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Abstract
Full Text
MATHEMATICS
A. V. MALYSHEV

ON THE REPRESENTATION OF INTEGERS
BY POSITIVE QUADRATIC FORMS WITH
FOUR AND MORE VARIABLES
(Presented by Academician I. M. Vinogradov, 9 IV 1960)

Let

𝑓 = 𝑓(𝑥1, … , 𝑥𝑛) =
𝑛

∑
𝛼,𝛽=1

𝑎𝛼𝛽𝑥𝛼𝑥𝛽

be an integral positive quadratic form, where 𝑎𝛼𝛼 (𝛼 = 1, … , 𝑛) and 𝑎𝛼𝛽 +𝑎𝛽𝛼 =
2𝑎𝛼𝛽 (𝛼, 𝛽 = 1, … , 𝑛; 𝛼 ≠ 𝛽) are integers; 𝑛 ≥ 4; det 𝑓 ≡ det(𝑎𝛼𝛽) = 𝑑. Let 𝑚
be a positive integer; in the 𝑛-dimensional Euclidean space {𝑥1, … , 𝑥𝑛} consider
the ellipsoid 𝑓(𝑥1, … , 𝑥𝑛) = 𝑚. Let Ω = Ω𝑓,𝑚 be a region on the surface of this
ellipsoid; by the 𝑓-elliptic angle 𝜔 = 𝜔𝑓(Ω) of the region Ω we shall mean the
ordinary 𝑛-dimensional solid angle under which, from the origin, one sees the
region Ω′ obtained from Ω by means of such a linear transformation as reduces
the form 𝑓 to 𝑓0 = 𝑥2

1 + ⋯ + 𝑥2
𝑛.

Suppose, in addition, that integers 𝑔 > 0 and 𝑏1, … , 𝑏𝑛 are given. De-
note by 𝑅𝑔;𝑏1,…,𝑏𝑛

(Ω𝑓,𝑚) the number of all integral points (𝑥1, … , 𝑥𝑛) lying
in the elliptical region Ω𝑓,𝑚 and congruent to (𝑏1, … , 𝑏𝑛) modulo 𝑔; by
𝑟𝑔;𝑏1,…,𝑏𝑛

(Ω𝑓,𝑚) denote the number of all such points with the additional
condition gcd(𝑥1, … , 𝑥𝑛) = 1. If Ω𝑓,𝑚 coincides with the surface of the entire
ellipsoid 𝑓(𝑥1, … , 𝑥𝑛) = 𝑚, then

𝑅𝑔;𝑏1,…,𝑏𝑛
(Ω𝑓,𝑚) = 𝑅𝑔;𝑏1,…,𝑏𝑛

(𝑓; 𝑚)

and
𝑟𝑔;𝑏1,…,𝑏𝑛

(Ω𝑓,𝑚) = 𝑟𝑔;𝑏1,…,𝑏𝑛
(𝑓; 𝑚)

are, respectively, the number of all integral and of all integral primitive rep-
resentations (𝑥1, … , 𝑥𝑛) of the number 𝑚 by the form 𝑓 with the additional
condition

(𝑥1, … , 𝑥𝑛) ≡ (𝑏1, … , 𝑏𝑛) (mod 𝑔).
If, moreover, 𝑔 = 1, then

𝑅𝑔;𝑏1,…,𝑏𝑛
(𝑓; 𝑚) = 𝑅(𝑓; 𝑚)
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and
𝑟𝑔;𝑏1,…,𝑏𝑛

(𝑓; 𝑚) = 𝑟(𝑓; 𝑚)
are, respectively, the number of all integral and the number of all integral prim-
itive representations of the number 𝑚 by the form 𝑓 .
In this note, developing the results of (1,2), asymptotic formulas are obtained
and investigated for

𝑅𝑔;𝑏1,…,𝑏𝑛
(Ω𝑓,𝑚) and 𝑟𝑔;𝑏1,…,𝑏𝑛

(Ω𝑓,𝑚).

