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Abstract
Full Text
MATHEMATICS
A. L. FUKSMAN

APPROXIMATION OF FUNCTIONS WITH
PRESERVATION OF HOMOGENEOUS BOUND-
ARY CONDITIONS
(Presented by Academician V. I. Smirnov on 27 IV 1960)

1. Let 𝐷 be an 𝑚-dimensional domain with boundary Γ, and let the function
𝑢 have continuous partial derivatives in 𝐷 up to some order and satisfy
the boundary condition

𝑢 = 𝜕𝑢
𝜕𝑛 = … = 𝜕𝑠−1𝑢

𝜕𝑛𝑠−1 ∣
Γ

= 0. (1)

In the present note we consider the approximation of such functions by expres-
sions of the form

𝜑(𝑥1, … , 𝑥𝑚)𝑃𝑛(𝑥1, … , 𝑥𝑚),

where 𝑃𝑛(𝑥1, … , 𝑥𝑚) is a polynomial of degree not exceeding 𝑛 in each of the
arguments, and 𝜑(𝑥1, … , 𝑥𝑚) is a fixed function satisfying condition (1); an
estimate is given for the rate of approximation of the function and its derivatives
as 𝑛 → ∞, depending on the smoothness of 𝑢.

This problem was considered earlier in the case where Γ is a sufficiently smooth
boundary, for 𝑠 = 1 (1) and 𝑠 = 2 (2). We obtain the same estimates for
arbitrary 𝑠 in the case where Γ belongs to a certain class of surfaces composed
of sufficiently smooth pieces.

2. Let 𝑥, 𝑡 be points of 𝑚-dimensional space, 𝑥 = (𝑥1, … , 𝑥𝑚); 𝑄𝛼 is the 𝑚-
dimensional cube, −𝛼 ≤ 𝑥𝑖 ≤ 𝛼, 1 ≤ 𝑖 ≤ 𝑚; 𝐷𝑘 is any partial derivative
of order 𝑘; 𝐶𝑘(𝐷) is the space of functions having continuous derivatives
up to order 𝑘 in 𝐷; 𝐶𝑘,1(𝐷) is the space of functions 𝑓 ∈ 𝐶𝑘(𝐷) for which
𝐷𝑘𝑓 satisfies Lip𝑚 1; 𝜔𝐶(𝐷)(𝑓; 𝜀) is the modulus of continuity of a function
𝑓 ∈ 𝐶(𝐷), 𝜔(𝑘)

𝐶(𝐷)(𝑓; 𝜀) = max0≤𝑙≤𝑘 𝜔𝐶(𝐷)(𝐷𝑙𝑓; 𝜀); 𝐶𝑘 is the space of 2𝜋-
periodic functions 𝑓 ∈ 𝐶𝑘(𝑄𝜋); by analogy 𝐶𝑘,1, 𝜔(𝑘)

𝐶 (𝑓; 𝜀) are defined; Γ𝑠

is the set of functions equal to zero on Γ together with derivatives up to
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order 𝑠 − 1; if 𝜓 = 𝜓1𝜓2 … 𝜓𝑝, then we put

𝜑[𝜆]
𝑖1…𝑖𝜆

= 𝜑[𝜓𝑖1
𝜓𝑖2

… 𝜓𝑖𝜆
]−1, 1 ≤ 𝑖1 < 𝑖2 < … < 𝑖𝜆 ≤ 𝑝;

𝜑[𝜆] denotes any of the functions 𝜑[𝜆]
𝑖1…𝑖𝜆

; 𝜑[0] = 𝜑.

We introduce the class of boundaries Γ(𝑘, 𝑑), subjecting it to the following con-
dition: Γ ∈ Γ(𝑘, 𝑑) if to each point 𝑥 ∈ Γ one can assign in this manner a
neighborhood Ω𝑥 and a mapping 𝜎𝑥(𝑥𝑖 = 𝑥𝑖(𝑡1, … , 𝑡𝑚), 1 ≤ 𝑖 ≤ 𝑚, 𝑡 ∈ Ω𝑥) of
this neighborhood onto the cube 𝑄1, such that 𝑥𝑖 ∈ 𝐶𝑘,1(Ω𝑥), the Jacobian of
𝜎𝑥 at the point 𝑥 is not zero, Ω𝑥 ∩ 𝐷 passes into the part Δ𝑞(𝑥) of the cube
𝑄1, determined by the inequalities 0 < 𝑥1 ≤ 1, 0 < 𝑥2 ≤ 1, … , 0 < 𝑥𝑞(𝑥) ≤ 1,
where 𝑞(𝑥) ≤ 𝑑 ≤ 𝑚. Roughly speaking, 𝑞(𝑥) denotes the number of (𝑚 − 1)-
dimensional curved “faces”meeting at the point 𝑥 ∈ Γ.

