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Abstract

Full Text
MATHEMATICS

Academician of the Academy of Sciences of the Armenian SSR M. M.
Dzhrbashyan and A. B. Nersesyan

EXPANSIONS IN SPECIAL BIORTHOGONAL
SYSTEMS AND BOUNDARY-VALUE PROB-
LEMS FOR DIFFERENTIAL EQUATIONS OF
FRACTIONAL ORDER

In this note we study special biorthogonal systems formed from linear combina-
tions of functions of Mittag-LefHler type

= >
(25 10) ZOFMHW (u>0, p>1/2), (1)

and state theorems on the equiconvergence of expansions in these systems with
ordinary Fourier series. Next, mutually adjoint boundary-value problems are
formulated for certain classes of differential equations of fractional order 1/p
(p > 1/2) on a finite interval, whose eigenfunctions and associated functions
coincide with the constructed biorthogonal systems for particular values of the
parameters.

The results presented below are discrete analogues of the theory of special in-
tegral transformations developed in the work (1) of one of the authors of this
note.

1°. Construction of a biorthogonal system. Introduce for consideration
the functions

2
y(x, A, p) Za i )\xl/” i) 2@ A p) = Zb]-(l—x)”f’lEp()\(l—x)l/p;Vj),

j=1
2
wh,p) =X > aj b Mt B (M 4 v); (2)
J1:J2=1

where z € (0,1); A is a complex variable. The functions (2) are entire, have
order p, and their type is < [.
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For definiteness we shall assume that

p>1/2, fy > g >0, vy > vy >0, ad+a3=03+b3=1. (3)

It is proved that the integral formula

l
/0 y(@, A, p)z(z, A, p) do = o (4)

holds for arbitrary A and A\*.
Under the assumption that

Tp=rr}i§><{1+p(1—/~tj1 —v)b=1+p(1—p,—v,) 20, (5)

where e, is the set of those combinations of indices ji,jy(= 1,2) for which
a; bj, # 0, the following propositions are established:

a) For any A, € (—o0, +00), the function w(\, p) — Ay has a countable set of
zeros (except, possibly, in the case p = 1, 7; = 0, when the exceptional
value Ay = —sign(ayb,) is possible).

For p > 1/2, all sufficiently large zeros in modulus of the function w(\, p) — 4,
are simple (with the possible exception of the case p = 1/2, 7, = 0, when
1+ Aysign(aghy) = +1).

b) If p = 1/2, then all zeros with sufficiently large modulus lie on the half-
axis (—o0,0), and when they are numbered in the order of nonincreasing
moduli, the asymptotic formula holds

2
wk 1
A, =—1|— 1+0(=)¢. 6
== () {ro () ©)
If, however, p > 1/2, then, when numbering the zeros lying respectively in the
half-planes Im A > 0 and Im A < 0, the asymptotic formulas hold

1/p
oo () o)

Let {\;} (k=1,2,...) be the sequence of all zeros of the function w(A, p) — 4,
numbered in the order of nonincreasing moduli, independently of their multi-
plicities.

¢) With a zero A, of multiplicity p,, > 1, associate two systems of functions

sovietrxiv.org/items/ru-196001.90568 Machine Translation


https://sovietrxiv.org/items/ru-196001.90568

Pn—J—1 b(”)

dy(x, A p) . —j—k—1 O%z(x, \, p) ]
: e =0,1,...,p,—1)
ON ’ Z El 4l Ok (J Ly pp—1),
A=A, k=0 J or,
(®)
where
n 1 d* A=\, )Pn
bli): k'CD\k{uf()\p—)AO} (k=0,1,...,p, — 1). (9)

A=A,

Number all groups* of functions (8) in the order of nonincreasing numbers |\, |,
and in such a way that, for each A\, (n = 1,2,...), the corresponding j-th func-
tions from these groups are assigned identical numbers. It follows from (4) that
the two countable systems of functions thus obtained, {Y},(z, p)} and {Z,(z,p)}
(k=1,2,...), are biorthogonal on the interval [0,{] in the sense

0, p#q,
1, p=g¢q

l
[ venz,e0) dwz{
0

2°. Expansion theorems.

Assign to the class L, {0, 1} all functions from the class L;(0,1) that are bounded
in certain neighborhoods of the points x = 0 and z = [.

Theorem 1. Let p =1/2, and let the parameters y; ,v;  (ji,Jo = 1,2) satisfy
conditions (3), (5), as well as the condition

max(i,., v,) < 3. (11)

If f(x) € L1{0,1}, then uniformly with respect to z € [e,]—¢] (where 0 < & < /2
is arbitrary) the equality

n ! ! sin T (x —
Tim {; (/0 F()Z,(8,1/2) dt) Y, (2,1/2) — jr/o f(t)# dt} 0.
(12)

An analogous assertion holds for the expansion of a function f(z) € L,{0,1} in
the system {Z,(z,1/2)} (k=1,2,...).

* We note that, by a), p,, = 1 for n > N, except for the case indicated there,
when p, =2, n > 2.
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To formulate the expansion theorem in the case p > 1/2, some definitions and
notation are needed. Let f(x) € L,(0,1); then the fractional integral of
order o > 0 with origin at the point z = 0 is the function

d—« 1 N

— =— — )L f(t)dt € Ly(0,1 13
@ = gy | @0 @i e L., (13)
and the fractional integral of order @ > 0 with endpoint at the point
x =1 is the function

— o !
T = / (t—2)* L f(t) dt € Ly(0,0). 14)

In the case @ = 0, naturally, both fractional integrals (13) and (14) are to be
identified with the function f(x) itself.

