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Abstract
Full Text
MATHEMATICS

M. A. NAIMARK

ON THE TENSOR PRODUCT OF REPRE-
SENTATIONS OF THE SUPPLEMENTARY
SERIES OF THE PROPER LORENTZ GROUP
(Presented by Academician A. N. Kolmogorov, February 25, 1960)

In the author’s preceding note (1), the question was solved of into which ir-
reducible representations the tensor product of two irreducible representations
of the supplementary series of the proper Lorentz group decomposes. In the
present note formulas are given which effect this decomposition; at the same
time, the results of note (1) are obtained again by another method.*

1. Functions 𝜑(𝑧1, 𝑧2). Let 𝑥(𝑔) ∈ 𝐾(𝔊); put

𝑥(𝑔) = 𝑥′(𝛿𝑧) = 𝑥′(𝜆, 𝜁, 𝑧) for 𝛿 = (𝜆−1 0
0 𝜆) ;

𝜑(𝑧1, 𝑧2) = ∫ 𝑥(𝜆, 1
𝑧2 − 𝑧1

, 𝑧1) |𝑧2 − 𝑧1|−2−𝜈2 |𝜆|−2−𝜈2+𝜈1 𝑑𝜆. (1)

I. If 𝑥(𝑔) ∈ 𝐾(𝔊), then 𝜑(𝑧1, 𝑧2) ∈ ℌ𝜈1
× ℌ𝜈2

and

(𝜑, 𝜑) = ∫ ℎ(𝑔) 𝑥(𝑔𝑔′) 𝑥(𝑔′) 𝑑𝑔 𝑑𝑔′, (2)

where (𝜑, 𝜑) denotes the square of the norm in ℌ𝜈1
× ℌ𝜈2

:

(𝜑, 𝜑) = ∫ |𝑧1 − 𝑧′
1|−2+𝜈1 |𝑧2 − 𝑧′

2|−2+𝜈2𝜑(𝑧1, 𝑧2) 𝜑(𝑧′
1, 𝑧′

2) 𝑑𝑧1 𝑑𝑧2 𝑑𝑧′
1 𝑑𝑧′

2, (3)

ℎ(𝑔) = |𝑔21|−2+𝜈1 |𝑔12|−2+𝜈2 .

The validity of this assertion may be verified by substituting in (3), in place of
the function 𝜑, its expression from (1), and by passing from integration with
respect to 𝑧, 𝜁, 𝜆 to integration with respect to 𝑔.
Define in 𝐾(𝔊) a scalar product by setting, for 𝑥1, 𝑥2 ∈ 𝐾(𝔊),
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(𝑥1, 𝑥2) = ∫ ℎ(𝑔) 𝑥1(𝑔𝑔′) 𝑥2(𝑔′) 𝑑𝑔 𝑑𝑔′, (4)

and denote by ℋ the Hilbert space which is the completion of 𝐾(𝔊) with respect
to this scalar product (strictly speaking, what is meant here is the completion
of the factor space of 𝐾(𝔊) by the subspace of those 𝑥 ∈ 𝐾(𝔊) for which
(𝑥, 𝑥) = 0). From (4) it follows immediately that the right-shift operator

𝐵𝑔0
𝑥(𝑔) = 𝑥(𝑔𝑔0)

defines a unitary representation 𝑔 → 𝐵𝑔 of the group 𝔊 in the space ℋ.

II. Formula (1) defines an isometric mapping of the space ℌ𝜈1
× ℌ𝜈2

onto the
space ℋ, under which the representation 𝔇𝜈1

× 𝔇𝜈2
passes into the representa-

tion 𝑔 → 𝐵𝑔.

* Here we retain, for the most part, the notation of papers (1−4).
The first assertion follows from formula (2), and the second is obtained by direct
verification from formula (1).

2. Decomposition of the representation 𝔇𝜈1
× 𝔇𝜈2

into irreducible
representations for 𝜈1 + 𝜈2 ⩽ 2. Let first 𝜈1 + 𝜈2 < 2, and let 𝜒(𝑔) ∈ 𝐾(𝔊).
According to the Plancherel formula for the group 𝔊,

∫ 𝜒(𝑔𝑔′)𝜒(𝑔′) 𝑑𝑔′ = ∫ 𝐾( ̄𝑧𝑔−1, 𝑧′, 𝜒)𝛼( ̄𝑧𝑔−1)𝐾(𝑧, 𝑧′, 𝜒)𝜔(𝜒) 𝑑𝑧 𝑑𝑧′ 𝑑𝜒+
0 , (5)

where, as usual,

𝐾(𝑧, 𝑧′, 𝜒) = ∫ 𝜒(𝑧−1𝛿𝜉𝑧′)|𝜆|𝑚−𝑖𝜎−4𝜆−𝑚 𝑑𝜆 𝑑𝜉 for 𝛿 = ∥𝜆
−1 0
0 𝜆∥ , (6)