Denote by Σ𝑖 the hyperplane 𝑥𝑖 = 0, and by Γ𝑖 denote 𝜎−1
𝑥 (Σ𝑖 ∩ 𝑄1). We define

the class Φ(𝑘, 𝑑, 𝑠) of admissible functions 𝜑 by the conditions:
1) 𝜑 ∈ 𝐶𝑘,1(𝐷);
2) 𝜑(𝑥) > 0, 𝑥 ∈ 𝐷;
3) for 𝑥 ∈ Γ there exists such a spherical neighborhood 𝑂𝑥 ⊂ Ω𝑥 that in 𝐷∩𝑂𝑥,
𝜑 is representable in the form

𝜑 = (𝜑1𝜑2 … 𝜑𝑞(𝑥))𝑠,

moreover: a) 𝜑𝑖 ∈ 𝐶𝑘,1(𝑂𝑥); b) if 𝑡 ∈ 𝑂𝑥 − Γ𝑖, then 𝜑𝑖(𝑡) ≠ 0; c) if 𝑡 ∈ Γ𝑖, then
𝜑𝑖(𝑡) = 0, but | grad 𝜑𝑖(𝑡)| ≠ 0.

3. The main result is contained in the following theorem.

Theorem. Let the domain 𝐷 have boundary Γ ∈ Γ(𝑘, 𝑑), and let a function

𝜑 ∈ Φ(𝑘, 𝑑, 𝑠) be defined in it. If 𝑢 ∈ 𝐶𝑘(𝐷), 𝑢 ∈
0
Γ𝑠, 𝑘 ≥ 𝑑𝑠, then there exists a

sequence of polynomials 𝑃𝑛(𝑥) of degree not exceeding 𝑛 in each of the variables,
for which

‖𝑢 − 𝜑𝑃𝑛‖𝐶𝑙(𝐷) ≤ 𝑀𝑛−(𝑘−𝑙) [𝜔(𝑛−1) + 𝑛−1‖𝑢‖𝐶𝑘(𝐷)],

where 𝑙 = 0, 1, … , 𝑘; 𝜔(𝜀) = 𝜔(𝑘)
𝐶(𝐷)(𝑢; 𝜀), and 𝑀 depends only on 𝐷, 𝜑, 𝑘.

We outline the proof. Without loss of generality, one may assume that 𝐷 ⊂
𝑄𝛼, 0 < 𝛼 < 1, and all neighborhoods 𝑂𝑥 assigned to 𝑥 ∈ Γ, in view of
𝜑 ∈ Φ(𝑘, 𝑑, 𝑠), also lie in 𝑄𝛼. Further, one may suppose that 𝑢 ≡ 0 outside
𝑂′

𝑥0
⊂ 𝑂𝑥0

, 𝑥0 ∈ Γ; the general case is reduced to this by decomposing 𝑢 into
the sum of a finite number of functions (8). The proof is based on the following
lemmas.

Lemma 1 (basic). Let 𝜑 = 𝜓1𝜓2 … 𝜓𝑝; 𝜓𝑖 ∈ 𝐶𝑘,𝑖 (1 ≤ 𝑖 ≤ 𝑝); 𝜑𝑓 ∈ 𝐶𝑘; 𝑓 ∈
𝐶𝑘−𝑝, 𝑘 ≥ 𝑝; 𝜑[𝜆]𝑓 ∈ 𝐶𝑘−𝜆 (0 ≤ 𝜆 ≤ 𝑝), and ‖𝜑[𝜆]𝑓‖𝐶𝑘−𝜆 ≤ 𝑁(𝑓);
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𝜔(𝑘−𝜆)
𝐶 (𝜑[𝜆]𝑓; 𝜀) ≤ 𝜔𝑓(𝜀).

Then there exists a sequence of trigonometric polynomials 𝑃𝑛 of order not ex-
ceeding 𝑛 in each of the variables, for which

‖𝜑(𝑓 − 𝑃𝑛)‖𝐶𝑙 ≤ 𝐴1𝑛−(𝑘−𝑙)[𝜔𝑓(𝑛−1) + 𝑁(𝑓)𝑛−1], 0 ≤ 𝑙 ≤ 𝑘,

where 𝐴1 does not depend on 𝑓 or 𝑛. If 𝑓 is even, then 𝑃𝑛 contains only cosines.