We shall agree to say that f(x) € L(la) [0,{] (> 0) if f(x) is a fractional integral
of the form (13) of some function g;(z) € L,{0;1}.

Similarly, we shall say that f(z) € L<1Q>{O, I} (> 0) if it is a fractional integral
of the form (14) of some function g;(x) € L;{0;1}.

Then it is natural to regard the classes L<10>[0,l]7 L<10>{O,l}, and L,{0,l} as
identical. We further denote

-1
2 g, b, [FatVip ke 1
J1J2

AECP) - Z

J1,Ja=1

k=12, .. 15
T N bW

and, assuming that A(Qp ) # 0, introduce the functions

2 g.gphi—P 1 1 G b(l—z)¥ pi-1
Yolo,p) =S w2 gap)=——S T (1)
’ = Ty =) ‘ AP ]; L(y; —p71)
For A, = A(l” ), we additionally set
() - 1
p > L, A2 7& 0, mln{“ra Vs} > ; (17)

In this case the systems {Y,(z,p)} and {Z,(z,p)} (p =0,1,2,...) are biorthog-
onal on [0,[] in the sense of formula (10). We shall assume that o = 7,,/p when

Ay # A<1p> and a = (7, +1)/p when A, = A(1p>.
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Theorem 2. If y, > 0 and f(z) € L<1a>[0,l], then, uniformly with respect to
x € [e,l — ] (where 0 < € < [/2 is arbitrary), the limiting equality

. n l 1 l gin T (l‘ o t) }
lim Y. (x, Z,.(t, p)dt — = = g
noee {; k( p)/o 7o) k(t p)dt ™ /0 f) xr—t t

_ {o, when A, # A,

l
— (1= &) Yo(w.p) [ F(B)Zo(t, p)dt, when A, = A},

(18)

An analogous theorem also holds for the expansion of a function f(x) € L(f‘) {0,1}
in the system {Z,(z,p)} (k=1,2,...), provided v, > 0.

Let us note a somewhat unusual fact, consisting in the presence of the factor (1—

i) in formula (18) when A, = Agp ). Although we do not yet have an exhaustive
explanation of this fact, we nevertheless note that it does not contradict the
biorthogonality of the systems {Y,(z,p)} and {Z,(x,p)} (k =0,1,2,...), since

the function Yj(x, p), for example, does not belong to the class L<1a)[()7 1.

3°. Boundary-value problem. As is known, a function g(z) € L,(0,1) is
called the fractional derivative of a function f(x) € L;(0,1) of order a > 0 with
origin at the point = = 0, if f(z) = ddg—ig(x). Denoting then

_ a4
T dxo

g(x) (z) (19)
in what follows, by the symbol d*/dx® we shall mean the fractional integral
for a < 0 and the fractional derivative for o > 0. The fractional derivative
d*/d(l—x)* of a function f(x) € L,(0,) of order o > 0 with terminal point at
x = [ is defined analogously.

Let the real parameters &, and A, be arbitrary, while o, ay, a5 and p are
connected by the relation 1/p = 2 + a; + a4 + a3 and satisfy the conditions
p=1/2, —1<aj,as <1/p, ay>—2.

Consider in the class of functions L, (0, ) the following boundary-value problems,
which it is natural to call mutually adjoint:

des i 4%z i d*1
dx®s dx dr®z dr dx
d“

y() =xy(x)  (0<z <),
d*> d dn

W G| = i o] =t o)
d* d* d d™ )
- y(x) . cosn + T do duon y(z) . sinng = Ag;

sovietrxiv.org/items/ru-196001.90568 Machine Translation


https://sovietrxiv.org/items/ru-196001.90568

dv d d*> d  d%
d(l—x)* dz d(l — x)*2 dx d(l — z)*s

z(x) = Az(x) 0z <),

des d™2 d d®s
(A*) d(l_x)%z(x) m:Ocostr 0wy dr A — 1) z(z) I:Osmﬁ 0>
Lz(m) = sin7, = d_ d% z(x) = —cos1.
d(l — x)es o d(l —x)®2 dx d(l — x)%s o
(20%-22%)

Denote by y(x, ) the solution of problem (20), (21), and by z(z, A) the solution
of problem (20*),(22*). The solutions of these problems in the class L;(0,1)
exist and are unique. If in formulas (2) we put

py =1+, g =2+ a; + ay, vy =1+ag, vy =2+ ay +ag,
a, = siné, ay = — cosé, b, = sinmn, b, = cos, (23)

then it turns out that

y(x, A, p) = y(z, N), 2(z, A\, p) = 2(x, \) 0<z <), (24)

and the eigenvalues of problems (A) and (A*) coincide and are the Aj-points of
the function w(A\) = w(A, p). Thus, for the special parameter values (23), the
biorthogonal system (10) is a system of eigenfunctions and associated functions
of the problems (A) and (A*), and Theorems 1 and 2 are theorems on the
equiconvergence of expansions in the systems of eigenfunctions and associated
functions of the problems (A) and (A*) with ordinary Fourier series.
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