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Abstract
Full Text

V. L. FAINSHMIDT

ON A CLASS OF REGULARLY MONOTONE
POLYNOMIALS

(Presented by Academician S. N. Bernstein on 22 X 1959)

Following S. N. Bernstein (1), we shall call a function f(x) regularly monotone
of order m on [0,1] if it and its first m derivatives do not change sign on the
interval [0, 1]. Every regularly monotone function is characterized by a sequence
of type numbers Ay, Ay, ..., A,, which are defined as follows. For definiteness, we
shall assume that f(z)f’(z) > 0 for z € [0,1]. Then A; has the property
that OV (2)f@(z) > 0 for i < A\, and fM)(2)fM*+D(z) < 0. The type
number )\, is determined from the condition fU~V(z)f® (z) < 0 for A} < i <
A+ Ay and fR1tA2) () fRa+At1) (1) > 0. The numbers Ag, Ay, ..., A, are defined
analogously, and one must have A\; + Ay + -+ A, = m.

Consider the class , ,,, of polynomials regularly monotone of order m on [0, 1], for
which the first and last type numbers are equal to 1 or 2, while all the remaining
type numbers are equal to 2. If the polynomial P, (x) € ,,,, then, obviously,
for it and its first two derivatives the following possibilities are admissible:

1) P,@)PF,)>0,  Pi&)Pl(x) <0;
2) P,@)P(x)<0,  Pix)Pl(x) <0; "
8) P,@)P(z)<0,  Pl(a)Pl(x)>0;
1) P@)P)(2)>0,  Pl(x)Pl(x)>0.

(4)

2,m
shall say that P, (z) € g)m if P, () € ,,, and satisfies the i-th of conditions (A).
It is clear that

We divide the class 5, into four subclasses (i = 1,2,3,4); moreover, we

The most interesting in the class ,,, are the polynomials 4, ,,(z) € (2
1,2,3,4), satisfying the conditions

1,m 1,m 1,m

A(4k)<1) _ A(4k+1)(1> _ A(4k+2)(0) _ Ak+3) (0) = 0;

2,m 2,m 2,m 2,m
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3,m m 3,m 3,m

A(4k)(0) _ A(4k~+1)(0) _ A(4k+2)(1) _ A(4k+3)(1> —0

4.m 4.m 4.m 4.m
and normalized by the condition

A (@) = 1.

i,m

These polynomials, as is not difficult to show, are connected with one another
by the relations

Ag?rljjj)(x) = Ai+j,m74lcfj($)7
Ai,m(‘x) = (*1)mAi+2,m<1 —x),

where in the last formulas Ay ,(z) = Aj_4,(z) if & > 4.

The polynomials 4, ,,(z) are constructed by the method indicated by S. N.

Bernstein in the paper (?). For the construction, we introduce the numbers E,(q?
(i = 1,2,3,4), analogous to the Euler-Bernstein numbers and defined by the
equalities

EV =1 (i=1,2,3,4);
Eéi}c) = ES@)H =0 (1+EW)y = 0+EY)y 5=0;
Ez(l2k>+1 = zﬁ)w =0; (1+E®)gy3=0+E?)y=0;
Eﬁ(li})ﬁ-Q = Sc)+3 =0; (1+E®)y=0+E®) ., =0

4 4
Ez(ik)Jrs = Ez(lk) =0; (1+EW)y,=0+EW);.,=0,

in which the expression (1 4+ E),, means that the brackets are to be expanded
according to Newton’ s binomial formula and the powers E" replaced by the
numbers E,.

For the numbers Eff;b) the equalities
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Ev(v? =(=D)m(1+ E(i+2)>m7 Efjc) = Ez(fk)v ESC)H = _Ez(:llc>+27

hold, with E¥ = E*™ for k > 4.

With the aid of these numbers the polynomials 4, ,,(z) can be written in the
form

(@ + By
Ai,4k+j(x> = —(4k ) el

The following extremal theorems hold:
(i)

9.m—s of the form

Theorem 1. Of all polynomials P,,(x) € L

m—s—1

ak.xk+ E pkxk,
k=0

Pa@= 3

k s =
where o4, (k=m—s,...,m) are fixed, the polynomial least deviating from 0 on
[0,1] is
P’;‘;L('I> = (m - T)' am—rAi,m—r(I>7
r=0
in which
O s forr=m+i+3, m+i (mod4),
a’mfr

>t e forr=mtitl, m4it2 (mod 4).
k=0

Moreover, the least deviation is determined by the formula

S

Ly =3 (-1, B9,
r=0

where

2 —i+2 , 3+ (=1)
a=—7-", jEm—T—f

5 (mod 4).

Remark 1. The coefficients a,,_, are found as the solution of the system

sovietrxiv.org/items/ru-196001.91910 Machine Translation


https://sovietrxiv.org/items/ru-196001.91910

Om—r = Z C&:’%Eﬁil;i*k)amik (T =0,1,..., 8).
k=0

Remark 2. For the set of polynomials under consideration to be nonempty, it
is necessary and sufficient that the coefficients o), be such that the polynomial

. k! k—m+
5
p o (k—m+s)!

does not change sign on [0, 1].

Remark 3. From the theorem just formulated, in particular, for s = 0 there
follows the extremal assertion of S. N. Bernstein from paper (3) (p. 548).

Theorem 2. Among all polynomials P, (x) € (21)5 41 of the form

m s—1
Pm<x) = Z pkxk—’_gsxs—’_zpkxk?
k=s+1 k=0

where o, is fixed, the polynomial

P’:;L(x) = S!JsAi,s(x)

deviates least from 0 on [0,1], and the least deviation is determined by the
formula

Ll = |o B,

where

j=s—1 (mod4) fori=1,3; j=s—2 (mod4) fori=24.

Theorem 3. Among all polynomials P, (x) € (Qiln,l of the form

m—2
Pm(x> = pmxm + O-nlflmm_1 + Z pkxk’
k=0

where o,, ; is fixed, the polynomial
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(m - 1)' Om—1 [_Ai,m(z> + Ai,m—l(x)]v for m +i= la 2 (mOd 4)3
—(m—1lo, 1A; (), form+i=0,3 (mod 4),

deviates least from 0 on [0, 1], and the magnitude of the least deviation is deter-
mined by the formula

E(j+1> .
Ty | (1) =+ EQ|, form+i=1,2 (mod 4),
(1) _ m
Lo = E(j+1)
Om—1 7;1 ) form+i=0,3 (mod 4),
where
2 —1i 5+ (—1)!
522217 jEm—L (mod 4).

Remark. Theorem 3 is obviously not a special case of Theorem 2 corresponding
to s = m—1, since in Theorem 3 the extremal polynomial is sought in the class
(4) (4)

2 m—11 which is broader than the class 5, .
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