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Let
n
f = f(xh 7xn) = Z AapLadp
a,B=1
be an integral positive quadratic form, where a,,,, (« =1,...,n) and a,5+ag, =
2a,5 (a, 8 =1,...,n; a # f3) are integers; n > 4; det f = det(a,z) = d. Let m
be a positive integer; in the n-dimensional Euclidean space {z, ..., z,, } consider

the ellipsoid f(z,...,z,) =m. Let Q@ = Q, , be a region on the surface of this
ellipsoid; by the f-elliptic angle w = w;(Q2) of the region {2 we shall mean the
ordinary n-dimensional solid angle under which, from the origin, one sees the
region 2’ obtained from € by means of such a linear transformation as reduces

the form f to f, = 22 + - + 2.
Suppose, in addition, that integers ¢ > 0 and b;,...,b, are given. De-

r n
note by Ry, 4 (Qf m) the number of all integral points (z,,...,z,) lying
in the elliptical region ;, and congruent to (by,...,b,) modulo g; by
Tg;bl,m,bn(Qﬂm) denote the number of all such points with the additional
condition ged(wy, ..., z,) = 1. If Q. coincides with the surface of the entire

ellipsoid f(zy,...,x,,) = m, then

Rg,bl7 ,,L(Qf, ) g,bl, b (fv )

and
Tty by (Lpm) =Tgp, p, (fim)

are, respectively, the number of all integral and of all integral primitive rep-
resentations (zq,...,x,,) of the number m by the form f with the additional
condition

(1, x,) = (by,...,b,) (mod g).

If, moreover, g = 1, then

Ry, (fim) = R(f;m)
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and

rg;blw.,bn (f’ m) = ’I"(f, m)
are, respectively, the number of all integral and the number of all integral prim-
itive representations of the number m by the form f.

In this note, developing the results of (1'?), asymptotic formulas are obtained
and investigated for

Let

0o ’ I
Hyp, .0, (fym) = Z{ > Sy, (hFi@e P } (1)
g=1 (h (mod q)

be the singular series; here S, (f;¢) is the generalized Gauss sum defined
and studied in (3); the summation

h (mod q)

is taken over a reduced system of residues (mod ¢). The absolute convergence
of the infinite series (1) for n > 4 follows from Theorem 4 of the note (3). As
usual, the singular series

Hg;bl,.”,bn (f’ m)

can be represented in the form of an infinite product over prime numbers. The
factors of this infinite product, by means of the formulas of (*), can be expressed
in finite form.

through the joint arithmetic invariants of the form f and of the residue class
(by,...,b,) (mod g). We do not give the formulas, because of their bulkiness.

v n

Let p be a prime number. We introduce the quantities u,, 7,, w,, T, S,,.

p7

1) p* | g.
2) To define 7, and w,,, we distinguish two cases: p > 2 and p = 2.
a) p> 2. Let

! c.(P)

Flay,m,) =Y al’ps™ad  (mod pt),
p=1
where E(BP) > 0, aﬁp),...,a@ are relatively prime to p; let (by,...,b,)

(bgp),...,bsf’)) (mod p¥r), where b = 0 if b, = 0 (mod p“»); let pta” | P
(a=1,...,n;if bP = 0, then o) = 00); by definition
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T, = main{up + o) —l—e(of’)},

pe || (m— P, .. b)),

b) p =2. Let
flzg, ...,z Zaﬁgfﬁ* 2 4 225 (Y, 2,)  (mod 2t),
where n +2n” = n; 5%” > 0, 5%2) > —1; ay,...,a, are odd; ¥, (y,,z,) =
7y7 +2aly., 2, + 2a$’ ?/, al,,al,a are integers; a’ is odd (y = 1,...,n"); let
(by, ... by,) = (b(12>, ) (mod 2"2), where b2 =0 if b, = 0 (mod 2¥2); let
20 || b2 we put
T/ = min {ug—l—v,(f)—l—sg)—}—l}
a<n, vﬁf"#uQ—l
(if there are no such «, we assume that 7" = 00);
T = min {ug—&—vg)—l—ag) +2};
a<sn’/, v(szuzwtl
7" = min{u, + o + &P a1} Ty = min{7’, 77, 7" };
asn’ [a 75 + }

we define

w 2 2
27 || (m— 7, .. 07).
3) Finally, we put

T, = min{w, + 1+ 1+ (=1)?,7,}, S, = max{T,, u,}.

