; 𝛿(𝜉, 𝜉′) is the Dirac 𝛿-function:

∫ 𝛿(𝜉, 𝜉′)𝑓(𝜉′) 𝑑𝜉′ = 𝑓(𝜉).

The case in which the operators ̂𝑐, ̂𝑐∗ satisfy relations (1) will be called
bosonic; the case in which the operators ̂𝑐, ̂𝑐∗ satisfy relations (2) will be
called fermionic.*

2. Let ̂𝐴 be a linear operator in 𝐻, representable in the form

̂𝐴 = ∑ ∫ 𝐾(𝜉1, … , 𝜉𝑛 ∣ 𝜂1, … , 𝜂𝑝) ̂𝑐∗(𝜉1) ⋯ ̂𝑐∗(𝜉𝑛) ̂𝑐(𝜂1) ⋯ ̂𝑐(𝜂𝑝) 𝑑𝜉1 ⋯ 𝑑𝜂𝑝.
(3)

Consider the linear canonical transformation

̂𝑐(𝜉) = ∫ Φ(𝜉, 𝜂) ̂𝑎(𝜂) 𝑑𝜂 + ∫ Ψ(𝜉, 𝜂) ̂𝑎∗(𝜂) 𝑑𝜂,

̂𝑐∗(𝜉) = ∫ Ψ(𝜉, 𝜂) ̂𝑎(𝜂) 𝑑𝜂 + ∫ Φ(𝜉, 𝜂) ̂𝑎∗(𝜂) 𝑑𝜂.
(4)
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Substituting (4) into (3) and using the permutation relations between 𝑎,
𝑎∗, one can write ̂𝐴 in the form

̂𝐴 = ∑ ∫ 𝐾(𝜉1, … , 𝜉𝑛 ∣ 𝜂1, … , 𝜂𝑝) ̂𝑎∗(𝜉1) ⋯ ̂𝑎∗(𝜉𝑛) ̂𝑎(𝜂1) ⋯ ̂𝑎(𝜂𝑝) 𝑑𝜉1 ⋯ 𝑑𝜂𝑝.
(5)

Obtaining formula (5) from (4) and (3) in the manner described is asso-
ciated with cumbersome computations that are difficult to survey. The
purpose of the present work is to establish the connection between (3) and
(5), bypassing these computations.

* How exactly the space 𝐻 and the operators ̂𝑐, ̂𝑐∗ should be constructed so that
relations (1) or (2) hold is not important for us.

3. The Bose case

To each operator ̂𝐴 written in the form (3), let us assign the functional

𝐴(𝑐∗, 𝑐) = ∑ ∫ 𝐾(𝜉1, … , 𝜉𝑛 ∣ 𝜂1, … , 𝜂𝑝)𝑐∗(𝜉1) … 𝑐∗(𝜉𝑛)𝑐(𝜂1) … 𝑐(𝜂𝑝) 𝑑𝜉1 … 𝑑𝜂𝑝;
(6)

𝑐∗(𝜉), 𝑐(𝜉) are some complex-valued functions on the set Ξ. To the same operator,
written in the form (5), we assign the analogous functional

𝐴(𝑎∗, 𝑎) = ∑ ∫ 𝐾(𝜉1, … , 𝜉𝑛 ∣ 𝜂1, … , 𝜂𝑝)𝑎∗(𝜉1) … 𝑎∗(𝜉𝑛)𝑎(𝜂1) …

… 𝑎(𝜂𝑝) 𝑑𝜉1 … 𝑑𝜂𝑝.

It is clear that the correspondence between the functionals 𝐴 and 𝐴 is linear.
By analogy with the finite-dimensional case, we shall seek it in the form

𝐴(𝑎∗, 𝑎) = ∫ 𝒦(𝑎∗, 𝑎 ∣ 𝑐∗, 𝑐) 𝐴(𝑐∗, 𝑐) ∏
𝜉

𝑑𝑐∗(𝜉) 𝑑𝑐(𝜉); (7)

∏
𝜉

𝑑𝑐∗(𝜉) 𝑑𝑐(𝜉)

is the symbol of continual integration. Our aim is to compute 𝒦.

