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Abstract
Full Text
Physics

N. A. CHERNIKOV

REDUCTION OF THE RELATIVISTIC COL-
LISION INTEGRAL TO BOLTZMANN FORM
(Presented by Academician V. A. Fock on 14 III 1960)

In papers (1,2) an expression was found for the relativistic collision integral. For
the case of elastic collisions we reduce it here to Boltzmann form. This makes
it possible to prove that the collision integral for particles distributed according
to the relativistic Maxwell law is equal to 0.

Consider collisions of particles of some species 𝛼 with particles of species 𝛽. We
shall assume that all collisions of these particles are elastic. Introduce the follow-
ing notation: 𝑃 = (p, 𝑝4) or 𝑃 ′ = (p′, 𝑝′

4) is the four-dimensional momentum
of a particle of species 𝛼; p or p′ is the three-dimensional momentum of this
particle; 𝑚𝛼 ≥ 0 is the rest mass of a particle of species 𝛼; 𝑝4 = √𝑚2𝛼 + 𝑝2/𝑐2

or 𝑝′
4 = √𝑚2𝛼 + 𝑝′2/𝑐2 is the moving mass of this particle; 𝑄 = (q, 𝑞4) or

𝑄′ = (q′, 𝑞′
4) is the four-dimensional momentum of a particle of species 𝛽; q

or q′ is its three-dimensional momentum; 𝑚𝛽 ≥ 0 is the rest mass of a parti-
cle of species 𝛽; 𝑞4 = √𝑚2

𝛽 + 𝑞2/𝑐2 or 𝑞′
4 = √𝑚2

𝛽 + 𝑞′2/𝑐2 is its moving mass;

𝑑𝑃 = 𝑑𝑝1 𝑑𝑝2 𝑑𝑝3
𝑝4

, 𝑑𝑃 ′ = 𝑑𝑝′
1 𝑑𝑝′

2 𝑑𝑝′
3

𝑝′
4

, 𝑑𝑄 = 𝑑𝑞1 𝑑𝑞2 𝑑𝑞3
𝑞4

, 𝑑𝑄′ = 𝑑𝑞′
1 𝑑𝑞′

2 𝑑𝑞′
3

𝑞′
4

;

for any four-dimensional vectors 𝑋 = (x, 𝑥4) and 𝑌 = (y, 𝑦4),

(𝑋, 𝑌 ) = 𝑥4𝑦4 − xy
𝑐2 , ⟨𝑋, 𝑌 ⟩ = 𝑐√(𝑋, 𝑌 )2 − (𝑋, 𝑋)(𝑌 , 𝑌 );

Δ𝜎 = ℎ𝛼𝛽(⟨𝑃 , 𝑄⟩, cos 𝜃∗) sin 𝜃∗ 𝑑𝜃∗ 𝑑𝜑∗ (1)

is the differential cross section for scattering of a particle of species 𝛼 with
momentum 𝑃 by a particle of species 𝛽 with momentum 𝑄 in the system of
their center of inertia*.

In an arbitrary reference system the differential scattering cross section can be
written in the form

𝑑𝜎 = 𝐻𝛼𝛽(⟨𝑃 , 𝑄⟩, ⟨𝑃 ′, 𝑄⟩, ⟨𝑃 ′, 𝑃 ⟩) 𝑑𝑃 ′,
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where

𝐻𝛼𝛽(⟨𝑃 , 𝑄⟩, ⟨𝑃 ′, 𝑄⟩, ⟨𝑃 ′, 𝑃 ⟩) = (𝑃 + 𝑄, 𝑃 + 𝑄)
⟨𝑃 , 𝑄⟩𝑐2 ℎ𝛼𝛽(⟨𝑃 , 𝑄⟩, 1 + (𝑃 + 𝑄, 𝑃 + 𝑄)(𝑃 , 𝑃 − 𝑃 ′)𝑐2

⟨𝑃 , 𝑄⟩2 )

× 𝛿((𝑃 − 𝑃 ′, 𝑄 + 𝑃)).
(2)

As shown in paper (2), the relativistic collision integral for particles of species
𝛼 with particles of species 𝛽 has the form

𝐼𝛼𝛽 = 𝐼 (1)
𝛼𝛽 − 𝐼 (2)

𝛼𝛽 , (3)

𝐼 (1)
𝛼𝛽 = ∫

∞

−∞
⋯∫ 𝐴𝛼(p′) 𝐴𝛽(q′) ⟨𝑃 ′, 𝑄′⟩ 𝐻𝛼𝛽(⟨𝑃 ′, 𝑄′⟩, ⟨𝑃 , 𝑄′⟩, ⟨𝑃 , 𝑃 ′⟩) 𝑑𝑃 ′ 𝑑𝑄′,

𝐼 (2)
𝛼𝛽 = ∫

∞

−∞
⋯∫ 𝐴𝛼(p) 𝐴𝛽(q) ⟨𝑃 , 𝑄⟩ 𝐻𝛼𝛽(⟨𝑃 , 𝑄⟩, ⟨𝑃 ′, 𝑄⟩, ⟨𝑃 ′, 𝑃 ⟩) 𝑑𝑃 ′ 𝑑𝑄.

