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Abstract
Full Text

V. P. LEONOV
ON THE CENTRAL LIMIT THEOREM FOR ERGODIC
ENDOMORPHISMS OF COMPACT COMMUTATIVE
GROUPS
(Presented by Academician A. N. Kolmogorov, 22 VI 1960)

In papers (1−3) it was proved by different methods that if 𝑔(𝑥) is a real periodic
function with period one with Fourier coefficients

𝐶𝑛(𝑔) = ∫
1

0
𝑔(𝑥)𝑒−2𝜋𝑖𝑛𝑥 𝑑𝑥 = 𝑂 ( 1

|𝑛|𝛽 ) , 𝛽 > 1
2,

or satisfying a Hölder condition with exponent 𝛼 > 0,

𝑚𝑔 = ∫
1

0
𝑔(𝑥) 𝑑𝑥,

𝑎 is an arbitrary integer not equal to ±1, and 𝜇 is Lebesgue measure on the
interval [0, 1], then*

𝜇 {𝑥 ∶ 1√𝑝 (
𝑝−1
∑
𝑡=0

𝑔(𝑎𝑡𝑥) − 𝑚𝑔𝑝) < 𝑦} −−−→
𝑝→∞

1√
2𝜋𝜎𝑔

∫
𝑦

−∞
𝑒−𝑧2/2𝜎2

𝑔 𝑑𝑧

under the additional condition

𝜎2
𝑔 = ∫

1

0
(𝑔(𝑥) − 𝑚𝑔)2 𝑑𝑥 + 2

∞
∑
𝑡=1

∫
1

0
(𝑔(𝑎𝑡𝑥) − 𝑚𝑔)(𝑔(𝑥) − 𝑚𝑔) 𝑑𝑥 > 0.

The present paper generalizes the indicated results. It uses the basic definitions
and notation of (5). Let 𝐺 be a compact commutative group with invariant
measure 𝜇, and let 𝑇 be an endomorphism of the group 𝐺 into 𝐺. For 𝑔 ∈ 𝐿2(𝐺)
denote

𝑚𝑔 = ∫
𝐺

𝑔(𝑥) 𝑑𝜇

and consider the question of when the quantity
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1√𝑝 (
𝑝−1
∑
𝑡=0

𝑔(𝑇 𝑡𝑥) − 𝑚𝑔𝑝) = 1√𝑝 (
𝑝−1
∑
𝑡=0

𝑈 𝑡𝑔(𝑥) − 𝑚𝑔𝑝)

as 𝑝 → ∞ is asymptotically normal or degenerate, i.e., when for some 𝜎 ≥ 0 the
limiting relation holds

lim
𝑝→∞

𝜇 {𝑥 ∶ 1√𝑝 (
𝑝−1
∑
𝑡=0

𝑔(𝑇 𝑡𝑥) − 𝑚𝑔𝑝) < 𝑦} = Φ𝜎(𝑦) (1)

* In (4) the same result was proved under weaker restrictions on the function
𝑔(𝑥).
for all points of continuity 𝑦 of the function Φ𝜎(𝑦), where

Φ𝜎(𝑦) = 1√
2𝜋𝜎 ∫

𝑦

−∞
𝑒−𝑧2/2𝜎2 𝑑𝑧, if 𝜎 > 0;

Φ0(𝑦) = {0, 𝑦 ⩽ 0,
1, 𝑦 > 0. (2)

If for a function 𝑔(𝑥) relation (1) holds with 𝜎 ⩾ 0, then we shall say that 𝑔(𝑥)
satisfies the central limit theorem (c.l.t.).

By 𝜒(𝑥) we shall denote the characters of the group 𝐺. As is known (see, for
example, (6)), functions 𝑔 ∈ 𝐿2(𝐺) are expanded in a Fourier series in characters,
convergent in mean square:

𝑔(𝑥) = ∑
𝑛

𝐶𝑛(𝑔)𝜒𝑛(𝑥);

in what follows it is assumed everywhere that 𝜒0(𝑥) = 1.
For convenience of notation we introduce an operator 𝐴∗, mapping the set of
indices of characters 𝔑 into itself and defined by the formula

