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Let © be a convex domain of n-dimensional Euclidean space. Let f € Wél)(Q).

If lp >n and 0 < o < min [l — %7 1], then the fractional derivative f(® in the

sense of () exists and is continuous with respect to (D, Q) in the domain  x Q.
If, however, Ip <nand 0 <o <1— 2+ ¢ (p <g< nﬁ’;p), then the derivative
f(@) also exists and belongs to L, with respect to (D, Q) in the domain Q x

)

In both cases f(® is computed by the formula

C(a)
— —f(D)]r—.
I —a) [F(Q)—f(D)]r

(1)

We note that formula (1) remains valid also for (D, Q) € Q x Q. In this case,
if ip < n, then for almost all D belonging to the boundary I' of the domain €2,
f(@) exists and, considered as a function of the single point @, will belong to L,

(1—a r

f4(D,Q) = + a ) /0 (r—t)"* [ f(Q)—f(D+et)] (f)"f di+

Let D be a fixed point of the domain €. Consider the collection of all functions
f from ngl)(Q) for which the function f(®(D,Q) is summable as a function
of the point Q). If Ip > n, then this collection coincides with all of Wél)(Q);

if Ip < m, then this collection is possibly a part of W;,l)(Q). On the collection
introduced we define the operator D f(Q) = f(*)(D, @), which we shall call the
operator of fractional differentiation.

The purpose of the present paper is to compare the operator of fractional differ-
entiation with powers of elliptic partial differential operators.

1. For the operator of fractional differentiation the following inequality holds.

Theorem 1. Let f € W,gl)(Q), Ip > n, and 0 < o < min [l — 3, 1]. Then for
all sufficiently small § > 0 the inequality
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12 fllew) —51,”f”L e v P (2)

holds, where

The constant K does not depend on d, f, or the point D € Q with respect to
which the operator D is constructed.

The proof of this theorem is based on the use of the following inequalities (1, 4):

|f(Q) - f(D)| < Cork“f”WIg“(Q)’ (3)
Iflo < /,, £z, @ + Cabi ™1l 0y ()
where
k=min|[l— 1 |fP ., = A1 o+ AL
- p? W Q) L(l

g is any sufficiently small positive number, and the constants C'; and Cy do not
depend on ¢, or f.

2. If f € ngl)(Q) and Ip < n, then, by the embedding theorem (1), the
function f from ngl) (2) has summable values on the boundary I' of the
domain 2. Therefore the set of those f € Wél)(Q) for which f| = 0 forms

0
a subspace of the space W,SU(Q), which we shall denote by W;f )(Q)

We shall assume that the point D with respect to which the operator D¢ is
constructed belongs to I'.

0

Theorem 2. Let f € W;“(Q), 0<a<l-— n + E, q > p. Then, for all
p q

sufficiently small 6 > 0, the inequality

K
1D flL, @) < 57||f||Lp<Q) + 51_V”f”L;;"(Q>’ (5)
holds, where
V:ﬁ(l_1>+a+ﬁ
I \p ¢ l
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The constant K does not depend on §, f, or the point D € T with respect to
which the operator D¢ is constructed; § is an arbitrarily small fixed positive
number.

In proving this inequality we use the inequality: for u > 0,

d(e)—u
[ax[ 1f@+ew— @ dr < bl (0)
w’ 0

where [ € WZSU(Q) (Ip < n); k=1-— L ﬁ; e is the unit vector having

the direction from D to Q; r is the dis‘g?ance between the points D and @Q;
d(e) is the length of the segment of the ray issuing from the point D in the
direction e within the domain §; dy is the surface element of the unit sphere in
n-dimensional space; w’ is the corresponding part of this surface. In addition,
we use inequality (4)

f

Ta

K I—24n_qf
< ﬁlmfﬂfHLp(sz) + K39 11200 (7)
L) 5y

where K, and K, do not depend on &, f, or the point D € Q; 4 is a sufficiently
small positive number.

We note that in the case where the order of the derivative is a positive integer,
the inequalities corresponding to inequalities (2) and (5) are known (%).

3. Let us now turn to a comparison of the fractional differentiation oper-
ator D% with differential operators in partial derivatives. Consider, for
example, the elliptic operator of second order

== 2 (aswgl ). (5)

ik=1

0
defined on W2(Q). Under the known assumptions the operator £ will be a
positive-definite self-adjoint operator, for which the Bernstein-Ladyzhenskaya
inequality is valid:

HfIIVoV;(Q) < Ol 9)

From inequalities (5) and (9) we obtain

| =

1Dl 0 < o F i, + 67 1€ £ (10)

>
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with the corresponding value of v and the constant K.

From this inequality, by virtue of the theorem of S. G. Krein and P. E.
Sobolevskii (2), it follows that

Theorem 3. The fractional differentiation operator D is an operator of frac-

0
tional order not higher than «/2 with respect to the operator £; i.e., on W2(1Q),
for a/2 <~ < 1, the inequality

12°fllr, ) < CIL fll, (11)

holds. Here C does not depend on D € T'.

Theorem 4. Let 2y —n/2 < a < 2. Then the operator D*L~7 is a bounded
operator acting from Ly(S2) into L, (), where

1 1 2y-—
S8
q 2 n

The fact that the fractional differentiation operator 2¢ is an operator of frac-
tional order with respect to the operator £ makes it possible to consider differ-
ential equations which contain, in addition to partial derivatives of the unknown
function, its fractional derivatives.

Consider the following problem. Find a solution of the equation

Z 8% <ai,k($>§£€> +p(x)Df + q(x) f = (), (12)

ik=1
where p(z) and ¢(x) are bounded functions satisfying the boundary condition
flp=0.
For this problem the following is valid.

Theorem 5. The spectrum of the operator standing in the left-hand side of the
equation will be located in some half-plane Re A > w.

If q(x) > A, where A is a sufficiently large constant, then problem (12) has a
0
unique solution f € W2(Q).
Similarly, one may consider equations of parabolic type.
Consider the equation
of

5 = &1 +p@ D + (o)
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with the boundary condition f|r = 0 and the initial condition f(0,z) = v(x) €
Ly(2).

0
It can be proved that a solution of the equation exists in W3(Q) and is analytic
in ¢ inside some angle |argt| < ¢, (¢, does not depend on t).

6,57,

Using the results of ( one can obtain analogous results also in the space

L,(Q).

One may also consider the case of equations with a strongly elliptic operator of
order 2m.

Voronezh Forestry Engineering
Institute

Received
18 XI 1959

REFERENCES CITED

1'S. L. Sobolev, Some Applications of Functional Analysis in Mathematical
Physics, L., 1950.

2'S. G. Krein, P. E. Sobolevskii, DAN, 118, No. 2 (1958).

3 1. A. Kipriyanov, DAN, 126, No. 6 (1959).

4 V. P. Glushko, S. G. Krein, DAN, 122, No. 6 (1958).

5 M. A. Krasnosel’ skii, P. E. Sobolevskii, DAN, 129, No. 3 (1959).

6 A. 1. Koshelev, Uspekhi Mat. Nauk, 13, issue 4 (82) (1958).

7 M. Z. Solomyak, DAN, 127, No. 1 (1959).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196001.93133 Machine Translation


https://sovietrxiv.org/items/ru-196001.93133

	Abstract
	Full Text
	Mathematics
	I. A. Kipriyanov

	The Operator of Fractional Differentiation and Powers of Elliptic Operators
	REFERENCES CITED


