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Abstract

Full Text
D. N. ZUBAREV

ON THE THEORY OF SUPERCONDUCTIV-
ITY

(Presented by Academician N. N. Bogolyubov on 18 XII 1959)

The method of two-time temperature Green functions (retarded and advanced)
is very convenient for considering various problems of statistical physics (173).
We shall apply it to the problem of the thermodynamics of the superconducting
state on the basis of the Frohlich Hamiltonian. We shall use Green functions of
the type

(1)

({(A(2); B(t))), = —i0(t — t')([A(¢), B(t")]), o= b t>0
({(A(#); B(t')))q = 0" = t)([At), B(t")]), 0, t <0,

where (---) denotes averaging over the grand canonical ensemble; [A, B] = AB+
BA. The indices r, a will henceforth be omitted, since the Fourier components of
the Green functions (1) can be analytically continued into the region of complex
energy and regarded as a single analytic function with a cut along the real axis

().

For the Green functions we have a chain of equations:

ii<<ako(t); a, (1) = 6(t = t') + Ty ((ayes ag,))

dt
+ Z Aq<<ak7q,abq; G’Zg>> + Z Aq<<ak’7q,crbiq; a;:o'>>;
q

' (2a)

i%«aqu,a(t)bq(t); Ay (1)) = (Ty_y + wy) ({ag_q.0bgi afy))

) A, (g g g o(by + b5 by a),)) @)

q1

+ Z Aq<<ak7q,0'azl —q,04 Ao CLZU>>;

kioq
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i%«ak—q,a(t)bfq(t); af (1)) = (Th_y — wo) (ar_q.obF g ai))
) Ay (g g g, 0(bg, + 50T i a,)) 2)

- Z Aq<<a'qu,0a;:1 —q,0, akl o1 ; a;:o->>‘

kioy

(the arguments ¢, ¢ on the right-hand side of the equations have been omitted),
where A, = (wq/ZV)l/Qg; g is the coupling constant with the phonon field;
T, = k*/2m — y; p is the chemical potential.

The system (2a)—(2 ), in addition to the original Green functions, also contains
higher-order Green functions containing four operators. We split the latter by
pairing operators belonging to the same instant of time (cf. (2:3)):

({@h—g-gy.0, (by, + 050 D043 a10)) = Vg {{hos Q1)) 0g 4,
(@ —q-q,.0(bg, + 54 0T g5 a5,)) = (14 1) ((ahei a15)) 01,
<<ak—q,aazlfq,glaklol;azo—>> =(1- nk—q)<<a’ko’; azg>>5ZiZj
L

- <ak7q,0a7k+q,fa'><<aik,—a; Ao k+k, >

3)

Vq = <b;1rbq>ﬂ ng = <G‘Zaaka>'

We also take into account pairings of the operators ay, and a_j _,, bearing in
mind, in accordance with the method of the u — v transformation (4), that an
asymptotically small term has been added to the original Hamiltonian, which
does not conserve the number of particles and which, in the final results, we
shall let tend to zero (cf. the third formula in (3) with the splitting of Green’ s
functions in Grin’ s paper (°)). For the Fourier components of Grin’ s functions
we obtain:

(E_Tk:)<<a’ka | az¢7>> = %+2Aq<<ak7q,abq ‘ aZU>>+ZAq<<ak7q,abiq | a’za'>>7

A
<<a’k7q,abq | az:ra>> = E‘—ﬂéﬁ {(Vq +1-— nk7q><<ak70' | a’;ra>>_
_<a’k7q,aa7k+q,fcr><<a’ik7—a | azo'>>}’ (4)
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A
<<a’k:7q,abiq | a;ﬂ» _— {(Vq + nkrfq)<<a‘ka' | a’;cra>>+

T E-Tp,tw,
+<a’k—q,aa—k+q,—a><<a’tk7fg | G’Zg>>} 5

(B+ Tty o lai,)) = =D Agllalyy by | aif))—

- Z Aq<<atk+q¢70btq | CLZU»,
q

_A
<<a‘irk+q,7crbq | a;gg» = Mﬁ {(Vq + nqu)<<atk,fa | aZa>>_
0 g -0 Wg.o) (ko [ af,)) } (5)

A
. {(1 g =y )aly _, | ag,))+

+ bt oy _
<<a7k:+q7*<7 —q | ak0>> E + Tkrfq +wq

+<a—k+q,—oak—q,o><<aka | O’Za>>} .

Eliminating from equations (4), (5) the Green’ s functions that contain Bose
operators, we obtain for the Green’ s functions

Gi(E) = ({agy | ago))s  TholB) = (a4, | aj,)) (6)

the system of equations

1
{E =T, =M (E)}GL(E) + € (E)L(E) = o
{E+ T, + M (—E) 0 (E) + €4 (—E)Gp(E) = 0, (7)
where the following notation has been introduced:
1+v,—n,_ v, +n_
M, (E) = AQ[ Z 44 1 —1, (8)
F zq: NWE-T ,—w, E-T ,+uw,
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1 1

¢, (E) = A2 B
ka( ) Z q<ak7q7aa7k+q,70> E— kaq Y E— kaq + OJq

q

q

The quantity 9, (F) has the meaning of a “mass operator”; the quantity &, (F)
determines, as we shall see below, the energy gap in the spectrum of elementary
excitations.

