
Soviet-era science, translated into English

V. L. FAINSHMIDT
1960

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196001.91910

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196001.91910


Abstract
Full Text

V. L. FAINSHMIDT

ON A CLASS OF REGULARLY MONOTONE
POLYNOMIALS
(Presented by Academician S. N. Bernstein on 22 X 1959)

Following S. N. Bernstein (1), we shall call a function 𝑓(𝑥) regularly monotone
of order 𝑚 on [0, 1] if it and its first 𝑚 derivatives do not change sign on the
interval [0, 1]. Every regularly monotone function is characterized by a sequence
of type numbers 𝜆1, 𝜆2, … , 𝜆𝑠, which are defined as follows. For definiteness, we
shall assume that 𝑓(𝑥)𝑓 ′(𝑥) ≥ 0 for 𝑥 ∈ [0, 1]. Then 𝜆1 has the property
that 𝑓 (𝑖−1)(𝑥)𝑓 (𝑖)(𝑥) ≥ 0 for 𝑖 ≤ 𝜆1 and 𝑓 (𝜆1)(𝑥)𝑓 (𝜆1+1)(𝑥) ≤ 0. The type
number 𝜆2 is determined from the condition 𝑓 (𝑖−1)(𝑥)𝑓 (𝑖)(𝑥) ≤ 0 for 𝜆1 < 𝑖 ≤
𝜆1 +𝜆2 and 𝑓 (𝜆1+𝜆2)(𝑥)𝑓 (𝜆1+𝜆2+1)(𝑥) ≥ 0. The numbers 𝜆3, 𝜆4, … , 𝜆𝑠 are defined
analogously, and one must have 𝜆1 + 𝜆2 + ⋯ + 𝜆𝑠 = 𝑚.

Consider the class 2,𝑚 of polynomials regularly monotone of order 𝑚 on [0, 1], for
which the first and last type numbers are equal to 1 or 2, while all the remaining
type numbers are equal to 2. If the polynomial 𝑃𝑛(𝑥) ∈ 2,𝑚, then, obviously,
for it and its first two derivatives the following possibilities are admissible:

1) 𝑃𝑛(𝑥)𝑃 ′
𝑛(𝑥) ≥ 0, 𝑃 ′

𝑛(𝑥)𝑃 ″
𝑛 (𝑥) ≤ 0;

2) 𝑃𝑛(𝑥)𝑃 ′
𝑛(𝑥) ≤ 0, 𝑃 ′

𝑛(𝑥)𝑃 ″
𝑛 (𝑥) ≤ 0;

3) 𝑃𝑛(𝑥)𝑃 ′
𝑛(𝑥) ≤ 0, 𝑃 ′

𝑛(𝑥)𝑃 ″
𝑛 (𝑥) ≥ 0;

4) 𝑃𝑛(𝑥)𝑃 ′
𝑛(𝑥) ≥ 0, 𝑃 ′

𝑛(𝑥)𝑃 ″
𝑛 (𝑥) ≥ 0.

(A)

We divide the class 2,𝑚 into four subclasses (𝑖)
2,𝑚 (𝑖 = 1, 2, 3, 4); moreover, we

shall say that 𝑃𝑛(𝑥) ∈ (𝑖)
2,𝑚 if 𝑃𝑛(𝑥) ∈ 2,𝑚 and satisfies the 𝑖-th of conditions (A).

It is clear that
2,𝑚 = (1)

2,𝑚 + (2)
2,𝑚 + (3)

2,𝑚 + (4)
2,𝑚.

The most interesting in the class 2,𝑚 are the polynomials 𝐴𝑖,𝑚(𝑥) ∈ (1)
2,𝑚 (𝑖 =

1, 2, 3, 4), satisfying the conditions

𝐴(4𝑘)
1,𝑚(0) = 𝐴(4𝑘+1)

1,𝑚 (1) = 𝐴(4𝑘+2)
1,𝑚 (1) = 𝐴(4𝑘+3)

1,𝑚 (0) = 0;

𝐴(4𝑘)
2,𝑚(1) = 𝐴(4𝑘+1)

2,𝑚 (1) = 𝐴(4𝑘+2)
2,𝑚 (0) = 𝐴(4𝑘+3)

2,𝑚 (0) = 0;
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𝐴(4𝑘)
3,𝑚(1) = 𝐴(4𝑘+1)

3,𝑚 (0) = 𝐴(4𝑘+2)
3,𝑚 (0) = 𝐴(4𝑘+3)

3,𝑚 (1) = 0;

𝐴(4𝑘)
4,𝑚(0) = 𝐴(4𝑘+1)

4,𝑚 (0) = 𝐴(4𝑘+2)
4,𝑚 (1) = 𝐴(4𝑘+3)

4,𝑚 (1) = 0

and normalized by the condition

𝐴(𝑚)
𝑖,𝑚(𝑥) = 1.