The polynomials 𝑃𝑛 are constructed from the function 𝑓 as in (1), with the
sole difference that, for the basic operator, not Jackson’s kernel is taken, but a
somewhat modified one. The estimate is obtained from a certain identity which
expresses 𝜑(𝑓 − 𝑃𝑛) in terms of the functions 𝜑[𝜆]𝑓 .

Lemma 2. Under the assumptions of the theorem, 𝑢 can be extended to 𝑂𝑥 so
that

𝑢̄ ∈ 𝐶𝑘(𝑂𝑥); ‖𝑢̄‖𝐶𝑘(𝑂𝑥) ≤ 𝐴2‖𝑢‖𝐶𝑘(𝐷); 𝜔(𝑘)
𝐶(𝑂𝑥)(𝑢̄; 𝜀) ≤ 𝐴2𝜔(𝜀);

𝐷𝛼𝑢̄(𝑡) = 0, if 𝑡 ∈ Γ𝑖, 1 ≤ 𝑖 ≤ 𝑞(𝑥), 0 ≤ 𝛼 ≤ 𝑠 − 1, (3)

where 𝐴2 does not depend on 𝑢, 𝜀. If moreover 𝑢 ≡ 0 outside 𝑂′
𝑥 ⊂ 𝑂𝑥, then

𝑢̄ ≡ 0 outside 𝑂𝑥.

The proof is obtained by using Hestenes’method.

Since 𝜑 ∈ Φ(𝑘, 𝑑, 𝑠) in 𝑂𝑥0
, the function 𝜑 = (𝜑1 … 𝜑𝑞)𝑠; we enumerate the 𝑠𝑞

factors composing it with one index, putting 𝜓𝑙 = 𝜑𝑗, 𝑗 = [𝑙 − 1
𝑠 ] + 1, so that

𝜑 = 𝜓1𝜓2 … 𝜓𝑝, where 𝑝 = 𝑠𝑞 ≤ 𝑠𝑑. Introduce also the function 𝑣 = 𝑢̄𝜑−1.
Using (3), one can prove that 𝜑[𝜆]

𝑖1…𝑖𝜆
𝑣 = 𝜑[𝜓𝑖1

… 𝜓𝑖𝜆
]−1𝑣 = 𝑢[𝜓𝑖1

… 𝜓𝑖𝜆
]−1 ∈

𝐶𝑘−𝜆(𝑂𝑥0
), where 0 ≤ 𝜆 ≤ 𝑝, with the corresponding estimate of the modulus

of continuity. Extend 𝜓𝑗 (1 ≤ 𝑗 ≤ 𝑝) to 𝑄1, preserving smoothness, so that
𝜓𝑗 ≡ 0 outside 𝑄𝛼, and 𝑣 may be regarded as already extended, since 𝑣 ≡ 0
outside 𝑂𝑥0

⊂ 𝑄𝛼. Then 𝜑[𝜆]𝑣 ∈ 𝐶𝑘−𝜆(𝑄1);

‖𝜑[𝜆]𝑣‖𝐶𝑘−𝜆(𝑄1) ≤ 𝐴3‖𝑢‖𝐶𝑘(𝐷); 𝜔(𝑘)
𝐶(𝑄1)(𝜑[𝜆]𝑣; 𝜀) ≤ 𝐴3𝜔(𝜀).

Applying the usual device, to a function 𝑓 ∈ 𝐶(𝑄1) one may associate an even
function ̃𝑓 ∶ ̃𝑓(𝑥) = 𝑓(cos 𝑥1, … , cos 𝑥𝑚). If 𝑓 ≡ 0 outside 𝑄𝛼, then

‖𝑓‖𝐶𝑘(𝑄1) ≤ 𝐴4‖ ̃𝑓‖𝐶𝑘 , 𝜔(𝑘)
𝐶 ( ̃𝑓; 𝜀) ≤ 𝐴5𝜔(𝑘)

𝐶(𝑄1)(𝑓; 𝜀),
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where 𝐴4 and 𝐴5 depend only on 𝛼 and 𝑘. Therefore, for the function 𝑓 = ̃𝑣
the conditions of Lemma 2 are fulfilled, so that the sequence of trigonometric
polynomials indicated in it can be found. In view of the evenness of ̃𝑣, these
polynomials can be written in the form

̃𝑃𝑛 =
𝑛

∑
𝑖1,…,𝑖𝑚=0

𝑎(𝑛)
𝑖1…𝑖𝑚

(cos 𝑥1)𝑖1 ⋯ (cos 𝑥𝑚)𝑖𝑚 .