Theorem 1. The kernel 𝒦 is given by the formula

𝒦 = (det𝜋Ψ∗Ψ)−1/2 exp{−1
2 [(Φ̄Ψ−1𝑏, 𝑏) + (ΦΨ−1𝑏∗, 𝑏∗) − 2(𝑏∗, 𝑏)]} , (8)
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where Ψ, Ψ̄, Φ, Φ̄ are operators defined by the kernels Ψ(𝜉, 𝜂), Ψ̄(𝜉, 𝜂), Φ(𝜉, 𝜂),
Φ̄(𝜉, 𝜂), respectively;

𝑏(𝜉) = ∫ Φ(𝜉, 𝜂)𝑎(𝜂) 𝑑𝜂 + ∫ Ψ(𝜉, 𝜂)𝑎∗(𝜂) 𝑑𝜂 − 𝑐(𝜉);

𝑏∗(𝜉) = ∫ Ψ̄(𝜉, 𝜂)𝑎(𝜂) 𝑑𝜂+∫ Φ̄(𝜉, 𝜂)𝑎∗(𝑟) 𝑑𝑟−𝑐∗(𝜉); (𝑏1, 𝑏2) = ∫ 𝑏1(𝜉)𝑏2(𝜉) 𝑑𝜉.

The integration in (7) is performed over a contour along which

Re [(Φ̄Ψ−1𝑐, 𝑐) + (ΦΨ̄−1𝑐∗, 𝑐∗)] > 0 ∗ .

Let us give a sketch of the computation of the kernel 𝒦 for the case when Ξ is
a finite set consisting of 𝑛 elements. In this case 𝐴(𝑐∗, 𝑐), 𝐴(𝑎∗, 𝑎) are functions
of 2𝑛 variables. Introduce in the space of functions 𝐴(𝑐∗, 𝑐) the operators 𝑐∗

ℓ(𝜉),
𝑐ℓ(𝜉), 𝑐∗

pr(𝜉), 𝑐pr(𝜉), arranged so that the function 𝑐∗
ℓ(𝜉)𝐴 corresponds to the

operator ̂𝑐∗(𝜉) ̂𝐴, the function 𝑐ℓ(𝜉)𝐴 to the operator ̂𝑐ℓ(𝜉) ̂𝐴, and so on. A
simple calculation shows that the operators 𝑐∗

ℓ , 𝑐ℓ, 𝑐∗
pr, 𝑐pr are given by the

formulas

𝑐∗
pr(𝜉)𝐴 = ( 𝜕

𝜕𝑐(𝜉) + 𝑐∗(𝜉)) 𝐴; 𝑐pr(𝜉)𝐴 = 𝑐(𝜉)𝐴;

𝑐∗
ℓ(𝜉)𝐴 = 𝑐∗(𝜉)𝐴; 𝑐ℓ(𝜉)𝐴 = ( 𝜕

𝜕𝑐∗(𝜉) + 𝑐(𝜉)) 𝐴. (9)

We shall consider analogous operators in the space of functions 𝐴(𝑎∗, 𝑎).

* This condition does not determine the path of integration uniquely. We shall
describe in more detail an important class of integration paths. For this purpose
represent 𝐴 = Φ̄Ψ−1 in the form 𝐴 = 𝐴1 + 𝑖𝐴2, and 𝑐(𝜉), 𝑐∗(𝜉) in the form
𝑐(𝜉) = 𝑥(𝜉) + 𝑖𝑦(𝜉), 𝑐∗(𝜉) = ̃𝑥(𝜉) + 𝑖 ̃𝑦(𝜉); 𝑥, 𝑦, ̃𝑥, ̃𝑦 are real functions; 𝐴1, 𝐴2
are Hermitian operators mapping real functions to real ones. Parametrize the
path of integration by putting 𝑥 = 𝛼𝑡, 𝑦 = 𝛽𝑡, ̃𝑥 = 𝛼𝜏 , ̃𝑦 = 𝛽𝜏 . Here 𝑡 = 𝑡(𝜉),
𝜏 = 𝜏(𝜉) are real functions; 𝛼, 𝛽 are certain operators. Then

