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Abstract
Full Text
MATHEMATICS

Ch. BESSAGA and A. PEŁCZYŃSKI

ON THE EMBEDDING OF NUCLEAR SPACES
IN THE SPACE OF ALL INFINITELY DIF-
FERENTIABLE FUNCTIONS ON THE LINE
(Presented by Academician I. G. Petrovskii, June 25, 1960)

In Grothendieck’s memoir ((1), part 2, pp. 68, 139) the following problem is
formulated.

Can every metrizable nuclear space be isomorphically embedded in the space of
all infinitely differentiable functions on the line?

The present paper contains a partial answer to this question.

1. Definition 1. Let 𝑋 and 𝑌 be linear topological spaces. The space 𝑌 is
called isomorphically embeddable in 𝑋 if there exists an isomorphic
(i.e., linear, homeomorphic) mapping of the space 𝑌 onto some subspace
𝑌1 of the space 𝑋. The spaces 𝑋 and 𝑌 are isomorphic if 𝑌1 = 𝑋.

Definition 2 ((1), part 2, p. 34; (2)). A locally convex space 𝑋 is called
nuclear if, for every continuous seminorm ‖ ⋅ ‖𝛼 defined on 𝑋, there exist: a
continuous seminorm ‖ ⋅ ‖𝛼′ , vectors (𝑥(𝛼)

𝑛 ), and linear functionals (𝑓 (𝛼)
𝑛 ) such

that:

for every 𝑥 ∈ 𝑋 lim
𝑛→∞

∥𝑥 −
𝑛

∑
𝑖=1

𝑓 (𝛼)
𝑖 (𝑥)𝑥𝛼

𝑖 ∥
𝛼

= 0; (1)

∞
∑
𝑛=1

sup{𝑓 (𝛼)
𝑛 (𝑥) ∶ ‖𝑥‖𝛼′ ≤ 1} < +∞, ∥𝑥(𝛼)

𝑛 ∥
𝛼

= 1 (𝑛 = 1, 2, …). (2)

In what follows we shall consider only metrizable locally convex spaces,
i.e. such spaces whose topology is defined by a countable family of seminorms
‖ ⋅ ‖𝛼 (𝛼 = 1, 2, …).
By ℰ(𝑅) we denote the space of all infinitely differentiable functions 𝑥 = 𝑥(𝑡)
defined on 𝑅 = (−∞, ∞), with the topology defined by the seminorms

‖𝑥‖𝛼 = sup
|𝑡|≤𝛼

[|𝑥(𝑡)| + |𝑥(1)(𝑡)| + ⋯ + |𝑥(𝛼)(𝑡)|];
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by ℰ(𝐼), the space of all infinitely differentiable functions on the interval 𝐼 =
[−1, 1] with seminorms

‖𝑥‖𝛼 = sup
𝑡∈𝐼

|𝑥(𝛼)(𝑡)|;

by ℰ(𝐾), the subspace of the space ℰ(𝑅) consisting of all periodic functions
with period 2𝜋 (the space of functions on the circle 𝐾).

Let 𝑎(𝑛)
𝛼 (𝛼, 𝑛 = 1, 2, …) be nonnegative real numbers such that 𝑎(𝑛)

𝛼 ≤ 𝑎(𝑛)
𝛼+1,

sup𝛼 𝑎(𝑛)
𝛼 > 0. By 𝑙(𝑎(𝑛)

𝛼 ) we denote the Köthe space (3) generated by the
matrix (𝑎(𝑛)

𝛼 ), i.e. the space of all numerical sequences 𝜉 = (𝜉𝑛) for which

‖𝜉‖𝛼 = ∑
𝑛

|𝑎(𝑛)
𝛼 𝜉𝑛| < +∞ (𝛼 = 1, 2, …)

with seminorms ‖ ⋅ ‖𝛼.

By 𝜎 we shall denote the topological direct sum of a countable number of spaces
𝑙(𝑛𝛼), i.e. the space of all sequences

𝑦 = {𝜉(1), 𝜉(2), …}, where 𝜉(𝛽) = (𝜉(𝛽)
𝑛 ) ∈ 𝑙(𝑛𝛼) (𝛽 = 1, 2, …),

with seminorms

‖𝑦‖𝛼,𝛽 =
∞

∑
𝑛=1

|𝜉(𝛽)
𝑛 𝑛𝛼|. (3)

The spaces ℰ(𝑅), ℰ(𝐼), ℰ(𝐾), 𝜎 are nuclear. The necessary and sufficient con-
dition for the nuclearity of the Köthe spaces 𝑙(𝑐(𝑛)

𝛼 ) is the following ([1], Part 2,
p. 59): for every 𝛼 there exists 𝛼′ > 𝛼 such that

∑
𝑛∈𝑁𝛼′

𝑐(𝑛)
𝛼 /𝑐(𝑛)

𝛼′ < +∞, where 𝑁𝛼′ = {𝑛 ∶ 𝑐(𝑛)
𝛼′ ≠ 0}.

