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Abstract

Full Text
Physics
N. A. CHERNIKOV

REDUCTION OF THE RELATIVISTIC COL-
LISION INTEGRAL TO BOLTZMANN FORM

(Presented by Academician V. A. Fock on 14 III 1960)

In papers (1'?) an expression was found for the relativistic collision integral. For

the case of elastic collisions we reduce it here to Boltzmann form. This makes
it possible to prove that the collision integral for particles distributed according
to the relativistic Maxwell law is equal to 0.

Consider collisions of particles of some species a with particles of species 5. We
shall assume that all collisions of these particles are elastic. Introduce the follow-
ing notation: P = (p,p,) or P’ = (p’,py) is the four-dimensional momentum
of a particle of species a; p or p’ is the three-dimensional momentum of this
particle; m,, > 0 is the rest mass of a particle of species a; p, = /m2 + p2/c?
or py = y/m2 —l—p/z/c2 is the moving mass of this particle; @ = (q,q,) or
Q" = (d',q;) is the four-dimensional momentum of a particle of species §; q
or q’ is its three-dimensional momentum; mg > 0 is the rest mass of a parti-

cle of species B; qq = \/m3 + ¢%/c? or ¢} = \/m3 + ¢’*/c? is its moving mass;
dp, dp, d dpy dps dp?, dqq dgy d dq; dgs dqs
dP — D1 APg 1?737 AP’ — D1 132 p3’ dQ = AP ‘137 dQ’ = ehl ‘1/2 a3

b

Dy by 4 4y
for any four-dimensional vectors X = (x,z,) and Y = (y, y,),
Xy
(X,Y):l'4y4—672, <X,Y>:C\/(X,Y)Q—(X,X)(Y,Y)7
Ao = h,s5((P,Q),cos 0") sin 0" df* dyp* (1)

is the differential cross section for scattering of a particle of species a with
momentum P by a particle of species § with momentum @ in the system of
their center of inertia*.

In an arbitrary reference system the differential scattering cross section can be
written in the form

do = Haﬂ<<P7Q>7 <P/7Q>v <P’,P>)dP’,
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where

<})?}?¢£;§‘Q>haa(<P,Q>,1+

x3((P—P',Q+P)).

_ /C2
H,s((P,Q),(P",Q),(P',P)) = (P+Q,P+Q)(P,P—P) )

(P,Q)?

(2)
As shown in paper (2), the relativistic collision integral for particles of species
« with particles of species 8 has the form

1 2
L =101, (3)

1= [ [ Ae) Asla) (P @) o (P, @), (P. Q1) (PP 4P dQ,
IL2)/OO.‘,/Aa(p)Aﬁ(q) (P.Q) H,,((P.Q). (P".Q).(F", P)) dP’ dQ.

* The quantity (P, Q) is equal to the product of the rest mass of the colliding
particles as a whole and the momentum of one of these particles in the system
of their center of inertia.

In the integral I(ilﬁ) we introduce the momentum Q ((Q,Q) = m%, ¢4 > 0) in
such a way that the equality

P+Q=\P +Q) (4)

is satisfied. It follows that

)\:

(P, P'+ Q)+ /(P, P+ Q)+ (m3—m2)(P'+Q', P'+Q)
(P/+Q/, P/+Q/) : (5)

We shall identify the obtained momentum @ with the momentum @ appearing
in the integral I((f[; In addition, the momentum P’ from the first integral will
be identified with the momentum P’ from the second integral. It is not difficult

to show that, for the function H, 4 defined by formula (2), the equality

[e3%

, , unclear:superscriptover H / ’ ’ ’
(P, Q)VH.} perseritore (P Q) (P,Q1), (PLP)) =

=(P,Q)H,5((P,Q), (P',Q), (P",P)). (6)

Equality (4) is satisfied if, from the integration variables p’,q’ in the integral
ISB), we pass to the variables ¥ and q:
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where

_ P+da
\/mg +m?+2(P,Q)

u? +
=14+ 5 = Py~ s : ®)
\/mg +m3 +2(P,Q)
/ X2 / X2
Xo = mi+677 X = m?g'i‘cja

since from (7) it follows that

u

, uy , uy
Dy = UyXq T P 94 = UWaXp— 3> 9)
and hence
ot
P4Q = S — o)) (10)

\/mg +m? +2(P,Q)

Formula (7a) expresses the momentum p’ of a particle of species « in the rest
frame through its momentum ¥ in a frame moving with velocity u. Formula
(7b) expresses the momentum g’ of a particle of species § in the rest frame
through its momentum —Y in a frame moving with velocity u (see, for example,
).

