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Abstract
Full Text

L. I. Kamynin and V. N. Maslennikova

On Certain Properties of Solutions of Mixed Problems for
a Parabolic Equation with Discontinuous Coefficients

(Presented by Academician S. L. Sobolev on 12 IV 1960)

Recently, numerous works have been devoted to the consideration of boundary-
value problems for a second-order equation with discontinuous coefficients (see,
for example, (173)). In the present note a priori estimates are derived for so-
lutions of various mixed problems for a parabolic equation with discontinuous
coefficients, on the basis of which uniqueness and well-posedness theorems are
proved. We note that we use methods developed by O. A. Oleinik in (*).

In the cylindrical domain @ = Q x (0,7) (€ is a domain of the space z =

(21, ...,2,), bounded by the closed surface S) we consider the parabolic equation
< 82u n 8’11, au
e ;1 o) Oz 0z, " ; bi(x’t)@ te(@ -5 =0 (1)

where, for arbitrary real )\;, in Q
n n
Z ag(z, t)NN,; > mZ)\?, m = const > 0, c(x,t) <0.
ij=1 i=1

The coefficients a,;(z,t), b;(x,t), c(x,t) are assumed to be sufficiently smooth
functions everywhere in the domain @, except, perhaps, at points of a finite
number of n-dimensional cylindrical manifolds '), = S, x (0,T") with generators
parallel to the t-axis, where a,;, b;, ¢ may have discontinuities of the first kind.
The manifolds I';, divide @ (respectively, S, divide ) into a finite number of
domains @, = Q;, x (0,7). The manifolds serving as the boundary of @, and
Q; (©;, and ;) and not coinciding with I' = § x (0,T") will be denoted by
I'y; (respectively, Sy;). In what follows we shall assume that the I';; have no
common points with I and do not intersect one another.

Let a;

179 bz’a

(k) (D)

ij > Qg b
class. We investigate the properties of a solution u(x,t), continuous in @, of the
equation

¢ have limiting values on both sides of I'y;, which we shall denote

by a etc. Let the boundary surfaces I' and I'y; belong to the Lyapunov

Lu:f(x,t), ($7t) erv (2)
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with the boundary condition on T’

l(u) = a(x,t) du/dN + b(a:,t)u‘F = o(x,t); (3)
with the initial condition

u(z,0) = F(x), x € (4)

with boundary conditions on I'y;

ak(x,t)au/aNk+al($7t)8u/6Nl|F = hkl(l',t), (5)

u(z, t)|FM_0 = u(z, t)|1“kl+0' (6)

where F(z) satisfies the compatibility condition

a(z,0)0F (x)/ON + b(x,0)F(z) = ¢(z,0). (7)

ON "N (k) 0
— = a;; cos(ng, ;) —
6Nk Z ] ( k z) or.

7,7=1 J

is the derivative with respect to the conormal N, where n,, is the normal to I';;,
interior with respect to the domain Q; /9N is the derivative with respect to
the conormal to T’

og(z,t) > a>0 for (x,t) € I'y; (8)

a(x,t) >0, b(x,t) <0, a’(z,t) + b*(z,t) > 0 for (z,t) €. (9)

For auxiliary purposes we consider cylindrical domains Q) = Q% x (0,T) (I =
1,2) of two kinds: 1) the domain Q") has two lateral boundary surfaces I' =
S x (0,T) (external) and v = s x (0,T) (internal); 2) the domain Q® has one
lateral boundary surface I' = S x (0,7). Consider functions Rf;l>(x) (1=1,2),
continuous together with their derivatives of sufficiently high order in the closed

domain 0" (I = 1,2), possessing the properties: 0 < Rt(sl)(x) <A zeQ¥

(1=1,2); agRgl)(xﬂ <0(=1,2) agRgl)(xﬂ < 0, where n is the interior
n s n s

normal to S (s); Rgl)(x) =0 for p(z,S) >4 (I=1,2) and for p(x,s) > 6 (I =1);
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Ré”(x)’s = Rgm(ac)‘s = A (1=1,2), where p(z,S) is the distance from 2 € Q)
to S; 6 > 0 and A > 0 are constants, with p(S,s) > ¢.