* The quantity ⟨𝑃 , 𝑄⟩ is equal to the product of the rest mass of the colliding
particles as a whole and the momentum of one of these particles in the system
of their center of inertia.

In the integral 𝐼 (1)
𝛼𝛽 we introduce the momentum 𝑄 ((𝑄, 𝑄) = 𝑚2

𝛽, 𝑞4 > 0) in
such a way that the equality

𝑃 + 𝑄 = 𝜆(𝑃 ′ + 𝑄′) (4)

is satisfied. It follows that

𝜆 =
(𝑃 , 𝑃 ′ + 𝑄′) + √(𝑃 , 𝑃 ′ + 𝑄′)2 + (𝑚2

𝛽 − 𝑚2𝛼)(𝑃 ′ + 𝑄′, 𝑃 ′ + 𝑄′)
(𝑃 ′ + 𝑄′, 𝑃 ′ + 𝑄′) . (5)

We shall identify the obtained momentum 𝑄 with the momentum 𝑄 appearing
in the integral 𝐼 (2)

𝛼𝛽 . In addition, the momentum 𝑃 ′ from the first integral will
be identified with the momentum 𝑃 ′ from the second integral. It is not difficult
to show that, for the function 𝐻𝛼𝛽 defined by formula (2), the equality

⟨𝑃 ′, 𝑄′⟩𝐻 [[𝑢𝑛𝑐𝑙𝑒𝑎𝑟∶𝑠𝑢𝑝𝑒𝑟𝑠𝑐𝑟𝑖𝑝𝑡𝑜𝑣𝑒𝑟𝐻]]
𝛼𝛽 (⟨𝑃 ′, 𝑄′⟩, ⟨𝑃 , 𝑄′⟩, ⟨𝑃 , 𝑃 ′⟩) =

= ⟨𝑃 , 𝑄⟩𝐻𝛼𝛽(⟨𝑃 , 𝑄⟩, ⟨𝑃 ′, 𝑄⟩, ⟨𝑃 ′, 𝑃 ⟩). (6)

Equality (4) is satisfied if, from the integration variables p′, q′ in the integral
𝐼 (1)

𝛼𝛽 , we pass to the variables 𝜒⃗ and q:
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p′ = 𝜒⃗ + u𝜒𝛼 + u(u𝜒⃗)
(𝑢4 + 1)𝑐2 , (7a)

q′ = −𝜒⃗ + u𝜒𝛽 − u(u𝜒⃗)
(𝑢4 + 1)𝑐2 , (7b)

where

u = p + q
√𝑚2𝛼 + 𝑚2

𝛽 + 2(𝑃 , 𝑄)
,

𝑢4 = √1 + 𝑢2

𝑐2 = 𝑝4 + 𝑞4

√𝑚2𝛼 + 𝑚2
𝛽 + 2(𝑃 , 𝑄)

, (8)

𝜒𝛼 = √𝑚2𝛼 + 𝜒2

𝑐2 , 𝜒𝛽 = √𝑚2
𝛽 + 𝜒2

𝑐2 ,

since from (7) it follows that

𝑝′
4 = 𝑢4𝜒𝛼 + u𝜒⃗

𝑐2 , 𝑞′
4 = 𝑢4𝜒𝛽 − u𝜒⃗

𝑐2 , (9)

and hence

𝑃 ′ + 𝑄′ = 𝜒𝛼 + 𝜒𝛽

√𝑚2𝛼 + 𝑚2
𝛽 + 2(𝑃 , 𝑄)

(𝑃 + 𝑄). (10)

Formula (7a) expresses the momentum p′ of a particle of species 𝛼 in the rest
frame through its momentum 𝜒⃗ in a frame moving with velocity u. Formula
(7b) expresses the momentum q′ of a particle of species 𝛽 in the rest frame
through its momentum −𝜒⃗ in a frame moving with velocity u (see, for example,
(3)).
The Jacobian of the transformation (7) can be represented in the form of the
following product:

𝐷(𝑝′
1, 𝑝′

2, 𝑝′
3, 𝑞′

1, 𝑞′
2, 𝑞′

3)
𝐷(𝜒1, 𝜒2, 𝜒3, 𝑞1, 𝑞2, 𝑞3) = 𝐷(𝑝′

1, 𝑝′
2, 𝑝′

3, 𝑞′
1, 𝑞′

2, 𝑞′
3)

