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Z. B. TSALYUK

A NOTE ON THE APPLICATION OF SOLV-
ABILITY CONDITIONS FOR THE CHAP-
LYGIN PROBLEM TO QUESTIONS IN THE
QUALITATIVE THEORY OF EQUATIONS
(Presented by Academician S. L. Sobolev on 23 IV 1960)

1. As has already been noted (see, for example, (1−4)), the solvability condi-
tions for the Chaplygin problem find broad application in the investigation of
questions in the qualitative theory of equations. Of greatest interest, apparently,
are solvability conditions of the type of Chaplygin’s theorem, i.e., conditions
under which, for a solution 𝑦 of the equation 𝑥 = 𝐹(𝑥), where the operator 𝐹 is
defined in a certain partially ordered space, the inequality 𝑧 ≼ 𝐹(𝑧) (𝑧 ≽ 𝐹(𝑧))
entails the inequality 𝑧 ≼ 𝑦 (𝑧 ≽ 𝑦). In such a case we shall say that the operator
𝐹 possesses property (M) (the monotonicity property).

The basic idea of applying solvability conditions of the type of Chaplygin’s
theorem in qualitative theory may be formulated in the form of the following
assertion.

Lemma. Let 𝑦𝑖 (𝑖 = 1, 2) be solutions of the equations 𝑥𝑖 = 𝑃𝑖(𝑥𝑖), where the
operators 𝑃𝑖 map certain sets 𝑁𝑖 into themselves, let the operator 𝑇 map the
product 𝑁1 ×𝑁2 into a certain partially ordered set 𝑅, and let 𝐹 be an operator
in 𝑅 possessing property (M) and satisfying the inequality

𝑇 [(𝑦1, 𝑃2(𝑥2))] ≼ 𝐹(𝑇 [(𝑦1, 𝑥2)]), 𝑥2 ∈ 𝑁2.

Then 𝑇 (𝑦1, 𝑦2) ≼ 𝑦, where 𝑦 is a solution of the equation 𝑥 = 𝐹(𝑥).
Below this lemma is applied in the investigation of Volterra’s integral equation.

2. Let 𝑋 be a Banach space, also normed by elements of a certain 𝐾𝐵-lineal
𝑌 (5). Everywhere elements of the space 𝑋 are denoted by 𝑥, and elements of
the space 𝑌 by 𝑦. In contrast to the usual norm, we shall denote the abstract
norm of an element 𝑥 ∈ 𝑋 by the symbol |𝑥|, 𝑥 ∈ 𝑌 . At the same time we
assume that ‖𝑥‖ ≤ ‖|𝑥|‖. By 𝐺(𝑏, 𝑢0, 𝑟) we shall denote the topological product
[𝑎, 𝑏) × [𝑎, 𝑏) × 𝑆(𝑢0, 𝑟); here 𝑆(𝑢0, 𝑟) is the ball of radius 𝑟 with center at the
point 𝑢0, 𝑟 ≤ ∞, 𝑏 ≤ ∞.
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We shall say that the operator 𝑃 [𝑡, 𝑠, 𝑢], defined on 𝐺(𝑏, 𝑢0, 𝑟), satisfies condition
(A) if 𝑃 [𝑡, 𝑠, 𝑢] can be represented in the form 𝑃 [𝑡, 𝑠, 𝑢] = 𝑃1[𝑡, 𝑠, 𝑢] + 𝑃2[𝑡, 𝑠, 𝑢],
where the operators 𝑃1[𝑡, 𝑠, 𝑢] and 𝑃2[𝑡, 𝑠, 𝑢] satisfy the conditions:

1) ‖𝑃1[𝑡, 𝑠, 𝑢2] − 𝑃1[𝑡, 𝑠, 𝑢1]‖ ≤ 𝑄(𝑡, 𝑠)‖𝑢2 − 𝑢1‖, and

lim
𝑡−𝑡1→0

∫
𝑡

𝑡1

𝑄(𝑡, 𝑠) 𝑑𝑠 = lim
𝑡−𝑡1→0

∫
𝑡

𝑡1

‖𝑃1[𝑡, 𝑠, 𝑢0]‖ 𝑑𝑠 = 0.

2) 𝑃2[𝑡, 𝑠, 𝑢] is an entirely continuous operator on 𝐺(𝑏, 𝑢0, 𝑟).
3) 𝑃𝑖[𝑡, 𝑠, 𝑢] (𝑖 = 1, 2) are continuous in 𝑡, uniformly with respect to 𝑠 and 𝑢

in each bounded subset [𝑎, 𝑏) × 𝑆(𝑢0, 𝑟).
3. Consider in 𝑌 the equation

𝑦(𝑡) = ∫
𝑡

𝑎
𝐾[𝑡, 𝑠, 𝑦(𝑠)] 𝑑𝑠 + 𝜓(𝑡), (1)

where the operator 𝐾[𝑡, 𝑠, 𝑦] is defined on 𝐺(𝑏, 𝑦0, 𝑟), and 𝑦(𝑡) and 𝜓(𝑡) are
functions with values in 𝑌 . From the theorem formulated in (4) there follows
the following

