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Abstract
Full Text

Mathematics
P. E. Sobolevskii

On the Application of Fractional Powers of Self-
Adjoint Operators to the Study of Certain Non-
linear Differential Equations in Hilbert Space
(Presented by Academician A. N. Kolmogorov, 18 IX 1959)

In the present note the nonlinear problem

𝑣′ + 𝐴(𝑡, 𝑣) = 0 (0 < 𝑡 ≤ 𝑇 ); 𝑣(0) = 𝑣0 (1)

in the Hilbert space 𝐻 is studied.

To certain functions 𝑦 = 𝑦(𝑡) with values in 𝐻 there is associated the solution
𝑈(𝑡, 0; 𝑦)𝑣0 of the linear problem

𝑧′ + 𝐴(𝑡, 𝑦)𝑧 = 0 (0 < 𝑡 ≤ 𝑇 ); 𝑧(0) = 𝑣0,

and the question of the existence of a solution of problem (1) is reduced to the
question of the existence of a fixed point of the operator 𝑈𝑦 = 𝑈(𝑡, 0; 𝑦)𝑣0.

Carrying out this scheme required a detailed analysis of the linear problem.
Section 1 of the present note is devoted to this; there are given conditions for the
existence of a solution of the homogeneous linear problem which substantially
strengthen the result obtained in (7). In Section 2 problem (1) with an abstract
operator is considered. The general results are applied in Section 3 to the
study of parabolic equations with an elliptic operator of the second order and
with nonlinear boundary conditions. We note that an important role in our
considerations is played by the method of fractional powers of operators (see
(1−7)).

1. Let 𝜌, 𝜀1 ∈ (0, 1), 𝜀2 ∈ (0, 𝜌], 𝜀 = min{𝜀1, 𝜀2}. Let 𝑙 be such an integer
that 𝜌1 = 1 − 𝑙𝜌 ∈ (0, 𝜌]. If 𝜌 < 1/2, then let 𝜈 = max{𝜀1 − 1 + 𝜌, 𝜀2 −
1 + 𝜌 + 𝛿}, where 𝛿 is some number from (𝑙𝜌 − 𝜌 − 𝜀2, 1 − 𝜌). If 𝜌 ≥ 1/2,
then let 𝜈 = 𝜀1 − 1 + 𝜌. Finally, let 0 ≤ 𝑡 ≤ 𝑡 + Δ𝑡 ≤ 𝑇 .

Denote by 𝐴(𝑡) (0 ≤ 𝑡 ≤ 𝑇 ) a positive-definite self-adjoint operator whose power
𝜌 has a domain of definition independent of 𝑡. If 𝜌 ≥ 1/2, let*
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‖𝐴𝜌(𝑡 + Δ𝑡)𝐴−𝜌(𝑡) − 𝐴−𝜌1(𝑡 + Δ𝑡)𝐴𝜌1(𝑡)‖ ≤ 𝐾1Δ𝑡𝜀1 .

If, however, 𝜌 < 1/2, let

‖𝐴𝜌(𝑡 + Δ𝑡)𝐴−𝜌(𝑡) − 𝐼‖ ≤ 𝐾1 min{Δ𝑡𝜀1 , Δ𝑡𝜀2+𝛿𝑡−𝛿}.

Theorem 1. There exists an operator 𝑈(𝑡, 𝜏), strongly continuous jointly in 𝑡
and 𝜏 for 0 ≤ 𝜏 ≤ 𝑡 ≤ 𝑇 , satisfying the initial condition 𝑈(𝜏, 𝜏) = 𝐼 and, for
𝑡 > 𝜏 , the equation 𝑈 ′

𝑡 + 𝐴(𝑡)𝑈 = 0 in the following sense:

* Here and below, a bar above denotes the closure of an operator in 𝐻.

