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Abstract
Full Text

V. M. MILLIONSHCHIKOV

ON THE THEORY OF DIFFERENTIAL
EQUATIONS

Z_f = f(z,t) IN LOCALLY CONVEX SPACES

(Presented by Academician S. L. Sobolev on 23 XI 1959)

In this paper, some theorems known for the equation dx/dt = f(x,t) in Banach
spaces (1'12) are generalized to the case of complete locally convex spaces.

Let E be a complete locally convex space and let {p(x)} be a sufficient set of
seminorms in E (?). Let (S, E) be the set of mappings of a measurable set
S C E" (mesS < o) into E (E™ is an n-dimensional Euclidean space).

A function z(a) € §(S, E) is called integrable on S if there exists a directed
sequence of functions x4(a) € §(S, E) (where 3 € B; B is a directed set) such
that:

1) each z4(a) is a countably-valued function (*);

2) for each seminorm p(z) € {p(z)},

(oo}
Ig(zg(a)) = Zp[xﬁ(ozi@)] mes S; 5 < 00,
i1
where S; 5 (i = 1,...,n,...) are sets on which z4(a) is constant, and ;5 €

S; 83
087
3) for every € > 0 and p(z) € {p(z)} there exists 8 € B such that
Is(wg () —wgr(a)) <e

for all 5", 5" > 3; ', 8" € B;

4) for every ¢ > 0 there exists S, C S, mesS, < ¢, such that {zg(a)}
converges uniformly on S\ S, to z(a).

Then

oo
I = lim Tg(0o;5) mes S,
ﬁEB; B( zﬁ) i,

exists and does not depend on the choice of {z()} with properties 1)—4).
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We call I the integral

/S:U(a) da

(a more general integral was introduced in (*)).

The integral introduced has the following properties:
1°. I is a completely additive set function.

2°. I is an absolutely continuous set function.

3°. If z(a) and y(«a) are integrable, then

/ [uz(a) + vy(a)] da = u / 2(a)da+v / y(a) da.

S S S

4°. If z(«) is integrable, then p(z(a)) is summable and

p ( /S 2(a) da) < /S p(a(a)) da.

5°. Let z(«) be defined on a compact set S C E™, and let the set X of its values
be bounded (°). Suppose that for every e > 0 there exists S. C 9,

mes S, < 5 such that x(«) is continuous on S\ S,. Then z(«) is integrable on
S and f a)da € mes S - [X], where [X] is the closed convex hull of the set X.

6°. If x(a) is integrable on S and continuous at «, € S (with respect to 5),
then

lim
d(Q)~0, ageQ mes Q J,
exists and is equal to z(ay).

7°. The system

z(to) = o, %:f(xat)v z(t) M CE for|t—ty <a,

where f(x,t) maps M x E' continuously into E, is equivalent to the equation

0=+ [ falr)r)dr

Definition. An operator A (A(E) C E) is called contracting if there exists
0 < ¢ < 1 such that for all p(z) € {p(z)}, =,y € E,

p(A(z) — Aly)) < gp(z —y). (1)

Theorem 1. Let A be a contracting operator, ) # T =T C E, A(T) CT.
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Then there exists, and moreover is unique in E, an « € T such that A(z) = z.

Theorem 2 (%). Let T be a closed convex set C E. Suppose operators A,
(A,(E) C E, i =1,2) are given on T, with: 1) A; a contracting operator; 2)
A, (T) bicompact; 3) A, continuous; 4) if 2,y € T, then A, (z) + Ay(y) € T

Then there exists « € T such that A, (z) + Ay(z) = =.

Proof. Let z € T. Then (conditions 1), 4) and Theorem 1) there exists, and
moreover is unique, y € T such that y = A,(y) + Ay(x), i.e., an operator
y = C(x) is defined on T, for which

C(z) = A,C(z) + Ay(x),  C(T)CT. 2)
Let z,v € T. Then from (2) and condition 1) we obtain

Pp(C(2) — Cv) < —

S lfqp(Az(Z) — Ay(v))

for every seminorm p(z) € {p(z)}. Hence, by conditions 2), 3), C' is continuous
and C(T) is bicompact (the latter with the aid of (®)). Considering C' only on
the closed convex hull of the set C(T) (7) and applying Tikhonov’ s principle
(?), we obtain the assertion of the theorem.

Let E 5 be the space of uniform convergence on compacta of continuous mappings

of the set S C B! into E. Then ES is a complete locally convex space with a
sufficient set of seminorms

~

{pp5(T) = fggp(w(t))h [7 = z(t) € Eg],

where p(z) ranges over {p(x)}, and B ranges over some covering of S by com-
pacta. Mg denotes the set of mappings of S into M C E.

Lemma 1. Let f(z,t) map M x S continuously into E, where M C E, S =
[to — h,to + h] C E'. Let K(t) > 0 be a real function such that

/ttK(T)dT

and for all z,y € M, p(z) € {p(z)},

p(f(x,t) = f(y, 1)) < K(H)p(x —y).