𝑧 ̄𝑔 = 𝑔11𝑧 + 𝑔21
𝑔12𝑧 + 𝑔22

, 𝛼(𝑔) = |𝑔22|−𝑚+𝑖𝜎−2𝑔𝑚
22, 𝜒(𝜆) = |𝜆|−𝑚+𝑖𝜎𝜆𝑚,

𝜔(𝜒) = 1
(2𝜋)2 (𝑚2 + 𝜎2).

Substituting expression (5) into formula (2), changing the order of integration
(which turns out to be legitimate when 𝜈1 + 𝜈2 < 2), and then making a change
of integration variables, we arrive at the formula
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(𝜑, 𝜑) = ∫ |𝑓(𝑧, 𝜒)|2𝑏(𝜒) 𝑑𝑧 𝑑𝜒+
0 , (7)

where

𝑓(𝑧, 𝜒) = ∫ 𝐾(𝑧1, 𝑧, 𝜒)|𝑧1|−1+ 𝜈1−𝜈2
2 𝜒(√𝑧1) 𝑑𝑧1, (8)

𝑏(𝜒) = 1
2𝜔(𝜒) ∫ |𝜉 − 1|−2+𝜈2 |𝜉| 𝜈1−𝜈2

2 −1𝜒(√𝜉) 𝑑𝜉×

× ∫ |𝜂 − 1|−2+𝜈1 |𝜂| 𝜈2−𝜈1
2 −1𝜒(√𝜂) 𝑑𝜂. (9)

The integrals in (9) are evaluated by applying a device analogous to Riesz’s
device (5), after which the following formula is obtained for 𝑏(𝜒):

𝑏(𝜒) = 1
8

Γ ( 𝜈1
2 ) Γ ( 𝜈2

2 )
Γ (1 − 𝜈1

2 ) Γ (1 − 𝜈2
2 ) ∣Γ ( 𝑚

4 + 𝑖 𝜎
4 − 𝜈1+𝜈2

4 + 1
2 )

Γ ( 𝑚
4 + 𝑖 𝜎

4 + 𝜈1+𝜈2
4 + 1

2 ) ∣
2

(𝑚2 + 𝜎2). (10)

Next, combining formulas (1), (6), and (8) and carrying out, in essence, the
same calculations as in (4), we conclude that

𝑓(𝑧, 𝜒) = ∫ 𝜑(𝑧1, 𝑧2)𝑎(𝑧1, 𝑧2, 𝑧, 𝜈1, 𝜈2, 𝜒) 𝑑𝑧1 𝑑𝑧2, (11)

where

𝑎(𝑧1, 𝑧2, 𝑧, 𝜈1, 𝜈2, 𝜒) = |𝑧2 − 𝑧1| 𝑚
2 −𝑖 𝜎

2 + 𝜈1+𝜈2
2 −1(𝑧2 − 𝑧1)− 𝑚

2 ×

×|𝑧2 − 𝑧|− 𝑚
2 +𝑖 𝜎

2 + 𝜈2−𝜈1
2 −1(𝑧2 − 𝑧) 𝑚

2 |𝑧 − 𝑧1|− 𝑚
2 +𝑖 𝜎

2 + 𝜈1−𝜈2
2 −1(𝑧 − 𝑧1) 𝑚

2 (12)

for 𝜒(𝜆) = |𝜆|−𝑚+𝑖𝜎𝜆𝑚, 𝜒 ∈ 𝑋+
0 .

Formulas (7)—(12) remain valid also for 𝜈1+𝜈2 = 2, as can be verified by passing
to the limit 𝜈1 + 𝜈2 → 2 (𝜈1 + 𝜈2 < 2).
Under the transition from 𝑥(𝑔) to 𝑥(𝑔𝑔0), the function 𝜑(𝑧1, 𝑧2) is transformed
according to the representation 𝔇𝜈1

× 𝔇𝜈2
, while 𝐾(𝑧1, 𝑧, 𝜒)—as a function of

𝑧, consequently (by virtue of (8)) also 𝑓(𝑧, 𝜒) as a function of 𝑧—is transformed
according to the representation 𝔖𝜒 = 𝔖𝑚,𝜎 of the principal series. Therefore,
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taking into account formulas (7), (10)—(12) and applying the continuous ana-
logue of Schur’s lemma (see, for example, (4), p. 149), we arrive at the following
theorem.