If 𝜈 > 0, then for any 𝛼 ∈ [0, 𝜈] the operator 𝐴𝛼(0)𝑈(𝑡, 𝜏) is continuously
differentiable and

[𝐴𝛼(0)𝑈(𝑡, 𝜏)]′𝑡 = −𝐴𝛼(0)𝐴(𝑡)𝑈(𝑡, 𝜏).

If, however, 𝜈 ≤ 0, then for any 𝛽 ∈ (−𝜈, 𝜌] the operator 𝐴−𝛽(0)𝑈(𝑡, 𝜏) is
continuously differentiable and

[𝐴−𝛽(0)𝑈(𝑡, 𝜏)]′𝑡 = −𝐴−𝛽(0)𝐴𝛽(𝑡)𝐴1−𝛽(𝑡)𝑈(𝑡, 𝜏).

With respect to the variable 𝜏 , the operator 𝑈(𝑡, 𝜏) satisfies in the same sense
the adjoint equation 𝑈 ′

𝜏 − 𝑈𝐴(𝜏) = 0.
For any 0 ≤ 𝛼 ≤ 𝛽 ≤ 𝜌 the inequalities

max{‖𝐴𝛾(𝑡)𝑈(𝑡, 𝜏)𝐴−𝛼(𝜏)‖, ‖𝐴−𝛼(𝑡)𝑈(𝑡, 𝜏)𝐴𝛾(𝜏)‖} ≤ 𝐾(𝛼, 𝛾)|𝑡 − 𝜏|𝛼−𝛾;

𝛾 ∈ [𝛼, 𝜌 + 𝜀1), if 𝜌 ≥ 1
2 ; 𝛾 ∈ [𝛼, 𝜌 + 𝛿 + 𝜀), if 𝜌 < 1

2 ;
‖𝐴𝛼(𝑠)[𝑈(𝑡 + Δ𝑡, 𝜏) − 𝑈(𝑡, 𝜏)]𝐴−𝛽(𝑠)‖ ≤ 𝐾(𝛼, 𝛽, 𝛾)Δ𝑡𝛾−𝛼|𝑡 − 𝜏|𝛽−𝛾;

𝛾 ∈ [𝛽,min{𝜌 + 𝜀1, 1 + 𝛼}), if 𝜌 ≥ 1
2 ;

𝛾 ∈ [𝛽,min{𝜌 + 𝜀 + 𝛿, 1 + 𝛼}), if 𝜌 < 1
2 .

2. Let the operator 𝐴0 = 𝐴(0, 𝑣0) be positive definite, self-adjoint, and have
a completely continuous inverse. Let 𝑣0 ∈ 𝐷(𝐴𝛽

0) for some 𝛽 ∈ (0, 𝜌].
Suppose that for some 𝛼 ∈ [0, 𝛽) and for all 𝑣 ∈ 𝐻 and 𝑡 ∈ [0, 𝑇 ] the
operator 𝐴(𝑡, 𝐴−𝛼

0 𝑣) is positive definite and self-adjoint, and the domain
of definition of the operator 𝐴𝜌(𝑡, 𝐴−𝛼

0 𝑣) does not depend on 𝑡 or 𝑣. We
shall first assume that 𝜌 ≥ 1

2 . Let, for any 𝑣, 𝑤 ∈ 𝐻, ‖𝑣‖, ‖𝑤‖ ≤ 𝑅,

‖𝐴𝜌(𝑡+Δ𝑡, 𝐴−𝛼
0 𝑣)𝐴−𝜌(𝑡, 𝐴−𝛼

0 𝑤)−𝐴−𝜌1(𝑡+Δ𝑡, 𝐴−𝛼
0 𝑣)𝐴𝜌1(𝑡, 𝐴−𝛼

0 𝑤)‖ ≤ 𝐾2(𝑅)(Δ𝑡𝜇+‖𝑣−𝑤‖𝜈),
(2)

where 𝜇 and 𝜈 are certain positive numbers ≤ 1.
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Consider, in the space 𝐶 of continuous functions on [0, 𝑡0] (0 < 𝑡0 ≤ 𝑇 ) with
values in 𝐻, the set 𝑄(𝐾, 𝜂) (0 < 𝜂 < 𝛽 − 𝛼) of such functions 𝑣(𝑡) that
𝑣(0) = 𝐴𝛼

0 𝑣0 and
‖𝑣(𝑡 + Δ𝑡) − 𝑣(𝑡)‖ ≤ 𝐾Δ𝑡𝜂.