These polynomials, as is not difficult to show, are connected with one another
by the relations

𝐴(4𝑘+𝑗)
𝑖,𝑚 (𝑥) = 𝐴𝑖+𝑗,𝑚−4𝑘−𝑗(𝑥),

𝐴𝑖,𝑚(𝑥) = (−1)𝑚𝐴𝑖+2,𝑚(1 − 𝑥),

where in the last formulas 𝐴𝑘,𝑝(𝑥) ≡ 𝐴𝑘−4,𝑝(𝑥) if 𝑘 > 4.

The polynomials 𝐴𝑖,𝑚(𝑥) are constructed by the method indicated by S. N.
Bernstein in the paper (2). For the construction, we introduce the numbers 𝐸(𝑖)

𝑚
(𝑖 = 1, 2, 3, 4), analogous to the Euler–Bernstein numbers and defined by the
equalities

𝐸(𝑖)
0 = 1 (𝑖 = 1, 2, 3, 4);

𝐸(1)
4𝑘 = 𝐸(1)

4𝑘+1 = 0; (1 + 𝐸(1))4𝑘+2 = (1 + 𝐸(1))4𝑘+3 = 0;

𝐸(2)
4𝑘+1 = 𝐸(2)

4𝑘+2 = 0; (1 + 𝐸(2))4𝑘+3 = (1 + 𝐸(2))4𝑘 = 0;

𝐸(3)
4𝑘+2 = 𝐸(3)

4𝑘+3 = 0; (1 + 𝐸(3))4𝑘 = (1 + 𝐸(3))4𝑘+1 = 0;

𝐸(4)
4𝑘+3 = 𝐸(4)

4𝑘 = 0; (1 + 𝐸(4))4𝑘+1 = (1 + 𝐸(4))4𝑘+2 = 0,

in which the expression (1 + 𝐸)𝑚 means that the brackets are to be expanded
according to Newton’s binomial formula and the powers 𝐸𝑟 replaced by the
numbers 𝐸𝑟.

For the numbers 𝐸(𝑖)
𝑚 the equalities
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𝐸(𝑖)
𝑚 = (−1)𝑚(1 + 𝐸(𝑖+2))𝑚, 𝐸(2)

4𝑘 = 𝐸(3)
4𝑘 , 𝐸(1)

4𝑘+2 = −𝐸(4)
4𝑘+2,

hold, with 𝐸(𝑘)
𝑟 = 𝐸(𝑘−4)

𝑟 for 𝑘 > 4.

With the aid of these numbers the polynomials 𝐴𝑖,𝑚(𝑥) can be written in the
form

𝐴𝑖,4𝑘+𝑗(𝑥) = (𝑥 + 𝐸(𝑖+𝑗))4𝑘+𝑗
(4𝑘 + 𝑗)! .

The following extremal theorems hold:

Theorem 1. Of all polynomials 𝑃𝑚(𝑥) ∈ 𝐿(𝑖)
2,𝑚−𝑠 of the form

𝑃𝑚(𝑥) =
𝑚

∑
𝑘=𝑚−𝑠

𝜎𝑘𝑥𝑘 +
𝑚−𝑠−1

∑
𝑘=0

𝑝𝑘𝑥𝑘,

where 𝜎𝑘 (𝑘 = 𝑚 − 𝑠, … , 𝑚) are fixed, the polynomial least deviating from 0 on
[0, 1] is

𝑃 ∗
𝑚(𝑥) =

𝑠
∑
𝑟=0

(𝑚 − 𝑟)! 𝑎𝑚−𝑟𝐴𝑖,𝑚−𝑟(𝑥),

in which

𝑎𝑚−𝑟 =
⎧{
⎨{⎩

𝜎𝑚−𝑟, for 𝑟 ≡ 𝑚 + 𝑖 + 3, 𝑚 + 𝑖 (mod 4),
𝑟

∑
𝑘=0

𝐶 𝑟−𝑘
𝑚−𝑘𝜎𝑚−𝑘, for 𝑟 ≡ 𝑚 + 𝑖 + 1, 𝑚 + 𝑖 + 2 (mod 4).