Theorem 1. Let ℌ be the Hilbert space of all measurable functions 𝑓(𝑥, 𝜒),
𝜒 ∈ 𝑋+

0 , satisfying the condition

∫ |𝑓(𝑧, 𝜒)|2𝑏(𝜒) 𝑑𝑧 𝑑𝜒+
0 < ∞,

where 𝑏(𝜒) is defined by formula (10), with scalar product

(𝑓1, 𝑓2) = ∫ 𝑓1(𝑧, 𝜒)𝑓2(𝑧, 𝜒) 𝑏(𝜒) 𝑑𝑧 𝑑𝜒+
0 ,

and let 𝜈1 + 𝜈2 ⩽ 2. Then for any function 𝜑(𝑧1, 𝑧2) ∈ ℌ′
𝜈1

× ℌ′
𝜈2

the integral in
formula (11) converges in the sense of the norm in ℌ, and the correspondence
𝜑 → 𝑓 established by this formula defines an isometric mapping 𝑊 of the space
ℌ𝜈1

× ℌ𝜈2
onto the space ℌ. Under application to 𝜑(𝑧1, 𝑧2) of the operator 𝑇𝑔

of the representation 𝔇𝜈1
× 𝔇𝜈2

, the function 𝑓(𝑧, 𝜒) = 𝑊𝜑 is transformed ac-
cording to the representation 𝔖𝜒 = 𝔖𝑚,𝜎 of the principal series. Consequently,
the mapping 𝑊 realizes the decomposition of the representation 𝔇𝜈1

× 𝔇𝜈2
into

irreducible representations. In this decomposition there occur only representa-
tions 𝔖𝑚,𝜎 of the principal series, and precisely those, and only those, for which
𝑚 is an even integer.*

3. Decomposition of the representation 𝔇𝜈1
× 𝔇𝜈2

into irreducible
representations for 𝜈1 + 𝜈2 > 2. Let now 𝜈1 + 𝜈2 > 2. Then the change in
the order of integration in the derivation of formula (7) is no longer legitimate,
as a result of which this formula ceases to be valid. However, one can obtain a
formula replacing formula (7) by applying to the latter the method of analytic
continuation.

Denote by 𝐿(𝑍 × 𝑍) the totality of all infinitely differentiable finite functions
𝜑(𝑧1, 𝑧2) whose supports do not contain the diagonal 𝑧1 = 𝑧2. Let 𝜑 ∈ 𝐿(𝑍 ×𝑍).
From (3) it is immediately seen that (𝜑, 𝜑) is an analytic function of 𝜈1, 𝜈2,
regular for 0 < Re 𝜈1 < 2, 0 < Re 𝜈2 < 2. Let, further, 𝑓(𝑧, 𝜒, 𝜈1, 𝜈2) be
the function defined by formula (8) (and hence by formulas (11), (12)), where
𝜒(𝜆) = |𝜆|−𝑚+𝑖𝜎𝜆𝑚, 𝑚 even and 𝜎, in general, complex.

Put
𝑏(𝜒, 𝜈1, 𝜈2) = 1

8
Γ( 𝜈1

2 ) Γ( 𝜈2
2 )

Γ(1 − 𝜈1
2 ) Γ(1 − 𝜈2

2 )
Γ( 𝑚

4 + 𝑖 𝜎
4 − 𝜈1+𝜈2

4 + 1
2 )

Γ( 𝑚
4 + 𝑖 𝜎

4 + 𝜈1+𝜈2
4 + 1

2 )

× Γ( 𝑚
4 − 𝑖 𝜎

4 − 𝜈1+𝜈2
4 + 1

2 )
Γ( 𝑚

4 − 𝑖 𝜎
4 + 𝜈1+𝜈2

2 + 1
2 ) (𝑚2 + 𝜎2),

𝜓(𝜒, 𝜈1, 𝜈2) = 𝜓(𝑚, 𝜎, 𝜈1, 𝜈2) = ∫ 𝑓(𝑧, 𝜒, 𝜈1, 𝜈2) 𝑓(𝑧, 𝜒−1, 𝜈1, 𝜈2) 𝑑𝑧,
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𝐽𝜈1,𝜈2
= ∫ 𝜓(𝜒, 𝜈1, 𝜈2) 𝑏(𝜒, 𝜈1, 𝜈2) 𝑑𝜒+

0 .