The set 𝑄(𝐾, 𝜂) is closed and convex. By virtue of (2) and Theorem 1, for
the operator 𝐴(𝑡, 𝐴−𝛼

0 𝑣) one can construct the operator 𝑈(𝑡, 0; 𝐴−𝛼
0 𝑣)𝑣0. From

Theorem 1 and the complete continuity of 𝐴−1
0 it follows that, for sufficiently

small 𝑡0, the operator
𝐴𝛼

0 𝑈(𝑡, 0; 𝐴−𝛼
0 𝑣)𝑣0

maps 𝑄(𝐾, 𝜂) into its compact part. Finally, this operator is continuous in 𝐶,
since for any 𝑣, 𝑤 ∈ 𝑄(𝐾, 𝜂)

‖𝐴𝛼
0 [𝑈(𝑡, 0; 𝐴−𝛼

0 𝑣) − 𝑈(𝑡, 0; 𝐴−𝛼
0 𝑤)]𝑣0‖𝐶 ≤ 𝐾(𝛼, 𝛽)‖𝐴𝛽

0𝑣0‖ 𝑡𝛽−𝛼
0 ‖𝑣 − 𝑤‖𝐶 .

It then follows from Schauder’s fixed-point principle that there exists in 𝑄(𝐾, 𝜂)
a solution of the equation

𝑤 = 𝐴𝛼
0 𝑈(𝑡, 0; 𝐴−𝛼

0 𝑤)𝑣0.

Hence there follows, for example:

Theorem 2. Let 𝜇 > 1 − 𝜌 and

𝜈 > 1 − 𝜌
1 − 𝛼.

Then there exists a solution of problem (1), continuous on [0, 𝑡0] and continu-
ously differentiable for 𝑡 > 0. If 𝜈 = 1, then this solution may be found by the
method of successive approximations.

If, however,
𝜃 = min{𝜇, (𝜌 − 𝛼)𝜈

1 − 𝜈 } ≤ 1 − 𝜌,

then from Theorem 1 there follows the existence of a function 𝑣(𝑡) satisfying,
for any 𝛽 ∈ (𝜃, 𝜌], the equation

[𝐴−𝛽
0 𝑣]′ = −𝐴−𝛽

0 𝐴𝛽(𝑡, 𝑣)𝐴1−𝛽(𝑡, 𝑣)𝑣

and the initial condition 𝑣(0) = 𝑣0.

The case 𝜌 < 1
2 is considered similarly. For example, if

‖𝐴𝜌(𝑡 + Δ𝑡, 𝐴−𝛼
0 𝑣)𝐴−𝜌(𝑡, 𝐴−𝛼

0 𝑤) − 𝐼‖ ≤ 𝐾3(𝑅){Δ𝑡𝜇 + ‖𝑣 − 𝑤‖𝜈},

then Theorem 2 is valid.

Theorem 1 makes it possible, finally, to prove the existence of a solution of an
equation more general than (1), 𝑣′ + 𝐴(𝑡, 𝑣)𝑣 = 𝑓(𝑡, 𝑣, 𝐵𝑣), if 𝐵 is an operator
subordinated to the operator 𝐴𝛼

0 (0 ≤ 𝛼 < 𝜌).
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3. Let 𝐺 be a domain of 𝑚-dimensional space with boundary Γ. Consider
the problem*

𝑣′
𝑡 − [𝑎𝑖𝑘(𝑡, 𝑥, 𝑣)𝑣′

𝑥𝑘
]′
𝑥𝑖

+ 𝑎(𝑡, 𝑥, 𝑣)𝑣 = 0 (𝑥 ∈ 𝐺, 0 < 𝑡 ≤ 𝑇 ),
𝑣(0, 𝑥) = 𝑣0(𝑥), 𝑎𝑖𝑘(𝑡, 𝑥, 𝑣)𝑣′

𝑥𝑘
cos(𝑛, 𝑥𝑖) + 𝜎(𝑡, 𝑥, 𝑣)𝑣 = 0 (𝑥 ∈ Γ).