Then the polynomials

𝑃𝑛 =
𝑛

∑
𝑖1,…,𝑖𝑚=0

𝑎(𝑛)
𝑖1…𝑖𝑚

𝑥𝑖1
1 ⋯ 𝑥𝑖𝑚𝑚

are the desired ones. Indeed,

‖𝑢 − 𝜑𝑃𝑛‖𝐶𝑙(𝐷) ≤ ‖𝑢̄ − 𝜑̄𝑃𝑛‖𝐶𝑙(𝑄1) = ‖𝜑(𝑣 − 𝑃𝑛)‖𝐶𝑙(𝑄1) ≤ 𝐴4‖𝜑̃( ̃𝑣 − ̃𝑃𝑛)‖𝐶𝑙

≤ 𝐴4𝐴1𝑛−(𝑘−𝑙)[𝜔 ̃𝑣(𝑛−1) + 𝑛−1𝑁( ̃𝑣)] ≤
≤ 𝐴4𝐴1𝐴5𝐴3𝐴2𝑛−(𝑘−𝑙)[𝜔(𝑛−1) + 𝑛−1‖𝑢‖𝐶𝑘(𝐷)],

whence (2) follows.

4. Remark. The theorem remains valid if, instead of 𝑘 ≥ 𝑠𝑑, one requires
only 𝑘 ≥ 𝑠 − 1 for 𝑠 > 1 and 𝑘 ≥ 1 for 𝑠 = 1. In the case 𝑘 = 0, 𝑠 = 1 the
theorem is true if Γ ∈ Γ(1, 𝑑), 𝜑 ∈ Φ(1, 𝑑, 1). The proof in this case is somewhat
more complicated; the decisive role is still played by the identity mentioned in
Lemma 1, but the differential properties of 𝑣 = 𝑢𝜑−1 have to be studied in
greater detail.

If 𝐷 ∈ 𝑄𝜋, then the theorem is valid if the 𝑃𝑛 are regarded as trigonometric
polynomials.

Let the plane domain 𝐷 be 2𝜋-periodic in 𝜉 and bounded in 𝜂, i.e., from (𝜉; 𝜂) ∈
𝐷 it follows that (𝜉 + 2𝜋; 𝜂) ∈ 𝐷, |𝜂| < 𝑎. For such domains the theorem is also
valid if 𝜑 and 𝑢 are 2𝜋-periodic in 𝜉, and

𝑃𝑛 = 𝜑(𝜉, 𝜂)
𝑛

∑
𝑖,𝑘=0

𝜂𝑖(𝑎𝑖,𝑘 cos 𝑘𝜉 + 𝑏𝑖𝑘 sin 𝑘𝜉).

An analogous assertion is also valid for 𝑚 > 2, and the periodicity may be in
several variables.

In the case 𝑚 = 2, in order that Γ ∈ Γ(𝑘, 𝑑), it is necessary and sufficient that
Γ be piecewise smooth, with each smooth piece having, in local coordinates, an
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equation 𝜂 = 𝑓(𝜉), where 𝑓 ∈ 𝐶𝑘,1, and that the angle 𝛼 between two adjacent
pieces, directed into the domain, lie between 0 and 𝜋. If 𝛼 > 𝜋, then for 𝑠 = 1
one can find such 𝑘, 𝑙 and a function 𝑢 ∈ 𝐶𝑘(𝐷), 𝑢 ∈

∘
Γ𝑠, that (2) is not satisfied,

whatever 𝜑 and 𝑃𝑛 may be. The same can be asserted also for some domains
having angle 𝛼 = 𝜋.

In the case 𝑚 > 2, the condition Γ ∈ Γ(𝑘, 𝑑) also imposes a restriction on the
number 𝑞(𝑥) of“faces”of the boundary that meet at the point 𝑥 ∈ Γ. Apparently
this restriction can be removed. The entire difficulty here is contained in the
proof of Lemma 2.

The results presented can be applied to estimate the rate of convergence of
approximate solutions of partial differential equations obtained by variational
methods.

In conclusion I express my gratitude to the participants of the seminar on non-
linear problems of mechanics at Rostov-on-Don University for useful discussion
of this work.

Rostov-on-DonState University

Received21 IV 1960
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