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Abstract
Full Text

A. I. PEROV
PERIODIC, ALMOST-PERIODIC, AND BOUNDED SO-
LUTIONS OF THE DIFFERENTIAL EQUATION 𝑑𝑥

𝑑𝑡 =
𝑓(𝑡, 𝑥)
(Presented by Academician N. N. Bogolyubov, 28 I 1960)

In this note conditions are given for the existence of a unique bounded solution
𝑥∗(𝑡) (−∞ < 𝑡 < +∞), |𝑥∗(𝑡)| ≤ 𝑐, of the equation

𝑑𝑥
𝑑𝑡 = 𝑓(𝑡, 𝑥), (1)

considered in a real Hilbert space 𝐻, and the behavior of the remaining solutions
is studied. It is shown that this bounded solution is periodic (almost-periodic) if
𝑓(𝑡, 𝑥) is periodic (almost-periodic) in 𝑡. The precise formulation of the theorems
is given below. Here and in what follows the norm of an element 𝑥 ∈ 𝐻 is
denoted by |𝑥|. The results appear to be new also for the case of finite systems
of ordinary differential equations.

By 𝑈 we denote the Banach space of all continuous bounded functions 𝑥(𝑡)
(−∞ < 𝑡 < +∞) with values in 𝐻 and norm ‖𝑥(𝑡)‖0 = sup𝑡 |𝑥(𝑡)|, and by 𝑊
the Banach space of all 𝑥(𝑡) ∈ 𝑈 possessing a continuous and bounded derivative,
with norm ‖𝑥(𝑡)‖ = max{‖𝑥(𝑡)‖0, ‖𝑥′(𝑡)‖0}.

1. Let us first consider the linear differential equation

𝑑𝑥
𝑑𝑡 = 𝐴𝑥 + 𝑦(𝑡), (2)

in which 𝐴 is a bounded self-adjoint invertible operator, and 𝑦(𝑡) ∈ 𝑈 . Let
𝐻−⊕𝐻+ = 𝐻 be the decomposition of 𝐻 into invariant subspaces of the operator
𝐴 corresponding to the negative and positive parts of its spectrum, and let 𝐴−,
𝐴+ be the parts of the operator 𝐴. Then

(𝐴−𝑥, 𝑥) ≤ −𝑚1(𝑥, 𝑥) (𝑥 ∈ 𝐻−), (𝐴+𝑥, 𝑥) ≥ 𝑚2(𝑥, 𝑥) (𝑥 ∈ 𝐻+), (3)

where 𝑚1, 𝑚2 are certain positive numbers. Equation (2) has no more than one
bounded solution.
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Let us introduce the family of self-adjoint operators 𝒦(𝜎), defining it on the
subspaces 𝐻− and 𝐻+ as follows:

𝒦(𝜎) = {on 𝐻− ∶ 𝑒𝐴−𝜎 (𝜎 ≥ 0); 0 (𝜎 < 0),
on 𝐻+ ∶ −𝑒𝐴+𝜎 (𝜎 ≤ 0); 0 (𝜎 > 0). (4)

It is not difficult to see that the operator

𝒦𝑦(𝑡) = ∫
+∞

−∞
𝒦(𝑡 − 𝑠)𝑦(𝑠) 𝑑𝑠 (5)

acts from 𝑈 into 𝑊 , and 𝑥∗(𝑡) = 𝒦𝑦(𝑡) is a bounded solution of equation (2).
Equation (2) has no other bounded solutions. By direct calculation one can
verify that the ope-

operator 𝒦 takes an 𝜔-periodic (almost-periodic) function 𝑦(𝑡) ∈ 𝑈 into a func-
tion 𝒦𝑦(𝑡) ∈ 𝑊 having the same property.

It is convenient for us to formulate these simple (and, apparently, known) facts
in the form of a theorem.

Theorem 1. Let 𝐴 be a self-adjoint invertible operator, and let the function 𝑦(𝑡)
be continuous and bounded. Then equation (2) has a unique bounded solution,
which will be 𝜔-periodic or almost-periodic if the function 𝑦(𝑡) has this property.

The behavior of unbounded solutions of equation (2) is described by the follow-
ing theorem, whose proof is easily obtained by using differential inequalities and
inequalities (3).

Theorem 2. If 𝐴 is a negative-(positive-) definite self-adjoint operator, then
every solution 𝑥(𝑡) of equation (2), as 𝑡 → +∞ (−∞), tends exponentially to
the bounded solution 𝑥∗(𝑡), and as 𝑡 → −∞ (+∞) moves exponentially away
from it.