𝜒𝐴∗𝑛 = 𝑈𝜒𝑛,

so that 𝜒𝐴∗𝑡𝑛 = 𝑈 𝑡𝜒𝑛 for all nonnegative integers 𝑡.
Theorem 1. Let 𝐺 be a compact commutative group with invariant measure
𝜇, let 𝑇 be its ergodic endomorphism, 𝑔(𝑥) ∈ 𝐿2(𝐺), real-valued, and

∞
∑
𝑡=0

∑
𝑛≠0

|𝐶𝑛(𝑔)| |𝐶𝐴∗𝑡𝑛| < ∞; (3)
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then 𝑔(𝑥) satisfies the c.l.t.; moreover,

𝜎2 = 𝜎2
𝑔 = ‖𝑔 − 𝑚𝑔‖2 + 2

∞
∑
𝑡=1

((𝑈 𝑡𝑔 − 𝑚𝑔), (𝑔 − 𝑚𝑔)) = (4)

= ∑
𝑛≠0

|𝐶𝑛(𝑔)|2 + 2
∞

∑
𝑡=1

∑
𝑛≠0

𝐶𝑛(𝑔)𝐶𝐴∗𝑡𝑛(𝑔). (4’)

Lemma 1. Let

𝑏𝑝(𝑔) = ∫
𝐺

(
𝑝−1
∑
𝑡=0

𝑈 𝑡𝑔(𝑥) − 𝑚𝑔𝑝)
2

𝑑𝜇.

If (3) is fulfilled, then

lim
𝑝→∞

𝑏𝑝(𝑔)
𝑝 = 𝜎2

𝑔.

Proof of the theorem. For 𝜎𝑔 = 0 the theorem is trivial. Let 𝜎𝑔 > 0. Take
𝐺 to be the space of elementary events and 𝜇 to be the probability distribution
on it. Then the function

𝜉(𝑡, 𝑥) = 𝑈 𝑡𝑔(𝑥) = 𝑔(𝑇 𝑡𝑥)

forms a real stationary random process with discrete time 𝑡 = 0, 1, 2, …. We
first consider the case when

𝑔(𝑥) = ∑
𝑛∈𝔑′

𝐶𝑛(𝑔)𝜒𝑛(𝑥),

where 𝔑′ ⊂ 𝔑 is finite. Then 𝑔′(𝑥) is bounded, and all moments of 𝜉(𝑡, 𝑥) exist:

𝑚(𝑘)
𝜉 (𝑡1, … , 𝑡𝑘) = ∫

𝐺
𝑈 𝑡1𝑔′(𝑥) ⋯ 𝑈 𝑡𝑘𝑔′(𝑥) 𝑑𝜇 =

= ∑
𝑛1,…,𝑛𝑘∈𝔑′

𝑈𝑡1 𝜒𝑛1 ⋯𝑈𝑡𝑘 𝜒𝑛𝑘 =1

𝐶𝑛1
(𝑔) ⋯ 𝐶𝑛𝑘

(𝑔). (5)

Since 𝔑′ is finite, it follows from (5) that, for fixed 𝑘, the set of values 𝔐𝑘 of
the function 𝑚(𝑘)

𝜉 (𝑡1, … , 𝑡𝑘) consists of a finite number of points. But the semi-
invariants 𝑠(𝑘)

𝜉 (𝑡1, … , 𝑡𝑘) of the process 𝜉(𝑡) (see (7), § 1) are expressed in terms
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of the moments 𝑚(𝑙)
𝜉 (𝑡𝑖1

, … , 𝑡𝑖𝑙
), 1 ≤ 𝑙 ≤ 𝑘, 1 ≤ 𝑖𝑠 ≤ 𝑘, by formula II-c from

(8), which contains only a finite sum of products of a finite number of moments.
Therefore, for fixed 𝑘, the set of values 𝔖𝑘 of the function 𝑠(𝑘)

𝜉 (𝑡1, … , 𝑡𝑘) also
consists only of a finite number of points.