This condition is easily derived from I. M. Gelfand’s definition of nuclearity
(see [2]).

Remark 1. The spaces ℰ(𝐾) and ℰ(𝐼) are isomorphic to the Köthe space 𝑙(𝑛𝛼).
The required isomorphic mapping is given, respectively, by the formulas

𝐴𝜉 =
∞

∑
𝑘=1

𝜉𝑘𝑆𝑘; 𝐵𝜉 =
∞

∑
𝑘=1

𝜉𝑘𝑇𝑘 (𝜉 ∈ 𝑙(𝑛𝛼)), (4)

where 𝑆𝑘 are the functions of the trigonometric system, and 𝑇𝑘 are the Cheby-
shev polynomials.
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2. Theorem 1. Every metrizable complete nuclear space with a basis is iso-
morphically embeddable in the space ℰ(𝑅).
Recall that a basis (an unconditional basis) of a space 𝑋 is a sequence of
vectors (𝑒𝑛) from 𝑋 such that every vector 𝑥 ∈ 𝑋 has a unique representation
𝑥 = ∑𝑛 𝑡𝑛𝑒𝑛, where the series ∑𝑛 𝑡𝑛𝑒𝑛 converges (converges unconditionally)
in the topology of the space (see [4], Ch. IV).

Theorem 1 follows directly from the following propositions:

Proposition 1. The spaces ℰ(𝑅) and 𝜎 are isomorphically embeddable in one
another.

Proof. 1∘. The embedding of ℰ(𝑅) in 𝜎 is given by the formula 𝑈1(𝑥) =
{𝐴𝑥−1

0 , 𝐴𝑥−1
1 , 𝐴−1𝑥−1, 𝐴−1𝑥2, …}, 𝑥 ∈ ℰ(𝑅), where 𝑥𝑘 ∈ ℰ(𝐼), 𝑥𝑘(𝑡) = 𝑥(𝑡 + 2𝑘)

for 𝑡 ∈ [−1, 1] and 𝑘 = 0, ±1, ±2, …, 𝐴 is the operator defined by formula (4).

2∘. Let 𝜑𝑝 (𝑝 = 1, 2, …) be fixed functions from ℰ(𝑅) such that 𝜑𝑝(𝑡) = 1 for
|𝑡 − 4𝑝𝜋| ≤ 𝜋, 𝜑𝑝(𝑡) = 0 for |𝑡 − 4𝑝𝜋| ≥ 2𝜋. Let

𝑈2𝑦 = ∑
𝑝

𝜑𝑝𝐵(𝜉(𝑝)), 𝑦 = {𝜉(1), 𝜉(2), …} ∈ 𝜎,

where 𝐵 is the operator defined by formula (4), 𝜑𝑝 ∶ ℰ(𝐾) → ℰ(𝑅) is the
operator of multiplication of a function from ℰ(𝐾) by the function 𝜑𝑝 (𝑝 =
1, 2, …). 𝑈2 realizes an isomorphic embedding of the space 𝜎 in ℰ(𝑅). This
follows from the fact that the operators 𝜑𝑝 map the space ℰ(𝐾) isomorphically
onto such subspaces of the space ℰ(𝑅) that the supports of functions belonging
to different subspaces do not intersect.

* Note added in proof. As B. S. Mityagin showed (in July 1960), these spaces
are isomorphic.

Proposition 2. If the sequence (𝑒𝑛) is a basis in a metrizable complete nuclear
space, then (𝑒𝑛) is also an unconditional basis.

This proposition was proved by A. S. Dynin and B. S. Mityagin in (5).
Proposition 3 (Rolewicz (6)). Let 𝑋 be a complete metrizable nuclear space
whose topology is defined by a system of seminorms

‖𝑥‖1 ≤ ‖𝑥‖2 ≤ ⋯ ,

(𝑒𝑛) an unconditional basis in 𝑋. Then 𝑋 is isomorphic to the Köthe space
𝑙(‖𝑒𝑛‖𝛼).
Proof. Let 𝜉 = (𝜉𝑛) ∈ 𝑙(‖𝑒𝑛‖𝛼). Put 𝑉 𝜉 = ∑𝑛 𝜉𝑛𝑒𝑛. Since (𝑒𝑛) is a basis, the
operator 𝑉 maps 𝑙(‖𝑒𝑛‖𝛼) one-to-one into 𝑋. Let