(L) <g<1l (tebf)

Then

M®=%+/f@WJMT

is a contraction operator defined on Mg.
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The lemma follows from properties 5°,2°,4° of the integral.
Theorem 3. Let f(z,t) continuously map U X [t, — a,t, + a] into E, where
and suppose

sup pl(f(x’t)) < oo (Z:173n>
zeU; [t—ty|<a

Let K (t) > 0 be summable on [t, —a,t,+a], and for all z,y € U, p(x) € {p(z)},

p(f(x,t) = f(y, 1)) < K(O)p(x —y).

Then there exists hy, 0 < hy < a, such that for every h, 0 < h < hy, there exists,
and moreover is unique, a solution z(t) of the initial-value problem

dz/dt = f(x,t), x(ty) = g,

defined on [t, — h, ¢y + h].
Proof. Put h, = min(h,, h,), where h; is such that

€

sup  p;(f(z,1))
zeU; [t—tg|<a
1=1,...,n

to+hy to
max (/ K(r)dr, K(T)dT) <g<1, hy =
t

0 to—hy
Let h < hy. Then, by Lemma 1, the choice h, > h, and Theorem 1, the operator

AF) =20 + / fa(r),7) dr

has a unique fixed point in the closed set

Ulty—htg+h)] € Eltg—n,to+rn-

Since for every solution z(t) of the system dz/dt = f(z,t), x(ty) = x,, there
exists d > 0 such that x(t) € U for |t —ty| < ¢, the theorem is proved.

Remark. If in the hypothesis of Theorem 3 one replaces U by all of E and

+00
/ K(r)dr <1,

then there exists a solution defined on the entire line.

Lemma 2. Let f(x,t) continuously map M x S into E, where M C E, S C E'.
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Then the operator F(%) = f(x(t),t): 1) is defined on Mg and takes values in
Eg; 2) is continuous.

Proof. 1) See (10). The idea of the proof of 2) is that a continuous operator
f(z,t) is uniformly continuous with respect to each bicompact set X x B, where
B C § is an arbitrary compact set, and X is the set of values on it of an arbitrary
T e Fg.

Lemma 3. Let f(z,t) continuously map M x S into E (M C E, S C E'), and
suppose that for each compact B C § there exists a bicompact Fz C E such
that

f(M x B) C Fp.

Then the operator

A@ = [ falr),rdr

1) is continuous on Mg and takes values in Eg; 2) A(Mg) is bicompact.

Proof. 1) follows from Lemma 2 and property 4° of the integral. 2) follows
from property 5° of the integral and Ascoli’ s theorem (11).

Theorem 4. Let f(z,t) = fi(x,t)+ f5(x,t), where f,(z,t), fo(z,t) continuously
map U X [t, — a,ty + a] into E

(U=Ul(z:p(z—z) <€, pi(z) € {p(x)}, i=1,....n)).

Suppose fo(U x [ty — a,ty + a]) is bicompact, and f; (z,t) satisfies the hypothe-
ses of Theorem 3.

Then there exists h > 0 such that there is a solution of the initial-value problem
z(ty) = x, dz/dt = f(x,t),

defined on [t, — a,t, + a.

Theorem 52, Let f(z,t) satisfy the conditions of Lemma 3, where M = F,
S = [ty, +0), and let there exist py(x) € {p(z)} and a continuous function
G(r,t), nondecreasing in r (¢t > 0, r > 0), such that for z € E, t € S

po(f(z,t)) < G(py(),t). 3)

Suppose that for every r, > 0 there exists a function g(¢), defined on S, such
that

Y Gl gl = (4)

sovietrxiv.org/items/ru-196001.90015 Machine Translation


https://sovietrxiv.org/items/ru-196001.90015

Then for every z, € E there exists a solution of the initial-value problem
dz/dt = f(x,t), x(ty) = g,

defined on all of S.

Proof. On the closed convex set
T=T(E=a(t): pola(t) <gt) (TCEy)

define the operator

A@) =zo+ / flz(r),7)dr.

By Lemma 3, A(T) is bicompact C ES, and A is continuous on 7. From (3)
and (4) we infer A(T) C T. Applying Tikhonov’ s principle, we complete the
proof.

Theorems 6 and 7(!2) are proved analogously.

Theorem 6. Let the conditions of Theorem 5 be fulfilled for every py(x) €
{p(x)}, and let ¢g(¢t) be bounded.

Then the solution z(t) of the initial-value problem is bounded (i.e. the set of
values of the function z(t) is bounded®)).

Theorem 7. Let the conditions of Theorem 5 be fulfilled for every py(x) €
{p(z)}, where (3) may be fulfilled only for 2 in some neighborhood of zero, and
in (4) there is strict equality. Let f(0,¢t) = 0, G(0,¢) = 0, and let the point
g = 0 for the equation dg/dt = G(g¢(t),t) be stable (asymptotically stable).

Then x = 0 is a stable (respectively, asymptotically stable) point for the equa-
tion da/dt = f(x,t).

I express my gratitude to V. V. Nemytskii for posing the problem and for his
guidance.
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