𝐷(𝜒1, 𝜒2, 𝜒3, 𝑢1, 𝑢2, 𝑢3)
𝐷(𝑢1, 𝑢2, 𝑢3)
𝐷(𝑞1, 𝑞2, 𝑞3) . (11)

The second factor in this product is not difficult to find. It is equal to
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𝐷(𝑢1, 𝑢2, 𝑢3)
𝐷(𝑞1, 𝑞2, 𝑞3) = 𝑢4

𝑞4

𝑚2
𝛽 + (𝑃 , 𝑄)

[𝑚2𝛼 + 𝑚2
𝛽 + 2(𝑃 , 𝑄)]2 . (12)

In the Jacobian

𝐽 = 𝐷(𝑝′
1, 𝑝′

2, 𝑝′
3, 𝑞′

1, 𝑞′
2, 𝑞′

3)
𝐷(𝑥1, 𝑥2, 𝑥3, 𝑢1, 𝑢2, 𝑢3)

to the fourth row, containing the derivatives with respect to 𝑞′
1, we add the first

row. Similarly, to the fifth row we add the second, and to the sixth—the third.
As a result this Jacobian is reduced to the form

𝐽 = (𝑥𝛼 + 𝑥𝛽)3 ∣𝐴 𝐵
𝐶 𝐸∣ , (13)

where

𝐴 = ( 𝜕𝑝′
𝑖

𝜕𝑥𝑘
) , 𝐵 = ( 𝜕𝑝′

𝑖
𝜕𝑢𝑘

) , 𝐶 = ( 𝑢𝑖𝑥𝑘
𝑥2𝛼𝑥2

𝛽𝑐2 )

are matrices of the third order; 𝐸 is the identity matrix. Adding suitable linear
combinations of the last three columns to the first three columns of determinant
(13), we find

𝐽
(𝑥𝛼 + 𝑥𝛽)3 = ∣𝐴 − 𝐵𝐶 𝐵

0 𝐸∣ = |𝐴 − 𝐵𝐶| =

= ∣ 𝜕𝑝′
𝑖

𝜕𝑥𝑘
− 𝑥𝑘

𝑥𝛼𝑥𝛽𝑐2

3
∑
𝑗=1

𝑢𝑗
𝜕𝑝′

𝑖
𝜕𝑢𝑗

∣ = 𝑝′
4𝑞′

4
𝑢4𝑥𝛼𝑥𝛽

. (14)

With the aid of equalities (11), (12), and (14) it is not difficult to establish that,
for (𝑃 − 𝑃 ′, 𝑄 + 𝑃) = 0, the Jacobian of transformation (7) from the variables
p, q′ to the variables ⃗𝑥, q is equal to

𝑝′
4𝑞′

4
𝑥𝛼𝑞4

.

Combining this result with equality (6), we write the integral 𝐼 (1)
𝛼𝛽 in the form
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𝐼 (1)
𝛼𝛽 = ∫

∞

−∞
⋯ ∫ 𝐴𝛼(p′)𝐴𝛽(q′)⟨𝑃 , 𝑄⟩𝐻𝛼𝛽(⟨𝑃 , 𝑄⟩, ⟨𝑃 ′, 𝑄⟩, ⟨𝑃 ′, 𝑃 ⟩)𝑑𝑥1𝑑𝑥2𝑑𝑥3

𝑥𝛼
𝑑𝑄.

(15)

In the integral 𝐼 (2)
𝛼𝛽 , from the variables of integration 𝑝′

1, 𝑝′
2, 𝑝′

3 we pass to the
variables 𝑥1, 𝑥2, 𝑥3 by formulas (7a) and (8):

𝐼 (2)
𝛼𝛽 = ∫

∞

−∞
⋯ ∫ 𝐴𝛼(p)𝐴𝛽(q)⟨𝑃 , 𝑄⟩𝐻𝛼𝛽(⟨𝑃 , 𝑄⟩, ⟨𝑃 ′, 𝑄⟩, ⟨𝑃 ′, 𝑃 ⟩)×

×𝑑𝑥1𝑑𝑥2𝑑𝑥3
𝑥𝛼

𝑑𝑄. (16)

We note that

𝛿((𝑃 − 𝑃 ′, 𝑄 + 𝑃)) =

= 1
√𝑚2𝛼 + 𝑚2

𝛽 + 2(𝑃 , 𝑄)
𝛿 ⎛⎜⎜

⎝
𝑥𝛼 − 𝑚2

𝛼 + (𝑃 , 𝑄)
√𝑚2𝛼 + 𝑚2

𝛽 + 2(𝑃 , 𝑄)
⎞⎟⎟
⎠

. (17)

In the integrals (15) and (16), from the variables 𝑥1, 𝑥2, 𝑥3 we pass to the spher-
ical variables 𝑥, 𝜃, 𝜑 and, using equality (17), carry out the integration with
respect to 𝑥. After this we can write the collision integral (3) in Boltzmann
form:

