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MATHEMATICS
V. P. I’ IN

ON THE COMPLETE CONTINUITY OF THE
EMBEDDING OPERATOR FOR THE CASE
OF AN UNBOUNDED DOMAIN

(Presented by Academician S. L. Sobolev on 17 VI 1960)

In the present note we shall give some sufficient conditions for the complete
continuity of the embedding operator for the case when the functions of the
corresponding functional classes are defined on the whole n-dimensional space
E,, or on a subspace E,, of dimension m < n. Questions of a similar kind for
the special case (embedding in L,(E,)) were studied by A. M. Molchanov (1),
M. Sh. Birman (?), and M. Sh. Birman and B. S. Pavlov*. The results of these
authors have the character of necessary and sufficient conditions.

Let E,, be n-dimensional Euclidean space, and let w(X) = w(xq,...,x,) be a
positive measurable function given in E,. Let p > 1.

Denote by L, (w; E,,) the set of functions f(X), defined in E,,, for which

1/p

Wy = | [+ [olfirax| <. 0
ETL)

Let I be an arbitrary positive number, I = [I]. Suppose that f(X) has continuous
derivatives of order [. Put

_ _ 1/p
arx) ) [
n oxz; -0z,  Ox; -0x
P cee “es /’ll 1/l 1/1 /’l
HfHL‘p“(E,,) - Z / / / / |X_Y|n+(lfi)p dy | dX

By ip=1 (E.) (E,)

n n

when [ is not an integer, and
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when [ is an integer, if the right-hand sides of (2) or, respectively, (2’) are finite.
Further, put

HfHW,(,”(w;En) = ”f”Lp(w;E”) + HfHL(pl)(En) (3)

If w =1, we shall write Wél)(En
W,g”(w; E,) as the closure, in the norm (3), of the set of I-times continuously

differentiable functions for which the right-hand side of (3) is finite.
* Unpublished.

), respectively L,(E,). We define the space

Further, by "(X) we shall denote the n-dimensional ball of radius R with

center at X; in particular, (}?(O) denotes the ball with center at the origin;

E, — S?(O) is the complement of g)(O) in E,; |X| = \/a?+ 422 is the
distance from X to the origin.

Theorem 1. Let F be a set of functions f(X) € Wg(,”(w; E,) such that

sup |l m s < M, 4
S g, 4)

where w(X) satisfies the conditions:

sup / --~/w’p//p(X) dX < o0 / ~--/of”//p(X) dX —-0 as|Y|— oo,
YeB, JiP ) )
()

where H > 0 is a fixed number.

Then, if

0<s<l, q>p>1, m is an integer, 1<m<n, l—s—i—@—E > 0,
p
(6)

the functions f € F', considered on the hyperplane E,, of dimension m, form a

set F’ compact in Wés)(Em).

Proof. Starting from the inequality
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(for integral [ the second term is written more simply), which is valid for contin-
uously differentiable functions for every integer k < I, where h is an arbitrary
positive number, the C; do not depend on f and h, and also from analogous
inequalities for differences of derivatives of order k, it is not difficult to prove
that:

1) For any domain Q,, C E,, (in particular, for Q,, = E,,) the inequality

1/p’

—n/p’ < —p’ l "
Hf”Lp(Qn) < 02/7, /p Hf“Lp(w;En) ;gg};ﬂ (/(hn)(X) /w P /p(Y) dY) +C3h HfHL(,,“(E )

(7
holds;
2)

11
l—s+m n n s—m
Hf”W;S) ) < C, (Hf”L + /q /p If] /p+WE/)q) . (8)

It follows from (8) (I — s+ m/q —n/p > 0) that it is sufficient to prove the
compactness of the set F'in L,(E,); and for this it is necessary and sufficient

that, for every R > 0, F' be compact in the metric L, ( (g)(O)) and that, as
R — o0,

sup n — 0. 9
teF Hf”Lp(En—(R)(O)) ( )

The first assertion is proved in the usual way, and the second follows from (8)
for Q, = E, — Q(O). Indeed, taking h < H, on the basis of (4) we have:

1/p’
B/ sup (/ .../w—p’/p(y) dY) + R
XeE,— 7 (0) w(x)
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whence, by virtue of (5) and the arbitrariness of h, we obtain (9).

Remark. Put, for any positive number s,

) . f(x) — ey
fleim, = sup [FX)F+ sup |f/ 0t sup [f9001+ sup LT
XeE, XeE, XeE, xyee, |X-=Y]|

Then, if condition (6) of Theorem 1 is fulfilled in the form
n
0<s<l, l—s—5>0, (6”)

then the set F' is compact in C®)(E,).

Theorem 2. Let F be a set of functions f(X) € W;,l)(En) for which

£y, < M- (5)

Let 5,m be integers, 0 < s<l,1<m<n,¢q>p>1,1—5+m/q—n/p>0.
Further, let E,, be a hyperplane of dimension m; let w(X) be a positive function
defined on FE,,, satisfying the conditions:

sup / / )dX < oo, / /w(X) dX -0 as|Y|— o
YeE, i (v) ()

2) there exists a number § > 0 such that

YGEM (/m) / X — y|n/p+s+5 1] ) < 00,

where H > 0 is a fixed number.

(10-11)

Then the derivatives of order s of the functions f € F, considered on the hyper-
plane E,,, form a set " compact in L,(w; E,,,).

For the proof the same methods as above are applied.

Remark. If | — 5 —n/p > 0, then condition (11) is superfluous (one may put
0 =1—5—mn/p >0, and then (11) coincides with the first of conditions (10)).
In this case M. Sh. Birman and B. S. Pavlov obtained necessary and sufficient
conditions.
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