Moreover, the least deviation is determined by the formula

𝐿(𝑖)
𝑚 = ∣

𝑠
∑
𝑟=0

(−1)𝛼𝑟𝑎𝑚−𝑟𝐸(𝑗)
𝑚−𝑟∣ ,

where

𝛼 = 𝑖2 − 𝑖 + 2
2 , 𝑗 ≡ 𝑚 − 𝑟 − 3 + (−1)𝑖

2 (mod 4).

Remark 1. The coefficients 𝑎𝑚−𝑟 are found as the solution of the system
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𝜎𝑚−𝑟 =
𝑟

∑
𝑘=0

𝐶 𝑟−𝑘
𝑚−𝑘𝐸(𝑚+𝑖−𝑘)

𝑟−𝑘 𝑎𝑚−𝑘 (𝑟 = 0, 1, … , 𝑠).

Remark 2. For the set of polynomials under consideration to be nonempty, it
is necessary and sufficient that the coefficients 𝜎𝑘 be such that the polynomial

𝑚
∑

𝑘=𝑚−𝑠

𝑘!
(𝑘 − 𝑚 + 𝑠)! 𝜎𝑘𝑥𝑘−𝑚+𝑠

does not change sign on [0, 1].
Remark 3. From the theorem just formulated, in particular, for 𝑠 = 0 there
follows the extremal assertion of S. N. Bernstein from paper (3) (p. 548).

Theorem 2. Among all polynomials 𝑃𝑚(𝑥) ∈ (𝑖)
2,𝑠+1 of the form

𝑃𝑚(𝑥) =
𝑚

∑
𝑘=𝑠+1

𝜌𝑘𝑥𝑘 + 𝜎𝑠𝑥𝑠 +
𝑠−1
∑
𝑘=0

𝜌𝑘𝑥𝑘,

where 𝜎𝑠 is fixed, the polynomial

𝑃 ∗
𝑚(𝑥) = 𝑠!𝜎𝑠𝐴𝑖,𝑠(𝑥)

deviates least from 0 on [0, 1], and the least deviation is determined by the
formula

𝐿(𝑖)
𝑚 = |𝜎𝑠𝐸(𝑖)

𝑠 |,

where

𝑗 ≡ 𝑠 − 1 (mod 4) for 𝑖 = 1, 3; 𝑗 ≡ 𝑠 − 2 (mod 4) for 𝑖 = 2, 4.

Theorem 3. Among all polynomials 𝑃𝑚(𝑥) ∈ (𝑖)
2,𝑚−1 of the form

𝑃𝑚(𝑥) = 𝜌𝑚𝑥𝑚 + 𝜎𝑚−1𝑥𝑚−1 +
𝑚−2
∑
𝑘=0

𝜌𝑘𝑥𝑘,

where 𝜎𝑚−1 is fixed, the polynomial
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𝑃 ∗
𝑚(𝑥) = {

(𝑚 − 1)! 𝜎𝑚−1[−𝐴𝑖,𝑚(𝑥) + 𝐴𝑖,𝑚−1(𝑥)], for 𝑚 + 𝑖 ≡ 1, 2 (mod 4),
−(𝑚 − 1)! 𝜎𝑚−1𝐴𝑖,𝑚(𝑥), for 𝑚 + 𝑖 ≡ 0, 3 (mod 4),

deviates least from 0 on [0, 1], and the magnitude of the least deviation is deter-
mined by the formula

𝐿(𝑖)
𝑚 =

⎧{{
⎨{{⎩

∣𝜎𝑚−1 [(−1)𝛽 𝐸(𝑗+1)
𝑚
𝑚 + 𝐸(𝑗)

𝑚 ]∣ , for 𝑚 + 𝑖 ≡ 1, 2 (mod 4),

∣𝜎𝑚−1
𝐸(𝑗+1)

𝑚
𝑚 ∣ , for 𝑚 + 𝑖 ≡ 0, 3 (mod 4),

where

𝛽 = 𝑖2 − 𝑖
2 , 𝑗 ≡ 𝑚 − 5 + (−1)𝑖

2 (mod 4).

Remark. Theorem 3 is obviously not a special case of Theorem 2 corresponding
to 𝑠 = 𝑚 − 1, since in Theorem 3 the extremal polynomial is sought in the class
(𝑖)
2,𝑚−1, which is broader than the class (𝑖)

2,𝑚.
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196001.91910 Machine Translation

https://sovietrxiv.org/items/ru-196001.91910

	Abstract
	Full Text
	V. L. FAINSHMIDT
	ON A CLASS OF REGULARLY MONOTONE POLYNOMIALS
	CITED LITERATURE