Theorem 1. Let the operator 𝐾[𝑡, 𝑠, 𝑦] satisfy condition (A) with operators
𝐾𝑖[𝑡, 𝑠, 𝑦] monotone in 𝑦 (𝑖 = 1, 2), let the function 𝜓(𝑡) be continuous, and
let all solutions of equation (1) be defined on [𝑎, 𝑏), with the property that for
each such solution 𝑦(𝑡) there exists only a finite number of continuous solutions
of equation (1) that coincide with 𝑦(𝑡) on some interval [𝑎, 𝛼).
If a continuous function 𝑧(𝑡) satisfies the integral inequality

𝑧(𝑡) ⩽ ∫
𝑡

𝑎
𝐾[𝑡, 𝑠, 𝑧(𝑠)] 𝑑𝑠 + 𝜓(𝑡), 𝑡 ∈ [𝑎, 𝑏),

then 𝑧(𝑡) ⩽ 𝑦(𝑡), where 𝑦(𝑡) is some solution of equation (1).

From this theorem, as a particular case, there follow, for example, the results
of papers (6,7 ).
Let us now consider the integral equation in 𝑋

𝑥(𝑡) = ∫
𝑡

𝑎
𝑃 [𝑡, 𝑠, 𝑥(𝑠)] 𝑑𝑥 + 𝑓(𝑡). (2)

Suppose that the operator 𝑃 [𝑡, 𝑠, 𝑥] satisfies condition (A) in 𝐺(𝑏, 𝑥0, 𝑟).
Suppose, moreover, that there exists an operator 𝐾[𝑡, 𝑠, 𝑦] defined in 𝐺(𝑏, |𝑥0−
𝑢|, 𝑟1), where 𝑢 is some element of 𝑋, such that
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|𝑃 [𝑡, 𝑠, 𝑥]| ⩽ 𝐾[𝑡, 𝑠, |𝑥 − 𝑢|]

and that, for the corresponding equation (1), the hypotheses of Theorem 1 are
fulfilled. The above-formulated solvability condition for Chaplygin’s problem
then makes it possible to prove a number of comparison theorems for equation
(1). For example, the following assertions hold.

Theorem 2. Let 𝑟1 ⩽ 𝑟 and 𝜓(𝑡) ⩾ |𝑓(𝑡) − 𝑢|.
Then:

1) Equation (2) has continuous solutions, and all these solutions are defined on
[𝑎, 𝑏).
2) If 𝑟 = ∞ and all solutions of equation (1) are bounded in norm, then all
solutions of equation (2) are also bounded.

Below, for simplicity of formulation, we shall assume that

𝑃 [𝑡, 𝑠, 0] ≡ 𝑓(𝑡) ≡ 𝑥0 = 𝑢 = 0,

i.e., that 𝑦(𝑡) ≡ 0 is a solution of equation (2). In this case we shall say that
the solution 𝑦(𝑡) ≡ 0 of equation (2) is correct with respect to small per-
turbations of the operator and of the free term, if for every 𝜀 > 0 there
exist 𝛿1 > 0 and 𝛿2 > 0 such that, whatever the operator 𝑃 [𝑡, 𝑠, 𝑥], satisfying
in 𝐺(𝑏, 0, 𝑟2) (𝑟2 ⩽ 𝑟) condition (A) and the inequality

∥∫
𝑡

𝑎
𝑃 [𝑡, 𝑠, 𝑥] 𝑑𝑠∥ < 𝛿1,

and whatever the continuous function ̃𝑓(𝑡) on [𝑎, 𝑏), satisfying the inequality
‖ ̃𝑓(𝑡)‖ < 𝛿2, the equation

𝑥(𝑡) = ∫
𝑡

𝑎
{𝑃 [𝑡, 𝑠, 𝑥(𝑠)] + 𝑃 [𝑡, 𝑠, 𝑥(𝑠)]} 𝑑𝑠 + ̃𝑓(𝑡)

has continuous solutions on [𝑎, 𝑏), and all these solutions 𝑥(𝑡) satisfy the inequal-
ity ‖𝑥(𝑡)‖ < 𝜀, 𝑡 ∈ [𝑎, 𝑏).
Theorem 3. Let 𝐾[𝑡, 𝑠, 0] ≡ 𝜓(𝑡) ≡ 0.

Then:

1) If equation (1) has a unique solution in 𝑆(0, 𝑟1), then equation (2) also
has a unique solution in 𝑆(0, 𝑟1).
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2) If the zero solution of equation (1) is well-posed with respect to small
perturbations of the free term, then the zero solution of equation (2) is
well-posed with respect to small perturbations of the operator and of the
free term.

We note that if 𝑏 = ∞, then well-posedness of the solution means its stability.
In this case, from the asymptotic stability of the zero solution of equation (1)
there follows the asymptotic stability of the zero solution of equation (2).

Theorems 2 and 3 generalize some results of the works (1,8,9).
Remark. Theorems 2 and 3 were obtained on the basis of the lemma with
𝑇 (𝑥1, 𝑥2) = |𝑥1 − 𝑥2|. It is easy to see that, under a corresponding change of
the conditions, these results are also valid for another choice of 𝑇 (𝑥1, 𝑥2).
We also note that Theorems 2 and 3 are valid for certain classes of operator
equations of the form

𝑥(𝑡) = 𝐹[𝑡, 𝑥(⋅)].
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