Solving the system (7), we obtain for the Green’ s functions

G(E) = 1 E+T,+M,(—FE)
k 9 2 2 )
21 {E _ mk(E)*zmk(*E) } _ {Tk + mk(E)Jr;ﬁk(*E) } — ¢, (E)¢, (—E)
1 ¢ (—E
Ly (E) = ir (=)

T o9 2 2 :
2m {E _ W} _ {Tk + W} — ¢, (E)¢,, (—E)
(9)
Knowing the Green’ s functions, one can calculate the spectral intensities of the
time correlation functions J,(w), Ji,(w) by means of the relations

Grlw +ie) — Gylw —ie) = % Tp(w) (€™ +1),

1
() = Tip 0 — i) = & g () (54 1), (10)
where
(0l (¢ (0) = [ Tule)e )
(a1t 0) = [ Tiplwe ) d (1)
whence, putting ¢ = t/, we find the distribution functions n, = (a}_a,),

<a20atk,fa>'

In formulas (9), F is a complex quantity. Near the real axis E = w4 ic we have

My (w £ ie) = My (w) F iy (w), Cpo(w ie) = Cpp (W) Fidp(w),  (12)

where
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1+v, —ny, Vg+nyp_g ]
+ )
w=Ty —w, w—T ,+uw,

Mk(w)P;Ag[

1 1
w=T ,—w

. a3

4 w—Tk7q+wq

Cuol) = P 3 A0k 400 114, |
q
(W) = ﬂ'z A2 (A + v, —mny 0w =Ty —w,) + (v, + 1y )0(w =T}, +w,)],
q

5ka(w) =T Z A(21 <ak—q,oa—k+q,—o> [5((.0 - Tk—q - wq) - 6(&1 - Tk—q + wq)] .
q

(Here P denotes the integral in the sense of the principal value.)

For v, — 0, 6, — 0, the spectral intensities are delta-like. If the damping
is finite but small, then near w = QF they have a sharp maximum. We shall
assume that the functions M, (w), C},(w) vary slowly near this maximum and
set them equal to constants. We shall, moreover, neglect the damping. Then
the Green’ s functions (9) acquire poles at the points w = QF:

M — M M+ M)
Q = ——5—+ i\/{T/ﬁk k} +CoCros

2

M = My(£95), G, = Cpo(£4). (14)

Noting that M7 — M = 1,9, where the quantity 7, is very small (n, < 1),
one may neglect 7,,. Then for the energy of the elementary excitations we obtain

Qk:\/§z+0;00;0, Qf:igk, gk’:Tk+Mk’ Mk:Mk<0)2M]:2M];
(15)

(It can be shown that for the exact mass operators M, (w) = M, (—w), and also
Cko’(w) = Cka<_w)')

For the spectral intensities ¥, (w), J,,(w) and the corresponding distribution
functions, with the aid of (10), (11) we find
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(™ + 1)

Yie(w) = T{(Qk + &) 0w — Q) — (4, — §,)0(w + Q)
(16)
<eﬁw + 1)—1 B .
Jho(w) = _T{Ck,;é(“} =) — O 0w+ )},

_ 1 gk Qk + + _ 1 Cl;a Cl:a
"=y (1 oM)Wt ST\l e i
For the functions C; we obtain the integral equation

2 w? 1 Cc cy
Cizi q { ko _ kKo }’ (17)
e qé;,q) W (20 — T2 9 P 11 Py 1

whose solution C} = C;, = C;,(—1)°"1/2 is easily obtained by the method set
forth in paper ©.

The mean interaction energy is found from the first equation of system (4),
whence the exact relation follows

(o)
[ - Ton) do= Y Agfat,ap ot b5 (8)
A 7
Substituting here ¥, (w) from (16), we obtain the mean interaction energy
c:
Hy) =) My, —) - th—k 19
< 1nt> %: kT kzg: 2Qk 20 ( )

The thermodynamic potential is obtained by integrating (19) with respect to
the interaction constant. For example, at zero temperature, for the difference
between the energies of the normal (C;, = 0) and superconducting (C), # 0)
states we obtain

1/2

dn 2 de dn 1
E —F = — | 20 2/e?p 27~ (7> ~2_ ,—2/p
n s.p- V(dE) W/O & €2p \% dE w 28 s
O=we /Ooln2xd Y(z)dx ¢ **1w| (20)
= wexp | deD ; w = 5 Yal g,
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2 90/ko u2 du dn
@(3:)=97/ . p(0) =1, xzﬁ, p:I<—).
0 w

dE

Here (dn/dFE) is the density of states at the Fermi surface; ¢, is the maximum
Debye momentum; kg is the limiting momentum of the electrons at the Fermi
surface. Formula (20) coincides with that obtained in paper * (cf. 7).

In conclusion I express my deep gratitude to Acad. N. N. Bogolyubov for dis-
cussion of the work and valuable advice.
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