∏ 𝑑𝑐 𝑑𝑐∗ = | det(𝛼 + 𝑖𝛽)|2 ∏ 𝑑𝑡 𝑑𝜏,

Re [(Φ̄Ψ−1𝑐, 𝑐) + (ΦΨ̄−1𝑐∗, 𝑐∗)] = ((𝛼′𝐴1𝛼 − 𝛽′𝐴1𝛽 − 𝛼′𝐴2𝛽 − 𝛽′𝐴2𝛼)𝑡, 𝑡)+((𝛼′𝐴1𝛼 − 𝛽′𝐴1𝛽 − 𝛼′𝐴2𝛽 − 𝛽′𝐴2𝛼)𝜏, 𝜏) .
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Thus one may integrate over any contour of the described form, determined by
operators 𝛼, 𝛽 satisfying the conditions:

1) 𝛼′𝐴1𝛼 − 𝛽′𝐴1𝛽 − 𝛼′𝐴2𝛽 − 𝛽′𝐴2𝛼 > 0; 2) 0 < | det(𝛼 + 𝑖𝛽)|2 < ∞.

Substitute 𝑐𝜆𝐴 in (7) in place of 𝐴. Taking (4) into account, we have*

∑ (Φ(𝜉, 𝜂)𝑎𝜆(𝜂) + Ψ(𝜉, 𝜂)𝑎∗
𝜆(𝜂)) 𝐴 = ∫ 𝒦(𝑎∗, 𝑎 ∣ 𝑐∗, 𝑐)𝑐𝜆(𝜉)𝐴 ∏ 𝑑𝑐∗𝑑𝑐. (10)

On the other hand,

∑ (Φ(𝜉, 𝜂)𝑎𝜆(𝜂) + Ψ(𝜉, 𝜂)𝑎∗
𝜆(𝜂)) 𝐴 = ∫ ∑ (Φ(𝜉, 𝜂)𝑎𝜆(𝜂) + Ψ(𝜉, 𝜂)𝑎∗

𝜆(𝜂))×𝒦𝐴 ∏ 𝑑𝑐∗𝑑𝑐.
(10’)

Substitute in (10) 𝑐𝜆(𝜉) from (9) and integrate by parts. Comparing the result
obtained with (10′) and replacing 𝑎𝜆, 𝑎∗

𝜆 by their explicit expressions, we obtain
for 𝒦 the equation

∑ [Φ(𝜉, 𝜂) ( 𝜕
𝜕𝑎∗(𝜂) + 𝑎(𝜂)) + Ψ(𝜉, 𝜂)𝑎∗(𝜂)] 𝒦 = (𝑐(𝜉) − 𝜕

𝜕𝑐∗(𝜉)) 𝒦. (11a)

In an analogous way, substituting in (7), in place of 𝐴, 𝑐∗
𝜆𝐴, 𝑐pr𝐴, 𝑐∗

pr𝐴, we
obtain three more equations for 𝒦:

∑ [Ψ(𝜉, 𝜂) 𝜕
𝜕𝑎∗(𝜂) + Ψ(𝜉, 𝜂)𝑎(𝜂) + Φ(𝜉, 𝜂)𝑎∗(𝜂)] 𝒦 = 𝑐∗(𝜉)𝒦; (11b)

∑ [Ψ(𝜉, 𝜂) 𝜕
𝜕𝑎(𝜂) + Φ(𝜉, 𝜂)𝑎(𝜂) + Ψ(𝜉, 𝜂)𝑎∗(𝜂)] 𝒦 = 𝑐(𝜉)𝒦; (11c)