(3)

Assume that the functions 𝑎𝑖𝑘(0, 𝑥, 𝑣0) are bounded; 𝑎(0, 𝑥, 𝑣0) ∈ 𝐿𝑝(𝐺) for some
𝑝 > 1, if 𝑚 = 2, and if 𝑚 > 2, then 𝑎(0, 𝑥, 𝑣0) ∈ 𝐿𝑚/2(𝐺); 𝜎(0, 𝑥, 𝑣0) ∈ 𝐿𝑝(Γ) for
some 𝑝 > 1, if 𝑚 = 2, and 𝜎(0, 𝑥, 𝑣0) ∈ 𝐿𝑚−1(Γ), if 𝑚 > 2; 𝑎𝑖𝑘(0, 𝑥, 𝑣0)𝛾𝑖𝛾𝑘 ≥
𝑎2𝛾𝑖𝛾𝑖, 𝑎(0, 𝑥, 𝑣0) ≥ 𝑎2, 𝑎 > 0, 𝜎(0, 𝑥, 𝑣0) ≥ 0. Then in 𝑊 1

2 (𝐺) there is defined
the symmetric bilinear form

[𝑣, 𝑤] = ∫
𝐺

𝑎𝑖𝑘(0, 𝑥, 𝑣0)𝑣′
𝑥𝑘

𝑤′
𝑥𝑖

𝑑𝑥 + ∫
𝐺

𝑎(0, 𝑥, 𝑣0)𝑣𝑤 𝑑𝑥 + ∫
Γ

𝜎(0, 𝑥, 𝑣0)𝑣𝑤 𝑑𝑠.

Consider in 𝐿2(𝐺) the operator {𝑣 − Δ𝑣}, defined on functions 𝑣 ∈ 𝑊 2
2 (𝐺) and

satisfying on the boundary the condition 𝜕𝑣/𝜕𝑛 = 0. Let 𝐶 = [𝐼 − Δ]1/2. Then
𝐷(𝐶) = 𝑊 1

2 (𝐺) and ‖𝐶𝑣‖2 = ‖𝑣‖2 + ‖ grad 𝑣‖2.** The expression [𝐶−1𝑣, 𝐶−1𝑤]
is a linear functional in 𝑤 and therefore is equal to (𝐵0𝑣, 𝑤). The operator
𝐴0 = 𝐶𝐵0𝐶 is positive definite and self-adjoint, 𝐷(𝐴1/2

0 ) = 𝑊 1
2 (𝐺), and for any

𝑣 ∈ 𝐷(𝐴0) and 𝑤 ∈ 𝑊 1
2 (𝐺), (𝐴0𝑣, 𝑤) = [𝑣, 𝑤]. If 𝑎𝑖𝑘(0, 𝑥, 𝑣0)𝑣′

𝑥𝑘
∈ 𝑊 1

2 (𝐺), then
hence

𝐴0𝑣 = −[𝑎𝑖𝑘(0, 𝑥, 𝑣0)𝑣′
𝑥𝑘

]′
𝑥𝑖

+ 𝑎(0, 𝑥, 𝑣0)𝑣

in 𝐺, and
𝑎𝑖𝑘(0, 𝑥, 𝑣0)𝑣′

𝑥𝑘
cos(𝑛, 𝑥𝑖) + 𝜎(0, 𝑥, 𝑣0)𝑣 = 0

on Γ.
Further,

‖𝐴1/2
0 𝑣‖2 ≥ 𝑎2(‖ grad 𝑣‖2 + ‖𝑣‖2).