But, by the theorem of V. A. Rokhlin ((5), § 3), every ergodic endomorphism
of a compact commutative group is mixing of all degrees; hence, according to
Theorem 6 in (9), it follows that

𝑠(𝑘)
𝜉 (𝑡1, … , 𝑡𝑘) ⟶

max𝑖,𝑗 |𝑡𝑖−𝑡𝑗|→∞
0

for every 𝑘 ≥ 2. Since 𝔖𝑘 is finite, it follows from this that for every 𝑘 ≥ 2 there
exists 𝐷𝑘 < ∞ such that

𝑠(𝑘)
𝜉 (𝑡1, … , 𝑡𝑘) = 0

when max𝑖,𝑗 |𝑡𝑖 − 𝑡𝑗| > 𝐷𝑘. Consequently,

𝑝−1
∑

𝑡1,…,𝑡𝑘=0
𝑠(𝑘)

𝜉 (𝑡1, … , 𝑡𝑘) = 𝑂(𝑝) = 𝑜(𝑏𝑝𝑘/2)

for 𝑘 ≥ 3, since, by Lemma 1, 𝑏𝑝 = 𝜎2
𝑔𝑝 + 𝑜(𝑝) and 𝜎𝑔 > 0. Hence, by Theorem

7 in (9), relation (1) with 𝜎 = 𝜎𝑔 follows, and for the case in which only a
finite number of Fourier coefficients 𝐶𝑛(𝑔) are different from zero, the theorem
is proved.

The theorem is extended without difficulty to the general case by using Lemma
1.

Corollary 1. If

∑
𝑛

|𝐶𝑛(𝑔)| < ∞,

then 𝑔(𝑥) satisfies the central limit theorem for every ergodic endomorphism.

Let us now consider the special case where 𝐺 is the 𝑘-dimensional torus: 𝑥 =
(𝑥1, … , 𝑥𝑘), 0 ≤ 𝑥𝑖 < 1 (see (5), example 1, § 4). Let

𝜔(2)
𝑥𝑖 (𝛿, 𝑔) =

= sup
0≤ℎ≤𝛿

(∫
1

0
⋯ ∫

1

0
|𝑔(𝑥1, … , 𝑥𝑖−1, 𝑥𝑖 + ℎ, 𝑥𝑖+1, … , 𝑥𝑘) − 𝑔(𝑥1, … , 𝑥𝑘)|2 𝑑𝑥1 ⋯ 𝑑𝑥𝑘)

1/2

.
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Theorem 1 allows us to obtain the following theorem:

Theorem 2. Let 𝐺 be the 𝑘-dimensional torus; 𝜇 the Lebesgue measure on it;
𝐴 an integer square nonsingular matrix of order 𝑘, among whose characteristic
roots there are no roots of unity; 𝑔(𝑥) a real-

a real function from 𝐿2(𝐺), periodic with period one in each variable 𝑥𝑖, 1 ≤
𝑖 ≤ 𝑘, and such that for all 1 ≤ 𝑖 ≤ 𝑘

𝜔(2)
𝑥𝑖 (𝛿, 𝑔) ≤ 𝐶

(ln 1
𝛿 )𝛼 , 𝛼 > 1.

Then

∞
∑
𝑡=1

∣(𝑔(𝐴𝑡𝑥) − 𝑚𝑔), (𝑔(𝑥) − 𝑚𝑔)∣ < ∞; (6)

lim
𝑝→∞

𝜇 {𝑥 ∶ 1√𝑝 (
𝑝−1
∑
𝑡=0

𝑔(𝐴𝑡𝑥) − 𝑚𝑔𝑝) < 𝑦} Φ𝜎𝑔
(𝑦) (7)

for all points of continuity of the function Φ𝜎𝑔
(𝑦), where Φ𝜎(𝑦) is defined by

formula (2), and 𝜎𝑔 by formula (4).

Remark 1. In terms of the rate of decrease of the Fourier coefficients of the
function 𝑔(𝑥)

𝐶𝑛1…𝑛𝑘
(𝑔) = ∫

1

0
⋯ ∫

1

0
𝑔(𝑥)𝑒−2𝜋𝑖(𝑛,𝑥) 𝑑𝑥1 ⋯ 𝑑𝑥𝑘

a sufficient condition for 𝑔(𝑥) to satisfy the central limit theorem can be ex-
pressed as follows: if the matrix 𝐴 satisfies the conditions of Theorem 2 and

|𝐶𝑛1…𝑛𝑘
(𝑔)| ≤ 𝐵

𝑘
∏
𝑖=1

1
(1 + |𝑛𝑖|)1/2(ln(2 + |𝑛𝑖|))𝛽 ,

where 𝐵 < ∞, 𝛽 > 3/2, then relations (6) and (7) hold.

In conclusion, the author expresses gratitude to A. N. Kolmogorov for his atten-
tion to this work, and also to A. G. Postnikov for valuable advice.

Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR

Received
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