* The question of a formula for the inverse mapping 𝑊 −1, i.e. of reconstructing 𝜑(𝑧1, 𝑧2) from 𝑓(𝑧, 𝜒), is more complicated in the case under consideration (especially for 𝜈1+𝜈2 > 2) than in the preceding two cases 𝔖𝑚1,𝜎1
×𝔖𝑚2,𝜎2

and 𝔖𝑚1,𝜎1
×𝔇𝜈 (2−4).

Formula (7) means that

(𝜑, 𝜑) = 𝐽𝜈1,𝜈2
for Im 𝜈1 = Im 𝜈2 = 0, 0 ⩽ 𝜈1, 0 ⩽ 𝜈2, 𝜈1 + 𝜈2 ⩽ 2. (13)

Continuing analytically both parts of (13) from the domain Re(𝜈1 + 𝜈2) < 2 to
the domain Re(𝜈1 + 𝜈2) > 2, and taking into account that

∫
∞

0

𝑑𝜎
𝜎2 + (𝜈1 + 𝜈2 − 2)2 =

⎧{
⎨{⎩

𝜋
2(𝜈1 + 𝜈2 − 2) , for Re(𝜈1 + 𝜈2) > 2,

− 𝜋
2(𝜈1 + 𝜈2 − 2) , for Re(𝜈1 + 𝜈2) < 2,

we obtain

(𝜑, 𝜑) = ∫ |𝑓(𝑧, 𝜒)|2𝑏(𝜒) 𝑑𝑦+
𝜒0

+𝜘2( ̂𝑓, ̂𝑓)𝜈1+𝜈2−2 for 𝜈1 ⩽ 2, 𝜈2 ⩽ 2, 𝜈1+𝜈2 > 2,

where

𝜘2 = 1
𝜋2 [ Γ( 𝜈1

2 ) Γ( 𝜈2
2 )

Γ(1 − 𝜈1
2 ) Γ(1 − 𝜈2

2 )
Γ(1 − 𝜈1+𝜈2

2 )
Γ( 𝜈1+𝜈2

2 − 1) (1 − 𝜈1 + 𝜈2
2 )]

2

, (14)

̂𝑓(𝑧) = ∫ 𝜑(𝑧1, 𝑧2) |𝑧2 − 𝑧1|𝜈1+𝜈2−2|𝑧2 − 𝑧|−𝜈1 |𝑧 − 𝑧1|−𝜈2 𝑑𝑧1 𝑑𝑧2, (15)

( ̂𝑓, ̂𝑓)𝜈1+𝜈2−2 denotes the scalar product in ℌ𝜈1+𝜈2−2. Applying now arguments
analogous to those of Sec. 2, we arrive at the following result.

Theorem 2. Let 𝜈1 + 𝜈2 > 2, and let ℌ be defined as in Theorem 1. Let,
further, ℌ denote the Hilbert space of all pairs

̃𝑓 = {𝑓(𝑧, 𝜒), ̂𝑓(𝑧)}, 𝑓(𝑧, 𝜒) ∈ ℌ, ̂𝑓 ∈ ℌ𝜈1+𝜈2−2,

with scalar product

( ̃𝑓1, ̃𝑓2) = ∫ 𝑓1(𝑧, 𝜒)𝑓2(𝑧, 𝜒) 𝑏(𝜒) 𝑑𝑦+
𝜒0

+ 𝜘2( ̂𝑓, ̂𝑓)𝜈1+𝜈2−2,
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where 𝜘2 is defined by formula (14). For any function 𝜑(𝑧1, 𝑧2) ∈ ℌ𝜈1
× ℌ𝜈2

,
the integrals in formulas (11), (15) converge in the sense of the norm in ℌ and
ℌ𝜈1+𝜈2−2, respectively, and these formulas define an isometric mapping 𝑊̇ of the
space ℌ𝜈1

× ℌ𝜈2
onto the space ℌ. When the operator 𝑇𝑔 of the representation

𝔇𝜈1
× 𝔇𝜈2

is applied to 𝜑(𝑧1, 𝑧2), the functions 𝑓(𝑥, 𝑦), ̂𝑓(𝑧) of the pair

𝑊̇𝜑 = {𝑓(𝑧, 𝜒), ̂𝑓(𝑧)}

are transformed according to the representation 𝔖𝜒 = 𝔖𝑚,𝜎 of the principal
series and the representation 𝔇𝜈1+𝜈2−2 of the supplementary series, respectively.
Consequently, the mapping 𝑊̇ effects the decomposition of the representation
𝔇𝜈1

× 𝔇𝜈2
into irreducible representations. This decomposition contains the

representation 𝔇𝜈1+𝜈2−2 of the supplementary series and precisely those repre-
sentations 𝔖𝑚,𝜎 of the principal series for which 𝑚 is an even number.
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