The Jacobian of the transformation (7) can be represented in the form of the
following product:

D(p},p. 05,41, 45,95)  D(p1, o, 05, 45, a5, q5) D(ug, ug, us) (11)

D(Xh X2y X35415 QQ,‘];;) D(X17X27X37U17U2au3) D(‘ha %7‘13) )

The second factor in this product is not difficult to find. It is equal to
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D(uy, ug,ug)  uy mj + (P, Q) (12)

.
Dla1 4 %) 0 ;2 w3 + 2P, Q)]

In the Jacobian

D(p1,p5, 05,41, 95, q3)
D(xy, 29,73, U1, Ug, Uz)

J =

to the fourth row, containing the derivatives with respect to ¢, we add the first
row. Similarly, to the fifth row we add the second, and to the sixth—the third.
As a result this Jacobian is reduced to the form

(13)

J=<xa+m5>3‘A B],

c E

where

op; op uxy,
A — 1 B — (3 — 3
<8xk> ’ (auk) ’ ¢ (mix%cQ

are matrices of the third order; F is the identity matrix. Adding suitable linear
combinations of the last three columns to the first three columns of determinant
(13), we find

J A—BC B

(xa+xﬁ)3_‘ 0 E‘_|A_BC_

_|opi m ~ Opi|_ phdd (1)
Oy, wawae® = Ouy Uy T

With the aid of equalities (11), (12), and (14) it is not difficult to establish that,
for (P—P’, Q@+ P) =0, the Jacobian of transformation (7) from the variables
p,q’ to the variables Z, q is equal to

J

Tady

Combining this result with equality (6), we write the integral I(% in the form
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dz,dxydas 40

(15)

I¢(115> :[ /Aa(p/>Aﬁ<q/)<P7Q>Haﬁ<<PaQ>7<P/7Q>7<P/7P>)

[e3%

In the integral Ig), from the variables of integration pi,p5,p; we pass to the
variables 1, 4, x5 by formulas (7a) and (8):

1= [ [ A0, 0P Q) (P Q)P Q) (P )

d
w ST 0. (16)
We note that

5(P—PLQ+P) =

_ 1 sle . mat(PQ)
Jmaemie2PQ) \ U mRemi+2(P.Q)

(17)

In the integrals (15) and (16), from the variables z;, x4, z5 we pass to the spher-
ical variables z,0, ¢ and, using equality (17), carry out the integration with
respect to . After this we can write the collision integral (3) in Boltzmann
form:

Ia,B = //(A;A//B_AQAB)<P7 Q>hozﬂ <<P?Q>aiio> Slneded(dea (18)

0
where
. u(ut) . u(uz)
A/ = A —_— A/ = A — S A—
" “(““””“*(uﬁnc?)’ ’ ﬂ( T <u4+1>c2>’
(19)
i _u(up) . (P,Q)
To=DP up4—i-(u4_~_1)c27 T =Ty =

\/mg +m? +2(P,Q)
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ma +(P,Q) oM+ (PQ)
\/m§+m%+2(P,Q), ’ \/m§+mg+2(P,Q)

I’a:

(20)

u and u, are determined by formulas (8). The region of integration in (18) is
specified by the inequalities —0o0 < q;,¢5,95 < 00, 0 < @ <27, 0 <O < 7.

The integral (18) vanishes if

Au(p) =coexp{=(R,P)},  Ag(a) = cyexp{—(R,Q)}, (21)

where ¢, cg are scalars and R is a four-dimensional vector independent of p
and q, since in this case A, A} — A, Az = 0. From the condition of convergence

of the integral
/ / / A, (p) dpydp,dps

it follows that R is a time-like vector.

Changing the notation, we write (21) in the form

Aa (p) = Ay exp{—b[(Q, P) - ma]CQ}’

Ag(q) = agexp{—b[(Q, Q) —mglc*}, (22)

where b > 0, wy > 0, (©,9Q) = 1. The vector Q = (&,w,) is the mean four-
dimensional velocity of the gas at the point under consideration. Indeed, let us
consider the ratio of integrals

-1

V= /Oo//;exp{—b(Q,P)cz}dpl dpy dps x [/Oo//exp{—b(Q,P)cz}dpl dpy dps]

(23)

We pass from the variables of integration p to s by formula (7a), with the change
of notation p’ — p, u — &, ¥ — s. To transform the denominator we shall
also use formula (9). As a result we obtain

-1

T ds, ds., d r ds, ds, d 3
. / / / pexp{_be2s, ) L1925 / / / prexp{—be2s,} 251 %52 dss | O
K Sy4 K Sy Wy

(24)
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which was required to be proved.

The distribution (22) is a generalization of the law of the local Maxwell distri-
bution to the relativistic case. The quantity [(Q, P) —m]c? is the kinetic energy
of a particle in a frame of reference moving with velocity €.
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