∑ [Φ(𝜉, 𝜂) 𝜕
𝜕𝑎(𝜂) + Ψ(𝜉, 𝜂)𝑎(𝜂) + Φ(𝜉, 𝜂)𝑎∗(𝜂)] 𝒦 = (− 𝜕

𝜕𝑐(𝜉) + 𝑐∗(𝜉)) 𝒦.
(11d)

In addition to equations (11), 𝒦 satisfies the normalization condition

∫ 𝒦(𝑎∗, 𝑎 ∣ 𝑐∗, 𝑐) ∏ 𝑑𝑐∗𝑑𝑐 = 1. (11’)
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Condition (11′) is the expression of the fact that, under a canonical transfor-
mation, the identity operator passes into the identity. Equations (11), together
with condition (11′), have a unique solution.

The path of integration in (7) is determined by two conditions: first, the integral
(7) must exist for a sufficiently large class of functions 𝐴 representing operators;
second, the integration-by-parts formula must be valid,

∫ 𝒦 𝜕𝐴
𝜕𝑐(𝜉) ∏ 𝑑𝑐∗𝑑𝑐 = − ∫ 𝜕𝒦

𝜕𝑐(𝜉)𝐴 ∏ 𝑑𝑐∗𝑑𝑐;

∫ 𝒦 𝜕𝐴
𝜕𝑐∗(𝜉) ∏ 𝑑𝑐∗𝑑𝑐 = − ∫ 𝜕𝒦

𝜕𝑐∗(𝜉)𝐴 ∏ 𝑑𝑐∗𝑑𝑐.

4. The fermion case. Consider the Grassmann algebra 𝐺, generated by the
elements 𝑐(𝜉), 𝑐∗(𝜉), i.e., the algebra with generators 𝑐(𝜉), 𝑐∗(𝜉) satisfying the
relations

{𝑐(𝜉), 𝑐(𝜉′)} = {𝑐(𝜉), 𝑐∗(𝜉′)} = {𝑐∗(𝜉), 𝑐∗(𝜉′)} = 0.

To each operator 𝐴 given by formula (3), we put in correspondence the element
𝐺

𝐴(𝑐∗, 𝑐) = ∑ ∫ 𝐾(𝜉1, … , 𝜉𝑛 ∣ 𝜂1, … , 𝜂𝑝)𝑐∗(𝜉1) … 𝑐∗(𝜉𝑛)𝑐(𝜂1) … 𝑐(𝜂𝑝) 𝑑𝜉1 … 𝑑𝜂𝑝.

Reasoning analogous to that carried out in the preceding subsection shows that
a canonical transformation generates a linear transformation in 𝐺. We shall
seek this transformation in the form

𝐴(𝑎∗, 𝑎) = ∫
𝐹

𝒦(𝑎∗, 𝑎 ∣ 𝑐∗, 𝑐)𝐴(𝑐∗, 𝑐) ∏
𝜉

𝑑𝑐∗(𝜉) 𝑑𝑐(𝜉). (12)

* Since the set Ξ is assumed finite, the integral in (4) is replaced here by a sum.

Before describing the kernel 𝒦, let us define ∫ ⋯ ∏ 𝑑𝑐∗𝑑𝑐. Let first 𝐺 be a finite
Grassmann algebra with generators 𝑥1, … , 𝑥𝑛. Introduce the symbols 𝑑𝑥1 … 𝑑𝑥𝑛
and subject them to the commutation relations: {𝑑𝑥𝑖, 𝑑𝑥𝑘} = {𝑑𝑥𝑖, 𝑥𝑘} = 0.
Next put, by definition,

∫
𝐹

𝑑𝑥𝑘 = 0, ∫
𝐹

𝑥𝑘 𝑑𝑥𝑘 = 1. (13)
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A multiple integral will be understood as an iterated one. The integral on the
algebra 𝐺 thus defined will be called a Fermi integral∗.