If 𝐴 is a sign-changing operator, then for 𝑥(0) − 𝑥∗(0) ∈ 𝐻− the solution 𝑥(𝑡)
tends exponentially to 𝑥∗(𝑡) as 𝑡 → +∞ and moves exponentially away from
it as 𝑡 → −∞. The same statement, only in the reverse direction, holds if
𝑥(0) − 𝑥∗(0) ∈ 𝐻+. And, finally, if 𝑥(0) − 𝑥∗(0) ∉ 𝐻− ∪ 𝐻+, then the solution
𝑥(𝑡) moves exponentially away from 𝑥∗(𝑡) as 𝑡 → ±∞.

Our aim is to carry over Theorems 1 and 2 to the nonlinear case.

2. In what follows we shall need two lemmas.

We shall agree to call a nonlinear operator acting in a Banach space invertible
if it realizes a one-to-one and bicontinuous mapping of this Banach space onto
itself.

By means of the contraction mapping principle one can prove
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Lemma 1. Let a family of operators 𝐹𝜇(𝑥), 0 ≤ 𝜇 ≤ 1, mapping the Banach
space 𝐸 into itself, be given and satisfy the conditions:

1) the operator 𝐹0(𝑥) is invertible;

2) for all 𝜇 ∈ [0, 1] and 𝑥1, 𝑥2 ∈ 𝐸 the inequality holds

‖𝐹𝜇(𝑥1) − 𝐹𝜇(𝑥2)‖ ≥ 𝜀‖𝑥1 − 𝑥2‖; (6)

3) for all 𝜇, 𝜇0 ∈ [0, 1] and 𝑥1, 𝑥2 ∈ 𝐸 the inequality holds

‖𝐹𝜇(𝑥1) − 𝐹𝜇(𝑥2) − 𝐹𝜇0
(𝑥1) + 𝐹𝜇0

(𝑥2)‖ ≤ 𝛿|𝜇 − 𝜇0|‖𝑥1 − 𝑥2‖, (7)

where 𝜀 and 𝛿 are some positive constants.

Then the operator 𝐹𝜇(𝑥) is invertible for every 𝜇 ∈ [0, 1], and, consequently, the
equation 𝐹𝜇(𝑥) = 0 has a unique solution for every 𝜇 ∈ [0, 1].
By means of differential inequalities one proves

Lemma 2. Let continuous bounded functions 𝑎(𝑡), 𝑏(𝑡), 𝑢(𝑡) ∈ 𝐻 (−∞ < 𝑡 <
+∞) satisfy the conditions: |𝑎(𝑡)| ≤ 𝐿|𝑢(𝑡)|, (𝑎(𝑡), 𝐴𝑢(𝑡)) ≥ 𝜀|𝑢(𝑡)|2 (𝐴 is a
self-adjoint operator; 𝐿, 𝜀 > 0), and 𝑢′(𝑡) = 𝑎(𝑡) + 𝑏(𝑡). Then the estimate holds

‖𝑢(𝑡)‖0 < 𝛼𝑒𝐿𝛼2‖𝑏(𝑡)‖0, (8)

where
𝛼 = (‖𝐴‖

𝜀 + 1 + 𝐿) .

3. We now give a theorem generalizing Theorem 1.

Theorem 3. Let the operator 𝑓(𝑡, 𝑥) with values in 𝐻 be continuous in 𝑡
(−∞ < 𝑡 < +∞) and satisfy the Lipschitz condition in 𝑥

|𝑓(𝑡, 𝑥1) − 𝑓(𝑡, 𝑥2)| ≤ 𝐿|𝑥1 − 𝑥2|. (9)

Suppose the inequality

(𝑓(𝑡, 𝑥1) − 𝑓(𝑡, 𝑥2), 𝐴(𝑥1 − 𝑥2)) ≥ 𝜀|𝑥1 − 𝑥2|2

(−∞ < 𝑡 < +∞; 𝑥1, 𝑥2 ∈ 𝐻), (10)

holds, where 𝐴 is a self-adjoint operator and 𝜀 > 0 is constant.

