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Abstract

Full Text
MATHEMATICS
L. S. GOLDENSHTEIN and I. Ts. GOKHBERG

ON A MULTIDIMENSIONAL INTEGRAL
EQUATION ON A HALF-SPACE WITH KER-
NEL DEPENDING ON THE DIFFERENCE
OF THE ARGUMENTS, AND ITS DISCRETE
ANALOGUE

(Presented by Academician V. I. Smirnov on 16 XI 1959)

Let t = (t4,1q,...,t,,) denote vectors of the n-dimensional real Euclidean space
E(= E,), and let E' denote the half-space of E defined by the inequalities
0<t <oo, —00<t; <0 (1=2,3,...,n).

Below we shall consider the multidimensional integral equation of the form

o(t) — /E K= s)pls)ds= () (e BV 1)

where the function k(t) € L, (FE), while the given function f(t¢) and the unknown
function ¢(t) are assumed to belong to the space D(ET) (2).

Separate special cases of the multidimensional equation of the form (1) occur in
certain questions of mathematical physics (see, for example, (?)).

A detailed investigation of equation (1) and its discrete analogue in the one-
dimensional case was carried out by M. G. Krein (1).

The general theory of the multidimensional equation (1) is, in a certain sense,
simpler than the general theory of the corresponding one-dimensional equation,
since the index of equation (1) for n > 1, under the natural restrictions (4), is
always equal to zero. At the same time, the method of effectively solving the one-
dimensional equation (1) (the factorization method (1)) is entirely applicable
also to the solution of the multidimensional equation (1). The difference that
arises here between the one-dimensional and multidimensional equations recalls
the difference between one-dimensional and multidimensional singular integral
equations (3).

In this note we also consider equation (6), which is the discrete analogue of
equation (1).
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As is known (1), in the one-dimensional case n = 1 the principal propositions
concerning equation (6) essentially coincide with the corresponding propositions
concerning equation (1). In contrast to this, for n > 1 the discrete analogue (6)
of equation (1) differs essentially in its properties from equation (1). Thus, for
example, when condition (7) is fulfilled, which is an analogue of condition (4),
equation (6) may have both zero index and infinite index (see Theorems 2 and

1. By D(E™) we shall denote one of the spaces of complex-valued functions

Lp(E+) (p > 1)’ M<E+)’ M(:(EJr)v Mu(E+)’ C(E+)v CO((E);JF)
2

The spaces listed are defined in the same way as in the one-dimensional case
(1,86). If k(t) € L,(E), then the operator K, defined by the equality

Ko = /E K= shpls)ds  (te EY), 3)

maps each of the spaces D(E™) into itself and is there a linear bounded operator,
with | K p <[k(®)]L,-
Let k(t) € L,(E) and

I—-X(\)=1- / MKt dt £0 (X € E); (4)
E

then, for n > 1, the function arg(l — X'(\)) is a single-valued function and, by
the Wiener-Lévy theorem,

In(1—%X(\)) = — /E Oy dt (I(t) € Ly(E)).

Introducing the notation

G, (\) =exp l(t)ez‘(A,t> dt, G_(\) = exp/ l(t)ei()\,t) dt,
2 E-E+

we obtain the factorization of the function (1 — X (\))~!, needed below:

=X =G NG () (e B).
We note that the factors G_()) can be represented in the form

G,(A\) = 1+/ vy (t)e'™ dt, G_(\) = 1+/ Yo (£)e "N dt (vyy, 7y, € Ly (ET)).
B+ B+
(5)
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The functions G;!()) are reduced to the same form.
Using the method of proof of Theorem 7.1 from (1), it is easy to prove:

Theorem 1. If the function k(t) € L,(E) satisfies condition (4), then for any
right-hand side f € D(E") equation (1) has a unique solution o(t) € D(ET),
determined by the formula

o(t) = () + / (69)1(s)ds.

where

+

Ats) = nlt=s) + =0+ [ nlt—rimG=rdr  (sre B,

and the functions v, (t),v,(t) are determined from relations (5) and the equality

Nt =) =0 (e E—ET).

2. Denote by j = (ji,Ja, ---» Jp) the points of the integer lattice R(= R,,) of the
space I, and by RT the subset of R defined by the inequalities

0<j; <oo, —00 < Jp <00 (M =2,3,...,n).

By l,(R") (p > 1) we denote the Banach space whose vectors are sets of complex
numbers §; (j € R¥) for which

€17 = >~ 1€;1P < +oo.