Let

𝐻𝑔;𝑏1,…,𝑏𝑛
(𝑓; 𝑚) =

∞
∑
𝑞=1

⎧{
⎨{⎩

′
∑

ℎ (mod 𝑞)
𝑞−𝑛𝑆𝑔;𝑏1,…,𝑏𝑛

(ℎ𝑓; 𝑞)𝑒−2𝜋𝑖 𝑚ℎ
𝑞

⎫}
⎬}⎭

(1)

be the singular series; here 𝑆𝑔;𝑏1,…,𝑏𝑛
(𝑓; 𝑞) is the generalized Gauss sum defined

and studied in (3); the summation

′
∑

ℎ (mod 𝑞)

is taken over a reduced system of residues (mod 𝑞). The absolute convergence
of the infinite series (1) for 𝑛 ≥ 4 follows from Theorem 4 of the note (3). As
usual, the singular series

𝐻𝑔;𝑏1,…,𝑏𝑛
(𝑓; 𝑚)

can be represented in the form of an infinite product over prime numbers. The
factors of this infinite product, by means of the formulas of (3), can be expressed
in finite form.

through the joint arithmetic invariants of the form 𝑓 and of the residue class
(𝑏1, … , 𝑏𝑛) (mod 𝑔). We do not give the formulas, because of their bulkiness.

Let 𝑝 be a prime number. We introduce the quantities 𝑢𝑝, 𝜏𝑝, 𝑤𝑝, 𝑇𝑝, 𝑆𝑝.

1) 𝑝𝑢𝑝 ∥ 𝑔.
2) To define 𝜏𝑝 and 𝑤𝑝, we distinguish two cases: 𝑝 > 2 and 𝑝 = 2.
a) 𝑝 > 2. Let

𝑓(𝑥1, … , 𝑥𝑛) ≡
𝑛

∑
𝛽=1

𝑎(𝑝)
𝛽 𝑝𝜀𝛽

(𝑝)𝑥2
𝛽 (mod 𝑝𝑡),

where 𝜀(𝑝)
𝛽 ≥ 0, 𝑎(𝑝)

1 , … , 𝑎(𝑝)
𝑛 are relatively prime to 𝑝; let (𝑏1, … , 𝑏𝑛) ≡

(𝑏(𝑝)
1 , … , 𝑏(𝑝)

𝑛 ) (mod 𝑝𝑢𝑝), where 𝑏(𝑝)
𝛼 = 0 if 𝑏𝛼 ≡ 0 (mod 𝑝𝑢𝑝); let 𝑝𝑣𝛼

(𝑝) ∥ 𝑏(𝑝)
𝛼

(𝛼 = 1, … , 𝑛; if 𝑏(𝑝)
𝛼 = 0, then 𝑣(𝑝)

𝛼 = ∞); by definition
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𝜏𝑝 = min
𝛼

{𝑢𝑝 + 𝑣(𝑝)
𝛼 + 𝜀(𝑝)

𝛼 },

𝑝𝑤𝑝 ∥ (𝑚 − 𝑓(𝑏(𝑝)
1 , … , 𝑏(𝑝)

𝑛 )).
b) 𝑝 = 2. Let

𝑓(𝑥1, … , 𝑥𝑛) =
𝑛′

∑
𝛽=1

𝑎𝛽2𝜀𝛽
(1)𝑥2

𝛽 +
𝑛″

∑
𝛾=1

2𝜀𝛾
(2)𝜓𝛾(𝑦𝛾, 𝑧𝛾) (mod 2𝑡),

where 𝑛′ + 2𝑛″ = 𝑛; 𝜀(1)
𝛽 ≥ 0, 𝜀(2)

𝛾 ≥ −1; 𝑎1, … , 𝑎𝑛′ are odd; 𝜓𝛾(𝑦𝛾, 𝑧𝛾) =
2𝑎′

𝛾𝑦2
𝛾 + 2𝑎″

𝛾𝑦𝛾𝑧𝛾 + 2𝑎‴
𝛾 𝑧2

𝛾; 𝑎′
𝛾, 𝑎″

𝛾, 𝑎‴
𝛾 are integers; 𝑎″

𝛾 is odd (𝛾 = 1, … , 𝑛″); let
(𝑏1, … , 𝑏𝑛) ≡ (𝑏(2)

1 , … , 𝑏(2)
𝑛 ) (mod 2𝑢2), where 𝑏(2)

𝛼 = 0 if 𝑏𝛼 ≡ 0 (mod 2𝑢2); let
2𝑣𝛼

(2) ∥ 𝑏(2)
𝛼 ; we put

𝜏 ′ = min
𝛼≤𝑛, 𝑣(2)