Then, if |𝑓(𝑡, 0)| is bounded, equation (1) has a unique bounded solution. If,
moreover, 𝑓(𝑡, 𝑥) is periodic in 𝑡 (𝑓(𝑡 + 𝜔, 𝑥) ≡ 𝑓(𝑡, 𝑥)) or uniformly almost-
periodic in 𝑡 on every compact 𝐾 ⊂ 𝐻*, then this bounded solution will be,
respectively, 𝜔-periodic or almost-periodic.

Proof. Consider in the Banach space 𝑊 the equation
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𝑥 − 𝑃(𝑥) = 0, (11)

where the operator 𝑃 is defined by the right-hand side of the equation

𝑥(𝑡) = ∫
+∞

−∞
𝒦(𝑡 − 𝑠){𝑓(𝑠, 𝑥(𝑠)) − 𝐴𝑥(𝑠)} 𝑑𝑠. (12)

It is not difficult to see that the operator 𝑃 acts in 𝑊 , satisfies the Lipschitz
condition

‖𝑃𝑥1 − 𝑃𝑥2‖ ≤ 𝐿‖𝑥1 − 𝑥2‖ (13)

and that the bounded solutions of equation (1), and only they, are solutions of
equation (11).

To prove the existence of a unique solution of equation (11), we proceed as
follows. In the Banach space 𝑊 consider the family of operators 𝐹𝜇(𝑥) =
𝑥−𝜇𝑃(𝑥) and verify that all the conditions of Lemma 1 are fulfilled. Condition
1) is fulfilled, since 𝐹0(𝑥) ≡ 𝑥. From Lemma 2, after some calculations, we
obtain that condition 2) is fulfilled with some constant 𝜀, and, finally, from (13)
we obtain that condition 3) is fulfilled with the constant 𝐿. Consequently, by
Lemma 1, equation (11) has a unique solution, i.e. equation (1) has a unique
bounded solution 𝑥∗(𝑡).
Let us now note that, in order to prove that the solution 𝑥∗(𝑡) belongs to some
subspace 𝑊 of the space 𝑊 (in what follows the role of 𝑊 will be played by the
subspace of 𝜔-periodic functions or the subspace of almost-periodic functions),
it is enough to show that the subspace 𝑊 is invariant for the operator 𝑃 . Indeed,
in this case the family of operators 𝐹𝜇(𝑥) = 𝑥 − 𝜇𝑃(𝑥), considered only on 𝑊 ,
satisfies all the conditions of Lemma 1, and since the operator 𝑃 has only one
fixed point in 𝑊 ⊃ 𝑊 , this fixed point lies in 𝑊 .

Let 𝑊 ⊂ 𝑊 be the subspace consisting of all almost-periodic functions. Since
the operator 𝒦 carries every almost-periodic function 𝑥(𝑡) ∈ 𝑈 into an almost-
periodic function 𝒦𝑥(𝑡) ∈ 𝑊 , in order to prove the invariance of 𝑊 with respect
to the operator 𝑃 it is enough to show that the function 𝑓(𝑡, 𝑥(𝑡)) is almost-
periodic if 𝑥(𝑡) ∈ 𝑊 . It is easy to show that the set 𝐾 of values of the almost-
periodic function 𝑥(𝑡) is compact. Consider in the Banach space of continuous
mappings of the compact set 𝐾 into 𝐻 the function 𝑓(𝑡) ∶ 𝑓(𝑡)𝑥 = 𝑓(𝑡, 𝑥)
(𝑥 ∈ 𝐾). Since, by assumption, the operator 𝑓(𝑡, 𝑥) is continuous and almost-
periodic in 𝑡 uniformly with respect to 𝑥 ∈ 𝐾, the function 𝑓(𝑡) is continuous
and almost-periodic. Therefore, for a given 𝜀 > 0 one can indicate an 𝑙 > 0 such
that in every interval of length 𝑙 there exists at least one value 𝜏 which is an
𝜀-period simultaneously for both functions 𝑥(𝑡)
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* That is, for every 𝜀 > 0 one can indicate an 𝑙 > 0 such that in each interval of length 𝑙 there exists at least one value 𝜏 for which |𝑓(𝑡+𝜏, 𝑥)−𝑓(𝑡, 𝑥)| ≤ 𝜀 (−∞ < 𝑡 < +∞, 𝑥 ∈ 𝐾).