Condition A. Let the coefficients of the operator Lu (1) in the domain Q%)
(1=1,2), where

e(z,t) <0, (10)

and the boundary surfaces I" and v be so smooth that there exists, continuous
together with its first derivatives with respect to z;, (k = 1,2,...,n) in the closed

—
domain Q< ) (I=1,2), a solution V)(z,t) (I =1,2) of the mixed problem

V=0, (&,)eQV (1=1,2) (11)

vlyF:v1|7:A>o (1=1,2); (12)

(0

Vi(z,00=RV(z), zeQ (1=1,2), (13)

where Ré”(x) (I =1,2) are the smooth functions constructed above.

Remark 1. Condition A holds if, for a;;,b;,c,T', and ~, the conditions of the
existence theorems of T. D. Venttsel’ ® and A. Friedman (7 are satisfied.

Lemma 1. If condition A is fulfilled, then for the solution Vj(x,t) of problem
(11)—(13) the inequalities

0<Vi(z,t) <A, (z,t) € QU; (14)
0<Vi(@t) <4, (wHeq; (15)

oV, A% _
“ml < TRl <7 k<0 (=12 09

hold, where r > 0 is a constant.
Lemma 1 is proved with the aid of theorem 1 of R. Vyborny ().

Theorem 1. If u(z,t) is a solution of equation (1), continuous in Q, satisfying
conditions (5), (6), and

I(u)] . =0, (17)
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u(z,0) =0, (18)

having derivatives du/ON on I' and u/ON,,, Ou/ION, on I'};, where the surfaces

I' and T';; are so smooth that Lemma 1 applies, then everywhere in @ the
estimate holds

A
<= hy, ()], 19
|u(x )Ifra Hi%x(w%?r{kl' g ()] (19)

where A, r, a are the constants from (8), (15), and (16).

The proof is based on Lemma 1, on the validity of the maximum principle for the
parabolic equation (1) in each of the closed subdomains @, and on Theorem 1
of R. Viborny ().

Remark 2. For the solution of the homogeneous first boundary-value problem
in the case of an elliptic equation, an a priori estimate analogous to (19) was
obtained by I. A. Shishmarev (3).

From Theorem 1 one immediately obtains the uniqueness theorem for the solu-
tion of problem (2)—(6).

Theorem 2. If the coefficients of equation (2) and the boundary surfaces I'
and I';, satisfy the conditions under which Lemma 1 is valid, and if the functions
f(x,t), F(x), 0F (x)/0x;, ¢(x,t), and hy(x,t) in (2)—(6) are continuous in their
domains of definition @, Q, T', and T';;, respectively, and the conditions (7)—(9)
are satisfied, then the mixed problem (2)—(6) has at most one solution u(z,t),
continuous in the closed domain Q, twice continuously differentiable in the open
domains @), and having derivatives along the inner conormals to the boundary
surfaces I' and T'j,.

Lemma 2. If (10) is satisfied, u(z,t) is a solution of problem (2)—(6) con-
tinuous in @, where f(z,t) > 0 (f(x,t) < 0), p(x,t) > 0 (¢(z,t) < 0), and
hy(z,t) > 0 (hy(z,t) < 0), then u(z,t) cannot attain a positive maximum
(negative minimum) on any of the boundary surfaces I', T'y;.

Using Theorem 1 and Lemma 2 makes it possible to prove the following theo-
rems.

Theorem 3. Let u(x,t) be a solution of problem (2), (17), (18), (5), and (6),
continuous in Q. If

e(z,t) <0, (20)

then everywhere in Q the estimate holds
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max_|f(z,t)|

(z,t)€Q
T A h t)| = h
minﬁ|c(x7t)| + = ra m,?X (mntl?é}IEJ k(m )‘ (f, ),
(w,t)eQ

lu(z, )] <

where A, r, « are the constants introduced above.

