Soviet-era science, translated into English

MATHEMATICS

Ch. BESSAGA and A. PELCZYNSKI

1960

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196001.92218

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196001.92218

Abstract

Full Text
MATHEMATICS
Ch. BESSAGA and A. PELCZYNSKI

ON THE EMBEDDING OF NUCLEAR SPACES
IN THE SPACE OF ALL INFINITELY DIF-
FERENTIABLE FUNCTIONS ON THE LINE

(Presented by Academician 1. G. Petrovskii, June 25, 1960)

In Grothendieck’ s memoir ((I), part 2, pp. 68, 139) the following problem is
formulated.

Can every metrizable nuclear space be isomorphically embedded in the space of
all infinitely differentiable functions on the line?

The present paper contains a partial answer to this question.

1. Definition 1. Let X and Y be linear topological spaces. The space Y is
called isomorphically embeddable in X if there exists an isomorphic
(i.e., linear, homeomorphic) mapping of the space Y onto some subspace
Y, of the space X. The spaces X and Y are isomorphic if Y; = X.

Definition 2 ((1), part 2, p. 34; (2)). A locally convex space X is called
nuclear if, for every continuous seminorm | - ||, defined on X, there exist: a

vectors (x;a)), and linear functionals ( ff,,w) such

la

continuous seminorm | - |,

that:
im o= > F@@ee| =
for every z € X nh—>12<> x ;fl (x)x§ 0; (1)
- «
> sup(fi(@) el 1) < oo, [l =1 =120 (@)
n=1

In what follows we shall consider only metrizable locally convex spaces,
i.e. such spaces whose topology is defined by a countable family of seminorms
[, (@=1,2,...).

By &£(R) we denote the space of all infinitely differentiable functions z = x(t)
defined on R = (—o0, c0), with the topology defined by the seminorms

l#la = sup [la(®)] + [V (O] + - + [ (B)];

[t]<a
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by &(I), the space of all infinitely differentiable functions on the interval I =
[—1,1] with seminorms
lz]o = sup [z (1)];
tel

by &(K), the subspace of the space £(R) consisting of all periodic functions
with period 27 (the space of functions on the circle K).

(n)
a+1
sup,, al™ > 0. By l(a((yn)) we denote the Kothe space (3) generated by the

matrix (afy”)), i.e. the space of all numerical sequences £ = (§,,) for which

Let afx") (a,n = 1,2,...) be nonnegative real numbers such that ag") <a

lelo =D labe,| < +o0 (a=1,2,..)

with seminorms | - |,

By o we shall denote the topological direct sum of a countable number of spaces
I(n%), i.e. the space of all sequences

y=1{cW,@, .}, where ¢ = (&) €i(n®) (B=1,2,...),
with seminorms

o0

Wlas = > 167 7. (3)

n=1

The spaces E(R), £(I), £(K), o are nuclear. The necessary and sufficient con-

dition for the nuclearity of the Kéthe spaces l(c&")) is the following ([1], Part 2,
p. 59): for every « there exists @’ > « such that

Z c(&")/cgf) < 400, where N, ={n: cgf) +0}.
nENa/

This condition is easily derived from I. M. Gelfand’ s definition of nuclearity
(see [2]).

Remark 1. The spaces £(K) and £(I) are isomorphic to the Kéthe space I(n®).
The required isomorphic mapping is given, respectively, by the formulas

AE =65 BE=> &T, (£€l(n®)), (4)
k=1 k=1

where S}, are the functions of the trigonometric system, and T}, are the Cheby-
shev polynomials.
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2. Theorem 1. FEwvery metrizable complete nuclear space with a basis is iso-
morphically embeddable in the space E(R).

Recall that a basis (an unconditional basis) of a space X is a sequence of
vectors (e,,) from X such that every vector z € X has a unique representation
xr =) t,e,, where the series ) t,e, converges (converges unconditionally)
in the topology of the space (see [4], Ch. TV).

Theorem 1 follows directly from the following propositions:

Proposition 1. The spaces E(R) and o are isomorphically embeddable in one
another.

Proof. 1°. The embedding of £(R) in o is given by the formula U;(z) =
{Azgt, Az7t A e, A ey, ), o € E(R), where z;, € (1), ,(t) = x(t + 2k)
for t € [-1,1] and k =0, 41,42, ..., A is the operator defined by formula (4).

2°. Let ¢, (p = 1,2,...) be fixed functions from £(R) such that ¢, () = 1 for
|t —dpr| <, p,(t) =0 for [t —dpr| > 27. Let

Upy =Y 3,BEW), y={W,¢?, . }eo,
P

where B is the operator defined by formula (4), 3, : £(K) — &(R) is the
operator of multiplication of a function from £(K) by the function ¢, (p =
1,2,...). U, realizes an isomorphic embedding of the space o in &(R). This
follows from the fact that the operators 5, map the space £(K) isomorphically
onto such subspaces of the space £(R) that the supports of functions belonging
to different subspaces do not intersect.

* Note added in proof. As B. S. Mityagin showed (in July 1960), these spaces
are isomorphic.

Proposition 2. If the sequence (e,) is a basis in a metrizable complete nuclear
space, then (e,) is also an unconditional basis.