and 𝑓(𝑡): |𝑥(𝑡+𝜏)−𝑥(𝑡)| ≤ 𝜀, |𝑓(𝑡+𝜏, 𝑥)−𝑓(𝑡, 𝑥)| ≤ 𝜀 (−∞ < 𝑡 < +∞, 𝑥 ∈ 𝐾),
whence it follows that

|𝑓(𝑡 + 𝜏, 𝑥(𝑡 + 𝜏)) − 𝑓(𝑡, 𝑥(𝑡))| ≤ |𝑓(𝑡 + 𝜏, 𝑥(𝑡 + 𝜏)) − 𝑓(𝑡 + 𝜏, 𝑥(𝑡))|
+ |𝑓(𝑡 + 𝜏, 𝑥(𝑡)) − 𝑓(𝑡, 𝑥(𝑡))|

≤ 𝐿|𝑥(𝑡 + 𝜏) − 𝑥(𝑡)| + 𝜀 ≤ 𝜀(1 + 𝐿),

i.e., the number 𝜏 is an 𝜀(1 + 𝐿)-period of the function 𝑓(𝑡, 𝑥(𝑡)). Consequently,
the function 𝑓(𝑡, 𝑥(𝑡)) is almost periodic and 𝑃 𝑊 ⊆ 𝑊 .

In the case when the operator 𝑓(𝑡, 𝑥) is periodic in 𝑡: 𝑓(𝑡 + 𝜔, 𝑥) ≡ 𝑓(𝑡, 𝑥), the
invariance of the subspace 𝑊 ⊆ 𝑊 , consisting of all 𝜔-periodic functions, is
obvious.

The theorem is proved.

4. As a simple application of this theorem we give the following result for the
second-order equation

𝑑2𝑥
𝑑𝑡2 = 𝑓 (𝑡, 𝑥, 𝑑𝑥

𝑑𝑡 ) , (14)

considered in the Hilbert space 𝐻. If 𝑓(𝑡, 𝑥, 𝑦) is continuous and continuously
differentiable with respect to 𝑥, 𝑦, and 𝑓 ′

𝑥(𝑡, 𝑥, 𝑦) and 𝑓 ′
𝑦(𝑡, 𝑥, 𝑦) are bounded and

satisfy the inequalities

(𝑓 ′
𝑥(𝑡, 𝑥, 𝑦)ℎ, ℎ) ≥ 𝑚(ℎ, ℎ), |(𝑓 ′

𝑦(𝑡, 𝑥, 𝑦)ℎ, 𝑘)| ≤ 𝛿|ℎ| |𝑘|, (15)

where 𝑚 − (𝛿/2)2 > 0, then, provided |𝑓(𝑡, 0, 0)| is bounded, the assertions of
Theorem 3 hold for equation (15).

5. Let the conditions of Theorem 3 be fulfilled. Then, if |𝑓(𝑡, 0)| is bounded,
equation (1) has a unique bounded solution 𝑥∗(𝑡). The behavior of un-
bounded solutions of equation (1) is characterized by the following theo-
rem, which generalizes Theorem 2.

Theorem 4. In the space 𝐻 one can specify two manifolds 𝔐− and 𝔐+
possessing the following properties. Both 𝔐− and 𝔐+ are graphs of certain
continuous mappings 𝐻− (𝐻+) into 𝐻+ (𝐻−). The manifold 𝔐− lies in the
region 𝐼− ∶ (𝐴𝑥, 𝑥) ≤ 0, and the manifold 𝔐+ in the region 𝐼+ ∶ (𝐴𝑥, 𝑥) ≥ 0 (in
the case when 𝑓(𝑡, 𝑥) = 𝐴(𝑡)𝑥+𝑦(𝑡), both manifolds are subspaces whose direct
sum is equal to 𝐻). If 𝑥(0) − 𝑥∗(0) ∈ 𝔐− (𝔐+), then the difference 𝑥(𝑡) − 𝑥∗(𝑡)
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tends exponentially to zero (to infinity) as 𝑡 → +∞ and tends exponentially to
infinity (to zero) as 𝑡 → −∞. Finally, if 𝑥(0) − 𝑥∗(0) ∉ 𝔐− ∪ 𝔐+, then the
difference 𝑥(𝑡) − 𝑥∗(𝑡) tends exponentially to infinity as 𝑡 → ±∞.

Theorem 4, in the formulation of which we have restricted ourselves only to
the case of a sign-changing operator 𝐴, generalizes a number of theorems on
conditional stability from [4] to the case when equation (1) is considered as a
whole.

The author expresses his gratitude to M. A. Krasnosel’skii for a number of
suggestions.
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