𝑥 =
∞

∑
𝑛=1

𝜉𝑛𝑒𝑛 (5)
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be an arbitrary vector in 𝑋. By assumption, the series (5) converges uncondi-
tionally, and, by nuclearity,* we have

∑
𝑛

|𝜉𝑛| ‖𝑒𝑛‖𝛼 = ∑
𝑛

‖𝜉𝑛𝑒𝑛‖𝛼 < +∞ (𝛼 = 1, 2, …);

therefore (𝜉𝑛) ∈ 𝑙(‖𝑒𝑛‖𝛼). From Banach’s theorem on the continuity of the
inverse operator it follows that 𝑉 maps 𝑙(‖𝑒𝑛‖𝛼) isomorphically onto 𝑋.

Proposition 4 . Every nuclear Köthe space is isomorphically embeddable in 𝜎.

Lemma 1. Let 𝑙(𝑐(𝑛)
𝛼 ) be nuclear. Then there exists a matrix 𝑏(𝑛)

𝛼 such that:
1) the spaces 𝑙(𝑐(𝑛)

𝛼 ) and 𝑙(𝑏(𝑛)
𝛼 ) are identically isomorphic, i.e. the classes of

sequences forming these spaces coincide; 2) if 𝜆(𝑛)
𝛼 = 0 for 𝑏(𝑛)

𝛼+1 = 0, and
𝜆(𝑛)

𝛼 = 𝑏(𝑛)
𝛼 /𝑏(𝑛)

𝛼+1 for 𝑏(𝑛)
𝛼+1 ≠ 0, then

∑
𝑛

𝜆(𝑛)
𝛼 < +∞ (𝛼 = 1, 2, …). (6)

The existence of a matrix satisfying conditions 1) and 2) is easily derived from
the nuclearity condition for a Köthe space given above.

Lemma 2. Let the matrix (𝑏(𝑛)
𝛼 ) satisfy conditions 1) and 2) of Lemma 1. Then

there exists a matrix (𝑎(𝑛)
𝛼 ) such that the spaces 𝑙(𝑎(𝑛)

𝛼 ) and 𝑙(𝑏(𝑛)
𝛼 ) are isomorphic

and
if (𝜉𝑛) ∈ 𝑙(𝑎(𝑛)

𝛼 ), then (𝑛𝛽𝜉𝑛) ∈ 𝑙(𝑎(𝑛)
𝛼 ), 𝛽 = 1, 2, … (7)

Proof. From formula (6) it is easy to infer that there exists a sequence (𝜇𝑛) of
positive numbers such that 𝜇𝑛 ≥ 𝜆(𝑛)

𝛼 for 𝑛 ≥ 𝑁(𝛼), 𝛼 = 1, 2, …; ∑𝑛 𝜇𝑛 < +∞.
Consider a permutation (𝑝𝑛) of the indices for which 𝜇𝑝1

≥ 𝜇𝑝2
≥ ⋯. Put

𝑎(𝑛)
𝛼 = 𝑏(𝑝𝑛)

𝛼 (𝛼, 𝑛 = 1, 2, …).
Since ∑𝑛 𝜇𝑝𝑛

< +∞ and the sequence (𝜇𝑝𝑛
) is nonincreasing, it follows that

𝑑 = sup
𝑛

𝑛𝜇𝑝𝑛
< +∞.

Let (𝜉𝑛) ∈ 𝑙(𝑎(𝑛)
𝛼 ); since

𝑛𝑎(𝑛)
𝛼 = 𝑛𝜆(𝑝𝑛)

𝛼 𝑎(𝑛)
𝛼+1 ≤ 𝑑𝑎(𝑛)

𝛼+1

for 𝑝𝑛 ≥ 𝑁(𝛼), we obtain
∞

∑
𝑛=1

|𝑛𝜉𝑛𝑎(𝑛)
𝛼 | ≤ ∑

𝑝𝑛<𝑁(𝛼)
|𝑛𝜉𝑛𝑎(𝑛)

𝛼 | + 𝑑 ∑
𝑝𝑛≥𝑁(𝛼)

|𝜉𝑛𝑎(𝑛)
𝛼+1| < +∞.

* In complete metrizable nuclear spaces, every unconditionally convergent series converges absolutely (1), part 2, p. 43).
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** A similar result is given without proof in (1), part 2, p. 68.

