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Abstract

Full Text
MATHEMATICS
I. B. SIMONENKO

BOUNDEDNESS OF SINGULAR INTEGRALS
IN ORLICZ SPACES

(Presented by Academician S. L. Sobolev on 23 X 1959)

Let £3;(D) be the Orlicz space defined by a bounded measurable set D of
m-dimensional space E,, and by the function

|l
M(u) = / p(t) dt,

where p(t) is a nondecreasing function;

e
N(u) = / a(t) dt,

where ¢(t) is the right inverse of p(t), and let £y (D) be the set of functions V'
for which

/ N[o(P)]dP
D
exists.

As is known ((%, p. 83)), the space £%,(D) consists of functions u satisfying the
condition

/ | [v] dP < o0
D

for all v € £ (D); the norm in the space £%,(D) is introduced by the equality

s = s /D w(P)o(P)dP, /D N[o(P)]dP < 1.

Consider the singular integral
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ki | UP0) 1) dq. (1)

b P—ql"

where
po L9
|P— Q|

is a point of the unit sphere.
Q(P;0) satisfies the following conditions:

1.

Q(P;0) ds, =0,
s,

where S is the unit sphere.
2. Q(P;0) is continuous in 6 for fixed P.

3.
|QP;6;) — QP;0,)] < w(|0; —0y)),

where w does not depend on P and satisfies condition 4.

1
/ @dt<oo.
b t

|Q(Py;0) — QP 0)| < BIPy — Pl a >0
B is a constant.

We subject the function M (u) to the additional condition: for sufficiently large
u the inequality

<a (2)

holds.

It is easy to prove that there exists a function M, equivalent to the function
M ((*, p. 27)), satisfying inequality (2) for all u. At the same time ---

Ly, = £Ly(D), and the norms | [, and | [, are equivalent (*), p. 130).
Therefore, without loss of generality, we may assume that inequality (2) holds
for all u.

Theorems on the boundedness of singular integrals in the class £, (p > 1) were
obtained by S. G. Mikhlin (!,3) and by A. Calderén and A. Zygmund (). The

sovietrxiv.org/items/ru-196001.97358 Machine Translation


https://sovietrxiv.org/items/ru-196001.97358

space £, is a special case of £3,(D), when a = 3 = p. We have obtained a
theorem generalizing the results of the authors mentioned.

Theorem. The singular operator (1) is defined and bounded in the space
%, (D), e

IE flar < Cliflars (3)

where C' depends only on «, 8, Q, ug, D *

Proof. Introduce the notation:
Q(P;0)

A i P —Q > A,
k(P = p—qp TIP-@
0, it |P— Q| < X

[, e <y
'ﬂP)y‘{y, it f(P) >y

f*(¢) is the nonincreasing function equimeasurable ** with f(Q), defined on the
1

ray 0 <t < oo; By(z) = - fox f*(t)dt; Bf(y) is the inverse function of B;(z);

J? A=Ky\f=

= / K, (P;Q)f(Q)dQ; E? is the set of points P € D, where |f/\(P)\ > .
D

Then for any r > 1 the following generalized inequality of A. Calderén and A.
Zygmund (?) holds:

C
B < /D F(P) dP + CLBF (), (4)

where C] is a constant depending only on D, r, and €.

This inequality was obtained in (?) for the case 7 = 2 and for a characteristic 2
depending on #. The stated inequality is proved similarly, using the result of S.
G. Mikhlin ((1), p. 99, Theorem 3).

Since, for f satisfying the Holder condition, K, f tends uniformly to K f as
A — 0, the theorem will be proved if we verify that

173l < CUllars ()

sovietrxiv.org/items/ru-196001.97358 Machine Translation


https://sovietrxiv.org/items/ru-196001.97358

where C' does not depend on A. Obviously, it is sufficient to prove inequality (5)
for f > 0, which we shall assume in what follows.