This proposition was proved by A. S. Dynin and B. S. Mityagin in (°).

Proposition 3 (Rolewicz (%)). Let X be a complete metrizable nuclear space
whose topology is defined by a system of seminorms

lzly < flfly <,

(e,,) an unconditional basis in X. Then X is isomorphic to the Kithe space
llenlla)-

Proof. Let £ = (¢,) € l([e,],). Put VE=3" &, e,. Since (e,) is a basis, the
operator V maps I(]le,|,) one-to-one into X. Let

T = Zgnen (5)

n=1
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be an arbitrary vector in X. By assumption, the series (5) converges uncondi-
tionally, and, by nuclearity,* we have

Yo leallenla =D I€nenlla < oo (a@=1,2,..);

n

therefore (€,) € I(e,l,)- From Banach’ s theorem on the continuity of the
inverse operator it follows that V maps I(]e,,|,) isomorphically onto X.

Proposition 4 . Every nuclear Kithe space is isomorphically embeddable in o.

Lemma 1. Let l(c((lm) be nuclear. Then there exists a matriz b(a") such that:
1) the spaces l(c&")) and l(b&m) are identically isomorphic, i.e. the classes of

sequences forming these spaces coincide; 2) if )\Eyn) = 0 for bfﬂ)l = 0, and
AP — bff)/b;"ll for bgﬂr)l + 0, then
ZAE{” < 400 (a=1,2,..). (6)

The existence of a matrix satisfying conditions 1) and 2) is easily derived from
the nuclearity condition for a Kothe space given above.

Lemma 2. Let the matriz (b&n)) satisfy conditions 1) and 2) of Lemma 1. Then

there exists a matriz (al") such that the spaces 1(a'") and I(bS") are isomorphic

and
if (&,) € l(al”), then (n%¢,) €l(al),  B=1,2,.. (7)

Proof. From formula (6) it is easy to infer that there exists a sequence (y,,) of
positive numbers such that u,, > )\Eln) forn> N(a), a =1,2,..; > p, < +oo.
Consider a permutation (p,,) of the indices for which ,, >, > Put

o — pon)

(a,n=1,2,..).
Since ) p, < +oo and the sequence (u,, ) is nonincreasing, it follows that

d = supnp, < +oo.
Let (&,) € l(al); since
na&") = n)\g’")a(a"ll < da(a"ll

for p,, > N(«a), we obtain

o0
Z |n§na51")| < Z \nfnagn” +d Z |§na(anl1| < 400.

n=1 P <N(e) pp2N(a)

* In complete metrizable nuclear spaces, every unconditionally convergent series converges absolutely (1), par
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** A similar result is given without proof in (1), part 2, p. 68.

Thus, (n€,) € l(a(am), and then (n?%¢,) € l(a&")), (n38¢,) € l(a&")),---. It is
obvious that the mapping W : W(¢,)) = (§pn) is an isomorphism of the space

l(bgm) onto l(afxn)).

Proof of Proposition 4. In view of the preceding lemmas it suffices to prove
that the space l(agf)), satisfying condition (7), is embeddable in o. Let, for

5 = (gn) € l(a(an))a Uf = {(glagl)a€2a(12)v )v (510(21>7£2a<22), >’ } It is obvious
that the mapping U is additive and homogeneous. From (3) and (7) it follows

that €], < X, 16,a5”| < X, [n%€,al”| = |U€]5.,; therefore U € o and U~
is continuous. Continuity follows from the Banach-Steinhaus theorem, since

UE = lim Ui&, U&= {0 (k). (0 (h)), .},

where nn ( )=¢, a ) for n <k, a<k, and ngfo(k) = 0 for the remaining n, a.

3. Definition 3. A nuclear space will be called supernuclear if, instead of
condition (2) of Definition 2, the following conditions are fulfilled for all
x:

S nfsup{fit(@) Jal, <1} <00 (B=12,..0;  (2a)
n=1

||xn |, =1 (n=1,2,...).

Various spaces of analytic functions may serve as examples of supernuclear
spaces. The spaces E(R), (), E(K), o are not supernuclear.

Theorem 2. If X is a supernuclear metrizable complete space, then X is
isomorphically embeddable in E(R) and in o.

Proof. The required embedding in o is realized by the mapping U : X — o,
given by the formula

Uz = {(f (), (S (2)), ..},

where f}fl) are the linear functionals occurring in Definition 3 and corresponding
to the seminorms || ||, (n =1,2,...).

Theorem 3. Let F' be a bounded set in the metrizable nuclear space X, and let
L(F) be the linear span of the set F. Then L(F) is isomorphically embeddable
in o and in E(R).

Theorem 3 is easily obtained from the following lemma.

Lemma 3. For each seminorm | |, one can find vectors (ysf)) from X and
linear functionals gﬁ{” on X such that

Z g(a)

for every z € L(F) lim (| =0; (1)

[e3%
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Zn*@ sup{g%a)(x) iz € F} < +oo (B=1,2,..); (2)
W, =1 (n=1,2,..).

The proof of Lemma 3 is obtained by means of arguments analogous to the proof
of Lemma 7 in the work 7.

The authors express their gratitude to Prof. I. M. Gelfand, who drew their
attention to the questions considered in the present paper.
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