Thus, (𝑛𝛽𝜉𝑛) ∈ 𝑙(𝑎(𝑛)
𝛼 ), and then (𝑛2𝛽𝜉𝑛) ∈ 𝑙(𝑎(𝑛)

𝛼 ), (𝑛3𝛽𝜉𝑛) ∈ 𝑙(𝑎(𝑛)
𝛼 ),⋯. It is

obvious that the mapping 𝑊 ∶ 𝑊(𝜉𝑛) = (𝜉𝑝𝑛
) is an isomorphism of the space

𝑙(𝑏(𝑛)
𝛼 ) onto 𝑙(𝑎(𝑛)

𝛼 ).
Proof of Proposition 4. In view of the preceding lemmas it suffices to prove
that the space 𝑙(𝑎(𝑛)

𝛼 ), satisfying condition (7), is embeddable in 𝜎. Let, for
𝜉 = (𝜉𝑛) ∈ 𝑙(𝑎(𝑛)

𝛼 ), 𝑈𝜉 = {(𝜉1𝑎(1)
1 , 𝜉2𝑎(2)

1 , …), (𝜉1𝑎(1)
2 , 𝜉2𝑎(2)

2 , …), …}. It is obvious
that the mapping 𝑈 is additive and homogeneous. From (3) and (7) it follows
that ‖𝜉‖𝛼 ≤ ∑𝑛 |𝜉𝑛𝑎(𝑛)

𝛼 | ≤ ∑𝑛 |𝑛𝛽𝜉𝑛𝑎(𝑛)
𝛼 | = ‖𝑈𝜉‖𝛽,𝛼; therefore 𝑈𝜉 ∈ 𝜎 and 𝑈−1

is continuous. Continuity follows from the Banach–Steinhaus theorem, since

𝑈𝜉 = lim
𝑘→∞

𝑈𝑘𝜉, 𝑈𝑘𝜉 = {(𝜂(1)
𝑛 (𝑘)), (𝜂(2)

𝑛 (𝑘)), …},

where 𝜂(𝛼)
𝑛 (𝑘) = 𝜉𝑛𝑎(𝑛)

𝛼 for 𝑛 ≤ 𝑘, 𝛼 ≤ 𝑘, and 𝜂(𝛼)
𝑛 (𝑘) = 0 for the remaining 𝑛, 𝛼.

3. Definition 3. A nuclear space will be called supernuclear if, instead of
condition (2) of Definition 2, the following conditions are fulfilled for all
𝑥: ∞

∑
𝑛=1

𝑛𝛽 sup{𝑓 (𝛼)
𝑛 (𝑥) ∶ ‖𝑥‖𝛼 ≤ 1} < ∞ (𝛽 = 1, 2, …); (2a)

‖𝑥(𝛼)
𝑛 ‖𝛼 = 1 (𝑛 = 1, 2, …).

Various spaces of analytic functions may serve as examples of supernuclear
spaces. The spaces ℰ(𝑅), ℰ(𝐼), ℰ(𝐾), 𝜎 are not supernuclear.

Theorem 2. If 𝑋 is a supernuclear metrizable complete space, then 𝑋 is
isomorphically embeddable in ℰ(𝑅) and in 𝜎.

Proof. The required embedding in 𝜎 is realized by the mapping 𝑈 ∶ 𝑋 → 𝜎,
given by the formula

𝑈𝑥 = {(𝑓 (1)
𝑛 (𝑥)), (𝑓 (2)

𝑛 (𝑥)), …},

where 𝑓 (𝛼)
𝑛 are the linear functionals occurring in Definition 3 and corresponding

to the seminorms ‖ ‖𝛼 (𝑛 = 1, 2, …).
Theorem 3. Let 𝐹 be a bounded set in the metrizable nuclear space 𝑋, and let
𝐿(𝐹) be the linear span of the set 𝐹 . Then 𝐿(𝐹) is isomorphically embeddable
in 𝜎 and in ℰ(𝑅).
Theorem 3 is easily obtained from the following lemma.

Lemma 3. For each seminorm ‖ ‖𝛼 one can find vectors (𝑦(𝛼)
𝑛 ) from 𝑋 and

linear functionals 𝑔(𝛼)
𝑛 on 𝑋 such that

for every 𝑥 ∈ 𝐿(𝐹) lim ∥𝑥 −
∞

∑
𝑖=1

𝑔(𝛼)
𝑖 (𝑥)𝑦(𝛼)

𝑖 ∥
𝛼

= 0; (1�)
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∑ 𝑛𝛽 sup{𝑔(𝛼)
𝑛 (𝑥) ∶ 𝑥 ∈ 𝐹} < +∞ (𝛽 = 1, 2, …); (2�)

‖𝑦(𝛼)
𝑛 ‖𝛼 = 1 (𝑛 = 1, 2, …).

The proof of Lemma 3 is obtained by means of arguments analogous to the proof
of Lemma 7 in the work 7.

The authors express their gratitude to Prof. I. M. Gelfand, who drew their
attention to the questions considered in the present paper.
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