To the quadratic form f we associate the set B, of exceptional (herabsetzende)
prime numbers (for their definition see (4)). If p € P, then n = 4 and p\2 g,

Theorem 1. If for every prime number p\2™" 1dg the system of congruences

f(zy,...,z,) =m (mod p»),

(X1, ey 2,) = (byy ey b,)  (mod p¥r), @

then
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Hyy o (fim) > x.d™ (1) g (nl)py e H p_@"_l)Tp, (3)

PEPy

where € > 0 is arbitrary, x, > 0 is a constant depending only on €. In the
contrary case

91517 b (f’ ) =0. (4)

Theorem 2. There is the asymptotic formula

—1

ET(y2) ot (fim) & O(dF2gE 2mi=35) - (5)

n n
T2Mm?2

Rg;bl,”.,bn (f’ m) =

where the constants occurring in O depend only on n and € > 0. Moreover, if
for all primes p > 2""1dg the system of congruences (2) is solvable* and if, for
some fixed 6 > 0,

dirtigintt TT planVr, = 0(mi-1-9), (6)
PEPB

where the constants occurring in O depend only on n and 6, then as m — oo
the remainder term in formula (5) is infinitesimal in comparison with the main
term.

Theorem 3. Let Q;, be a convex domain on the surface of the ellipsoid
flxy,...,x,,) =m with f-elliptic solid angle w. Then

Byt Q) = ST it
+O(aF Eghn Tt ) (7)
where
o = 2
07 T(n/2)’

the constants occurring in O depend only on n and € > 0. Moreover, if for all
primes p > 2""1dg the system of congruences (2) is solvable and if, for 6 > 0,

wld P +3 gn+e H plan— r, _O(mﬂgffémff)) ®)
PEP
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where the constants occurring in O depend only on n and 6, then as m — oo
the remainder term in formula (7) is infinitesimal in comparison with the main
term.

It is also possible to obtain the asymptotic formula (7) for nonconvex domains
Qs ,,, assuming, however, that as m varies their shape does not change (then
the constants occurring in O will depend on the shape of the domain Q).

The asymptotic formulas (5) and (7) can be obtained by refining the arguments
in (1,2); here Theorem 4 of the note (3) is used essentially. The concluding
parts of Theorems 2 and 3 are derived from the estimate (3).

From Theorem 3 one may derive:

* In the contrary case, obviously, R

g;bq,...,b (fv )

Theorem 4. Let ;,, be a convex domain on the surface of the ellipsoid
f(zq,...,x,,) =m with f-elliptic solid angle w. Then

w ,n_n/Zmn/Z 1

Pobyot, (Qpn) = — =Gl (f5 )+O<dn/4+5/293n/2+7 n/2—1- 28 2J+e>7

wo AT (n/2)
)

where

)
g,bl, b <f7 ) Z gtrgi)Hg,b 6~'(mod g),...,b,,6~1( mod g) (fﬂ )

5%|m
ged(d,9)=1

is a primitive singular series*; the constants entering the O-term depend only on
n and € > 0. Moreover, if for all primes p > 2"*1dg the system of congruences
(2) is primitively solvable (mod p)** and if, for § > 0,

wld /4432 Tn 245 O(mﬂgg,ifmfe) 7 (10)

where the constants entering the O-term depend only on n and 6, then as m —
oo the remainder term in formula (9) is infinitely small in comparison with the
main term.

Theorem 5. Let ged(m, g,2d) = 1. Then, under the conditions of Theorem 4,

w 1

Ty (Lfm) ™ @ Wr(f; m), (11)

where v, (f,m) is the number of primitive (mod g) solutions of the congruence
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flzq,...,z,) =m (mod g). (12)
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Note: Figure translations are in progress. See original paper for figures.
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