𝛼 ≠𝑢2−1
{𝑢2 + 𝑣(2)

𝛼 + 𝜀(1)
𝛼 + 1}

(if there are no such 𝛼, we assume that 𝜏 ′ = ∞);

𝜏″ = min
𝛼≤𝑛′, 𝑣(2)

𝛼 =𝑢2+1
{𝑢2 + 𝑣(2)

𝛼 + 𝜀(1)
𝛼 + 2};

𝜏‴ = min
𝛼>𝑛′

{𝑢2 + 𝑣(2)
𝛼 + 𝜀(2)

[ 𝛼−𝑛′+1
2 ] + 1}; 𝜏2 = min{𝜏 ′, 𝜏″, 𝜏‴};

we define

2𝑤2 ∥ (𝑚 − 𝑓(𝑏(2)
1 , … , 𝑏(2)

𝑛 )).
3) Finally, we put

𝑇𝑝 = min{𝑤𝑝 + 1 + 1 + (−1)𝑝, 𝜏𝑝}, 𝑆𝑝 = max{𝑇𝑝, 𝑢𝑝}.

To the quadratic form 𝑓 we associate the set 𝔓𝑓 of exceptional (herabsetzende)
prime numbers (for their definition see (4)). If 𝑝 ∈ 𝔓𝑓 , then 𝑛 = 4 and 𝑝\2𝑛+1𝑑.
Theorem 1. If for every prime number 𝑝\2𝑛+1𝑑𝑔 the system of congruences

𝑓(𝑥1, … , 𝑥𝑛) ≡ 𝑚 (mod 𝑝𝑆𝑝),
(𝑥1, … , 𝑥𝑛) ≡ (𝑏1, … , 𝑏𝑛) (mod 𝑝𝑢𝑝), (2)

then
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𝐻𝑔;𝑏1,…,𝑏𝑛
(𝑓; 𝑚) ⩾ 𝜒𝜀𝑑− 1

2 (𝑛−1)𝑔−(𝑛−1)𝑚−𝜀 ∏
𝑝∈𝔓𝑓

𝑝−( 1
2 𝑛−1)𝜏𝑝, (3)

where 𝜀 > 0 is arbitrary, 𝜒𝜀 > 0 is a constant depending only on 𝜀. In the
contrary case

𝐻𝑔;𝑏1,…,𝑏𝑛
(𝑓; 𝑚) = 0. (4)

Theorem 2. There is the asymptotic formula

𝑅𝑔;𝑏1,…,𝑏𝑛
(𝑓; 𝑚) = 𝜋 𝑛

2 𝑚 𝑛
2 −1

𝑑 1
2 Γ(𝑛/2)

𝐻𝑔;𝑏1,…,𝑏𝑛
(𝑓; 𝑚) + 𝑂(𝑑 𝑛

4 + 3
2 𝑔 3

2 𝑛+2𝑚 𝑛
4 − 1

4 +𝜀) , (5)

where the constants occurring in 𝑂 depend only on 𝑛 and 𝜀 > 0. Moreover, if
for all primes 𝑝 > 2𝑛+1𝑑𝑔 the system of congruences (2) is solvable∗ and if, for
some fixed 𝜃 > 0,

𝑑 3
4 𝑛+ 3

2 𝑔 3
2 𝑛+1 ∏

𝑝∈𝔓𝑓

𝑝( 1
2 𝑛−1)𝜏𝑝 = 𝑂(𝑚 𝑛

4 − 3
4 −𝜃) , (6)

where the constants occurring in 𝑂 depend only on 𝑛 and 𝜃, then as 𝑚 → ∞
the remainder term in formula (5) is infinitesimal in comparison with the main
term.