The continual integral in (12) will be understood as the limit of 𝑛-fold Fermi
integrals, just as an ordinary continual integral is understood as the limit of
ordinary 𝑛-fold integrals.

Theorem 2. In the Fermi case the kernel 𝒦 is equal to

𝒦 = (detΨΨ[∗])1/2 exp 1
2 [(ΦΨ−1𝑏, 𝑏) − (ΦΨ−1𝑏∗, 𝑏∗) + 2(𝑏∗, 𝑏)] (14)

(the notation is the same as in (7)).

We give a sketch of the calculation for the case when Ξ is a finite set and,
consequently, 𝐺 is a finite Grassmann algebra. Let first 𝐺 be an arbitrary finite
Grassmann algebra with generators 𝑥1, … , 𝑥𝑛. For arbitrary 𝐹 ∈ 𝐺 define the
left and right derivatives 𝜕

𝜕𝑥𝑘
𝐹 and 𝐹 𝜕

𝜕𝑥𝑘
as follows: if 𝐹 = 𝑥𝑖1

… 𝑥𝑖𝑙
, 𝑥𝑘 ≠ 𝑥𝑖𝑠

for any 𝑠, then 𝜕
𝜕𝑥𝑘

𝐹 = 𝐹 𝜕
𝜕𝑥𝑘

= 0. If 𝐹 = 𝑥𝑖1
… 𝑥𝑖𝑠−1

𝑥𝑘𝑥𝑖𝑠+1
… 𝑥𝑖𝑙

, then

𝜕
𝜕𝑥𝑘

𝐹 = (−1)𝑠+1𝑥𝑖1
… 𝑥𝑖𝑠−1

𝑥𝑖𝑠+1
… 𝑥𝑖𝑙

, 𝐹 𝜕
𝜕𝑥𝑘

= (−1)𝑙−𝑠𝑥𝑖1
… 𝑥𝑖𝑠−1

𝑥𝑖𝑠+1
… 𝑥𝑖𝑙

.

The left and right derivatives are extended to linear combinations of monomials
in the usual way.

The integration-by-parts formulas hold:

∫
𝐹

𝐹 ( 𝜕
𝜕𝑥𝑘

𝐺) 𝑑𝑥1 … 𝑑𝑥𝑛 = ∫
𝐹

(𝐹 𝜕
𝜕𝑥𝑘

) 𝐺 𝑑𝑥1 … 𝑑𝑥𝑛,

∫
𝐹

𝐹 (𝐺 𝜕
𝜕𝑥𝑘

) 𝑑𝑥1 … 𝑑𝑥𝑛 = − ∫
𝐹

( 𝜕
𝜕𝑥𝑘

𝐹) 𝐺 𝑑𝑥1 … 𝑑𝑥𝑛. (15)

We return to our problem. First of all, consider the operators 𝑐∗
ℓ , 𝑐∗

pr, 𝑐ℓ, 𝑐pr,
analogous to the corresponding operators in the Bose case. These operators
turn out to be equal to

𝑐∗
ℓ(𝜉)𝐹 = 𝑐∗(𝜉)𝐹 , 𝑐∗

pr(𝜉)𝐹 = 𝐹 ( 𝜕
𝜕𝑐(𝜉) + 𝑐∗(𝜉)) ,

𝑐ℓ(𝜉)𝐹 = ( 𝜕
𝜕𝑐∗(𝜉) + 𝑐(𝜉)) 𝐹 , 𝑐pr(𝜉)𝐹 = 𝐹𝑐(𝜉). (16)
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Using (16) and the integration-by-parts formulas (15), we compose equations
for the kernel, proceeding from the same considerations as in the Bose case. The
equations obtained are almost indistinguishable from (11). In addition to these
equations, condition (11′) remains in force. The equations together with this
condition determine 𝒦 uniquely.
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