𝐼𝛼𝛽 = ∫ ⋯ ∫(𝐴′
𝛼𝐴′

𝛽 − 𝐴𝛼𝐴𝛽)⟨𝑃 , 𝑄⟩ℎ𝛼𝛽 (⟨𝑃 , 𝑄⟩, ⃗𝑥 ⃗𝑥0
𝑥𝑥0

) sin 𝜃 𝑑𝜃 𝑑𝜑 𝑑𝑄, (18)

where

𝐴𝛼 = 𝐴𝛼(p), 𝐴𝛽 = 𝐴𝛽(q),

𝐴′
𝛼 = 𝐴𝛼 ( ⃗𝑥 + u𝑥𝛼 + u(u ⃗𝑥)

(𝑢4 + 1)𝑐2 ) , 𝐴′
𝛽 = 𝐴𝛽 (− ⃗𝑥 + u𝑥𝛽 − u(u ⃗𝑥)

(𝑢4 + 1)𝑐2 ) ,
(19)

⃗𝑥0 = p − u𝑝4 + u(up)
(𝑢4 + 1)𝑐2 , 𝑥 = 𝑥0 = ⟨𝑃 , 𝑄⟩

√𝑚2𝛼 + 𝑚2
𝛽 + 2(𝑃 , 𝑄)

,
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𝑥𝛼 = 𝑚2
𝛼 + (𝑃 , 𝑄)

√𝑚2𝛼 + 𝑚2
𝛽 + 2(𝑃 , 𝑄)

, 𝑥𝛽 =
𝑚2

𝛽 + (𝑃 , 𝑄)
√𝑚2𝛼 + 𝑚2

𝛽 + 2(𝑃 , 𝑄)
. (20)

u and 𝑢4 are determined by formulas (8). The region of integration in (18) is
specified by the inequalities −∞ < 𝑞1, 𝑞2, 𝑞3 < ∞, 0 ⩽ 𝜑 < 2𝜋, 0 ⩽ 𝜃 ⩽ 𝜋.
The integral (18) vanishes if

𝐴𝛼(p) = 𝑐𝛼 exp{−(𝑅, 𝑃)}, 𝐴𝛽(q) = 𝑐𝛽 exp{−(𝑅, 𝑄)}, (21)

where 𝑐𝛼, 𝑐𝛽 are scalars and 𝑅 is a four-dimensional vector independent of p
and q, since in this case 𝐴′

𝛼𝐴′
𝛽 − 𝐴𝛼𝐴𝛽 = 0. From the condition of convergence

of the integral
∞

∫
−∞

∫∫ 𝐴𝛼(p) 𝑑𝑝1𝑑𝑝2𝑑𝑝3

it follows that 𝑅 is a time-like vector.

Changing the notation, we write (21) in the form

𝐴𝛼(p) = 𝑎𝛼 exp{−𝑏[(Ω, 𝑃 ) − 𝑚𝛼]𝑐2},

𝐴𝛽(q) = 𝑎𝛽 exp{−𝑏[(Ω, 𝑄) − 𝑚𝛽]𝑐2}, (22)

where 𝑏 > 0, 𝜔4 > 0, (Ω, Ω) = 1. The vector Ω = (𝜔⃗, 𝜔4) is the mean four-
dimensional velocity of the gas at the point under consideration. Indeed, let us
consider the ratio of integrals

v̄ =
∞

∫
−∞

∫∫ p
𝑝4

exp{−𝑏(Ω, 𝑃 )𝑐2} 𝑑𝑝1 𝑑𝑝2 𝑑𝑝3×⎡⎢
⎣

∞

∫
−∞

∫∫ exp{−𝑏(Ω, 𝑃 )𝑐2} 𝑑𝑝1 𝑑𝑝2 𝑑𝑝3
⎤⎥
⎦

−1

.

(23)

We pass from the variables of integration p to s by formula (7a), with the change
of notation p′ → p, u → 𝜔⃗, ⃗𝑥 → s. To transform the denominator we shall
also use formula (9). As a result we obtain

v̄ =
∞

∫
−∞

∫∫ p exp{−𝑏𝑐2𝑠4}𝑑𝑠1 𝑑𝑠2 𝑑𝑠3
𝑠4

×⎡⎢
⎣

∞

∫
−∞

∫∫ 𝑝4 exp{−𝑏𝑐2𝑠4}𝑑𝑠1 𝑑𝑠2 𝑑𝑠3
𝑠4

⎤⎥
⎦

−1

= 𝜔⃗
𝜔4

,

(24)
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which was required to be proved.

The distribution (22) is a generalization of the law of the local Maxwell distri-
bution to the relativistic case. The quantity [(Ω, 𝑃 ) − 𝑚]𝑐2 is the kinetic energy
of a particle in a frame of reference moving with velocity Ω.
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