Theorem 3. Let Ω𝑓,𝑚 be a convex domain on the surface of the ellipsoid
𝑓(𝑥1, … , 𝑥𝑛) = 𝑚 with 𝑓-elliptic solid angle 𝜔. Then

𝑅𝑔;𝑏1,…,𝑏𝑛
(Ω𝑓,𝑚) = 𝜔

𝜔0

𝜋 𝑛
2 𝑚 𝑛

2 −1

𝑑 1
2 Γ(𝑛/2)

𝐻𝑔;𝑏1,…,𝑏𝑛
(𝑓; 𝑚)+

+𝑂(𝑑 𝑛
4 + 5

2 𝑔 3
2 𝑛+7𝑚 𝑛

2 −1− 𝑛−3
4(3𝑛−2) +𝜀) , (7)

where

𝜔0 = 2𝜋 𝑛
2

Γ(𝑛/2) ;

the constants occurring in 𝑂 depend only on 𝑛 and 𝜀 > 0. Moreover, if for all
primes 𝑝 > 2𝑛+1𝑑𝑔 the system of congruences (2) is solvable and if, for 𝜃 > 0,

𝜔−1𝑑 3𝑛
4 + 3

2 𝑔 5
2 𝑛+4 ∏

𝑝∈𝔓𝑓

𝑝( 1
2 𝑛−1)𝜏𝑝 = 𝑂(𝑚 𝑛−3

4(3𝑛−2) −𝜃) , (8)
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where the constants occurring in 𝑂 depend only on 𝑛 and 𝜃, then as 𝑚 → ∞
the remainder term in formula (7) is infinitesimal in comparison with the main
term.

It is also possible to obtain the asymptotic formula (7) for nonconvex domains
Ω𝑓,𝑚, assuming, however, that as 𝑚 varies their shape does not change (then
the constants occurring in 𝑂 will depend on the shape of the domain Ω𝑓,𝑚).

The asymptotic formulas (5) and (7) can be obtained by refining the arguments
in (1,2 ); here Theorem 4 of the note (3) is used essentially. The concluding
parts of Theorems 2 and 3 are derived from the estimate (3).

From Theorem 3 one may derive:

∗ In the contrary case, obviously, 𝑅𝑔;𝑏1,…,𝑏𝑛
(𝑓; 𝑚) = 0.

Theorem 4. Let Ω𝑓,𝑚 be a convex domain on the surface of the ellipsoid
𝑓(𝑥1, … , 𝑥𝑛) = 𝑚 with 𝑓-elliptic solid angle 𝜔. Then

𝑟𝑔;𝑏1,…,𝑏𝑛
(Ω𝑓,𝑚) = 𝜔

𝜔0

𝜋𝑛/2𝑚𝑛/2−1

𝑑1/2Γ(𝑛/2) 𝐺𝑔;𝑏1,…,𝑏𝑛
(𝑓; 𝑚)+𝑂(𝑑 𝑛/4+5/2𝑔 3𝑛/2+7𝑚𝑛/2−1− 𝑛−3

4(3𝑛−2) +𝜀) ,
(9)

where

𝐺𝑔;𝑏1,…,𝑏𝑛
(𝑓; 𝑚) = ∑

𝛿2∣𝑚
gcd(𝛿,𝑔)=1

𝜇(𝛿)
𝛿 𝑛−2 𝐻𝑔;𝑏1𝛿−1( mod 𝑔),…,𝑏𝑛𝛿−1( mod 𝑔)(𝑓; 𝑚

𝛿2 )

is a primitive singular series*; the constants entering the 𝑂-term depend only on
𝑛 and 𝜀 > 0. Moreover, if for all primes 𝑝 > 2𝑛+1𝑑𝑔 the system of congruences
(2) is primitively solvable (mod 𝑝)** and if, for 𝜃 > 0,

𝜔−1𝑑 7𝑛/4+3/2𝑔 7𝑛/2+5 = 𝑂(𝑚 𝑛−3
4(3𝑛−2) −𝜃) , (10)

where the constants entering the 𝑂-term depend only on 𝑛 and 𝜃, then as 𝑚 →
∞ the remainder term in formula (9) is infinitely small in comparison with the
main term.

Theorem 5. Let gcd(𝑚, 𝑔, 2𝑑) = 1. Then, under the conditions of Theorem 4,

𝑟𝑔;𝑏1,…,𝑏𝑛
(Ω𝑓,𝑚) ∼ 𝜔

𝜔0

1
𝜈𝑔(𝑓, 𝑚) 𝑟(𝑓; 𝑚), (11)

where 𝜈𝑔(𝑓, 𝑚) is the number of primitive (mod 𝑔) solutions of the congruence
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𝑓(𝑥1, … , 𝑥𝑛) ≡ 𝑚 (mod 𝑔). (12)
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