We give the necessary inequalities (see (*), pp. 39 and 251)

up(u) o )
Nip(w)] > p— for all w; (6)
ful < 1+ [ Mlu(P))dP; 7)
D

* When this note had been prepared for publication, we learned of the work
(), in which, under assumptions somewhat different from ours, boundedness is
proved, but only in the case when Q = Q(6).

¥ f1(t) (0<t<oo)and f(P) (P € D) are called equimeasurable if
mE(a < f; <b)=mE(a < f<D).

/D w(PYo(P)dP < [ulyslol s (8)

if |ully, <1, then

[ Mu(P)aP < fuly. )
D

Let us proceed to estimate Hf)\HM:

[l <1+ /D MIf\(P)dP =1+ / B P(y) dy. (10)

We estimate the last integral using inequality (4):

[ Bewaze [ By [ipepapec, [ s . o)

We consider the integrals on the right-hand side of (11) separately:

_ [T ) R . = ply)
I = / W ay /D (P} dP = /D M{|f(P)]) dP+ /D F(P)[ P /ﬂp) W ay,
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M
Choosing r > « so that lim ﬂ

=0 ((4), p. 38), and integrating by parts,
y—oo gy

we obtain

[iserar /f:)p;%)dy:— [aiseyapsr [ \neirar / (W) gy,

From the last equality and inequality (2) it follows that

rap [ PW g o @
Jerrar [ 2Ry <o s

Finally, for the integral I; we obtain the estimate

n< o [ msear. (12)

Let us turn to the second integral. Making the substitution y = 3 f(x), integrat-
ing by parts, and taking into account that

hme[ﬁf 1< hm/ MI|f*(t)])dt =0,

we obtain a chain of inequalities:

= —aM[|B(x) /Mlﬁf dfc</ M{|B(x)

= oM]|;( >m§°— / PlIB; (@)1 (@) dar + / B, (x)pl|B; ()] da

From the last equality and inequalities (2), (6), (7), (8) it follows that
(B — 1)/ M[Bg(x)] dx < / plBs(@)]f*(z) dz < [ f*[arlplBs (@)l <
0 0

<1+ [ 0w as] 1t < [14 2 [ syl as] 11 <
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S2F+@%4)£waAmw4nﬂ%

—1
Now it is easy to verify that on the sphere |f|l,; = k = 4(6(1_1) < 1 the
inequality
4
L, <—%k 1
holds.

Substituting (13), (12) into (11), and then into (10), and using (9), we obtain
on the sphere | f| ), = k the estimate

~ r
<1 E(—+——].
£l < 1+ Cok (= + 57 )

Finally, we shall have

1 r 4
K|<-+C/|——+——].
Il < 3+ 0 (s + 55)
The theorem is proved.

Incidentally, from inequality (13) we have obtained the boundedness of the
operator

in Orlicz spaces satisfying condition (2) for all u; its norm is

4o
-1

18 <

For £, (p > 1) this result was obtained by Hardy with a more precise estimate
of the norm:

p
< —
I8 < 25

([5], p- 77).

The theorem proved admits a generalization to an unbounded domain D under
the following additional conditions: 1) inequality (2) holds for all u; 2) Q depends

sovietrxiv.org/items/ru-196001.97358 Machine Translation


https://sovietrxiv.org/items/ru-196001.97358

only on 6, or the conditions of S. G. Mikhlin’ s theorem [3] are satisfied for some
p>a.

The theorem is applicable in estimating higher derivatives of elliptic equations,
in the theory of one-dimensional singular equations, and in boundary-value prob-
lems for analytic functions.

The work was reported at the seminar on nonlinear problems of mechanics at
Rostov-on-Don University.

The author expresses his gratitude to the seminar leader I. I. Vorovich, and also
to its participants V. I. Yudovich and Yu. P. Krasovskii for useful discussion of
the work.
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‘ H(”f”M §1+/DM 1lar dpP < 2.

Note: Figure translations are in progress. See original paper for figures.

Nl < 20 f g since ”
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