JERT

By m(R*) we denote the Banach space of bounded sets { = {¢;} ;c g+, with the
norm defined by

I€ll,, = sup [;].
jERT

Finally, by ¢(R™) (¢o(R*)) we denote the subspace of m(R™) consisting respec-
tively of all vectors § = {¢;} e+ for which the limit lim;_,  &; exists (for which
lim, . & = 0). In what follows, d(R") will denote any of the spaces introduced.

The discrete analogue of equation (1) is naturally considered to be the infinite
system of linear equations

Z ar& = (k€RT), (6)

JER®

where the vector a = {a;},cr belongs to the space d(R"), and the given vector
N = {M}rer+ and the unknown vector § = {§;},cz+ are assumed to belong to
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the space d(R"). For simplicity, the subsequent exposition will be given for the
case n = 2. Let a = {a;},cx € [;(R) and let the function

A = A(G:G) = D a1 G # 0 (1G] = 1G] =1). (7)

keER

The function arg A, (¢), where
A1(¢) = GGV A(Q),

e=27

1 ) 1 27
n = % [argA(e“", CQ)]L,O:O ? v= 27'(' [argA(Ch )}z=0 ’

is a single-valued function, and

A Q) => 1, ({I;}en € L(R)).

JER
Defining the functions A (¢) by the equalities

A, (0) —exp< Z l0J2 '2+Z Z ljdl §2>;

Jo=—00 J1=1jgo=—00
A0 exp( S e S S e ) (61 =1,
Jo=—00 J1=—00 jp=—00

we obtain the following factorization of the function A=1(():

ATHO) = EAOA) (1G] =16l =1).
The factors A, ({) can be represented in the form
=D G (al=l6l=1),
jER*

where {3} ;cg+ and {; } e+ belong to I (R").
Theorem 2. If a = {a;};cp € [;(R) and condition (7) is satisfied, then:

a) for » <0, in all spaces d(R*") the homogeneous equation
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> ap & =0 (kR (8)

jER*
has the unique zero solution;

b) for » > 0, equation (8) has an infinite set of linearly independent solutions;
the general solution of equation (8) in all spaces d(R*) has the form

7n—1 oo
iy = Zﬂjl—p ]z—kck (j € RY), (9)
p=0 k=p
where {cép)}keRl (p=0,1,...,% — 1) are arbitrary vectors from I, (R;).

Note that the function 2({), whose Fourier coefficients coincide with the numbers
&;,j,» has the form

S S} . n—1
z <> = Z Z §j1j2<\:{1 22 = C17§2 Zcp
J1=0jy=—00 p=0
where
cp(Gs) = Z ci”)@ (p=0,1,...,%—1).
r=—00

Theorem 3. If a = {a;;};cp € [;(R) and condition (7) is satisfied, then, in
order that the system (6), where {n;},cg+ € d(R"), have at least one solution
{§;}jer+ € d(RT), it is necessary and sufficient that the condition

Z nix; = 0 (10)

JjeERT

be satisfied for every solution {x;};cg+ € d(R") of the transposed system of
homogeneous equations

Z a;_pX; = 0.

JERT

When condition (10) is satisfied, one of the solutions £ = {{;};c - of the system
(6) is obtained by the formula

= vum GERY,  vp=> v, (.keRY),
keRt reR*

sovietrxiv.org/items/ru-196001.97107 Machine Translation


https://sovietrxiv.org/items/ru-196001.97107

and the numbers ’y; and 7~; are the Fourier coefficients, respectively, of the
functions

d%+\x\)/2A+(C)’ d%“xD/QQ’A_(C) (I¢;1 =1).

According to Theorem 2, condition (10) need be observed only in the case »# < 0.
In the latter case, (10) may be replaced by the following equivalent condition

Z Z njl,kx‘(ﬁgjsz =0 (.72 = 07:|:17 ey P= 07 1u sy M 1)7

71=0 k=—o0

where the numbers X;p ) (j € R*) are the Fourier coefficients of the function

CfA7<C1_17<2_1) (p = Oa la ey M 1)

3. The theorems given above for equations (1) and (6) admit a generalization
to the case of the paired integral equation*

o(t) - /E kit —s)p(s)ds = f(t)  (te B-=E—EY),

o(t) - [9 byt — s)p(s)ds = f(t)  (te EY),

its transposed equation

oty — [ Ey(s— t)p(s)ds — / kyls —)p(s)ds = f(t)  (t€ B)

E- Bt

and their discrete analogues.*
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Note: Figure translations are in progress. See original paper for figures.
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