Theorem 4. Suppose that for arbitrary functions ¥, (x,t), ¥,(x,t) of the class
C*(Q) (k > 0) there exists a solution of equation (1), continuous in Q (c(,t)
satisfies (20)), satisfying the conditions (5) with hy(z,t) = 0 and l(u)|p =
U, (z,t), u(z,0) = ¥y(z).

If a(z,t) and b(z,t) satisfy (9) and belong to the same class C®'T", then the
solution u(zx,t), continuous in @, of problem (2), (3), (5), (6), (18) satisfies the
inequality

max |p(z,t)]
luz,t)| < B(f,h) + el x
T ' min (la(z,t)| + [b(z,t)])
(z,t)el
A1 Ky | A5 e Jay(a0) a0+
— max |a;;(z,t)|- max |ag(z
2 ro = (x,t)eQ (z,t)ely, k
e (Za”+2|b|+1>
(z,t)eQ
=M h 21
+ mln7|c(x’t)| (f7<)0? )’ ( )
(z,t)eQ

where K, K, do not depend on the coefficients of the equation or on the func-
tions f, ¢, hy,.

Theorem 5. If u(z,t) is a solution of equation (1), continuous in @, with ho-
mogeneous boundary conditions (17) and (5) (h;, = 0) and with initial condition
(4), where F'(x) is continuous in , and the compatibility conditions (7) (¢ = 0)
are satisfied, then everywhere in Q the inequality

|u(x, )] < max |F(z)]
e

holds.
With the aid of Theorems 4 and 5 one proves

Theorem 6. If the conditions of Theorem 4 are satisfied and if, for the func-
tion F(z), the mixed problem (1) with homogeneous boundary conditions (17)
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and (5) (hy(x,t) = 0) and with initial conditions (4) is solvable, then the solu-
tion u(x,t) of problem (2)—(7), continuous in Q, satisfies everywhere in Q the
inequality
lu(z, t)] < max |F(@)| + M(f, e, h), (22)
xE

where M (f, o, h) is taken from inequality (21) of Theorem 4.

The estimates (21), (22) obtained make it possible to prove the continuous
dependence of the solution of the mixed problem (2)—(7) on the coefficients (2),
the boundary and initial conditions.

Theorem 7. Let u(x,t), u(x,t) be two solutions, continuous in @, of problem
(2)—(6) with the corresponding right-hand sides ¢, @, hy, hy, F, F. Then the
difference |u(x,t) — u(z,t)| in @ will be arbitrarily small if the moduli of the
differences |f — f|, | — @|, |hy — hi|, |F — F| are sufficiently small.

Theorem 8. Let, for the solution u(z,t), continuous in @, (¢ < 0), of the
mixed problem (2)—(6), all the conditions of Theorem 6 be satisfied. Let u(x,t)
be a solution, continuous in @, of the mixed problem (3)—(6) for the equation
Lu = f (¢ < 0), where all corresponding coefficients and right-hand sides have
been replaced by Eij,gif, @,b, @y, P, f. Suppose that 62u/3xi6xj, Ou/ox" are
bounded in each of the domains Q;; du/ON, Ou/IN,, are bounded on I' and
[). Then the difference |u(z,t) — u(z,t)| everywhere in the domain Q will be
arbitrarily small if the moduli of the differences of the corresponding coefficients
of the equations, boundary conditions, right-hand sides, and initial data are

sufficiently small.

Remark 3. All theorems and estimates will remain valid when (3) is replaced
by the condition
a(;r, t)au/al/ + b(l’, t)u|F = SD(I7 t)a

and (5) by the boundary conditions
oy (z,t)0u/0vy, + o (z,t)0u/dv|p, = hy(2,1),

where v and v, are directions making acute angles with the normals n and
n; to the boundary surfaces I' and I';, (interior with respect to @ and Qy,
respectively).

Remark 4. Analogous theorems can also be proved for moving lateral bound-
aries I' and I';, provided only that they do not intersect one another and that
the normals to each of them are nowhere parallel to the t-axis.
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