This means that 𝐴−1
0 is completely continuous in 𝐿2(𝐺) and that the operator

𝐴1/2
0 is strongly invertible, and the latter makes it possible to determine into

which spaces from 𝐿2(𝐺) the operators 𝐴−𝛼
0 (0 ≤ 𝛼 ≤ 1/2) act (8). Suppose

that for some 𝛼 < 1/2 and any function 𝑦 ∈ 𝐿2(𝐺) the function 𝑧 = 𝐴−𝛼
0 𝑦 has,

for all 𝑡, the same properties as 𝑣0 at 𝑡 = 0. The set of such functions 𝑧 contains
the entire space 𝑊 1

2 (𝐺). We shall assume that 𝑣0 ∈ 𝑊 1
2 (𝐺). For functions 𝑧

there is defined an operator 𝐴(𝑡, 𝑧) possessing the same properties as 𝐴0. Just
as in (7), it is shown that for any 𝑣, 𝑤 ∈ 𝐿2(𝐺), for some 𝛼 ∈ [0, 1/2),
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∥𝐴1/2(𝑡 + Δ𝑡, 𝐴−𝛼
0 𝑣)𝐴−1/2(𝑡, 𝐴−𝛼

0 𝑤) − 𝐴−1/2(𝑡 + Δ𝑡, 𝐴−𝛼
0 𝑣)𝐴1/2(𝑡, 𝐴−𝛼

0 𝑤)∥
≤ 𝐾4{max

𝑖,𝑗,𝑘
∣𝑎𝑖𝑘(𝑡 + Δ𝑡, 𝑥, 𝐴−𝛼

0 𝑣) − 𝑎𝑖𝑘(𝑡, 𝑥, 𝐴−𝛼
0 𝑤)∣

+ ∥𝑎(𝑡 + Δ𝑡, 𝑥, 𝐴−𝛼
0 𝑣) − 𝑎(𝑡, 𝑥, 𝐴−𝛼

0 𝑤)∥𝐿𝑚/2(𝐺)

+ ∥𝜎(𝑡 + Δ𝑡, 𝑥, 𝐴−𝛼
0 𝑣) − 𝜎(𝑡, 𝑥, 𝐴−𝛼

0 𝑤)∥𝐿𝑚−1(Γ)}.

(4)

* Here and in what follows summation from 1 to 𝑚 over repeated indices is
understood.

** As 𝐶 one may take any such self-adjoint operator that 𝐷(𝐶) = 𝑊 1
2 (𝐺) and

in 𝑊 1
2 (𝐺) the norms ‖𝑣‖ + ‖ grad 𝑣‖ and ‖𝐶𝑣‖ are equivalent.

This makes it possible to formulate sufficient conditions for the existence of a
solution of problem (1). The solution 𝑣(𝑡, 𝑥) of this problem we shall call a
generalized solution of problem (3). For any function 𝑧 ∈ 𝑊 1

2 (𝐺), the function

∫
𝐺

𝑣(𝑡, 𝑥)𝑧(𝑥) 𝑑𝑥

is continuously differentiable with respect to 𝑡, and
𝑑
𝑑𝑡 ∫

𝐺
𝑣𝑧 𝑑𝑥 + ∫

𝐺
𝑎𝑖𝑘(𝑡, 𝑥, 𝑣)𝑣′

𝑥𝑘
𝑧′

𝑥𝑖
𝑑𝑥 + ∫

𝐺
𝑎(𝑡, 𝑥, 𝑣)𝑣𝑧 𝑑𝑥 + ∫

Γ
𝜎(𝑡, 𝑥, 𝑣)𝑣𝑧 𝑑𝑆 = 0.

For simplicity we confine ourselves to the formulation of the theorem on the
existence of a solution of the problem

𝜕𝑣
𝜕𝑡 − Δ𝑣 = 0 (𝑥 ∈ 𝐺, 0 < 𝑡 ≤ 𝑇 ); (5)

𝜕𝑣
𝜕𝑛 + 𝜎(𝑣)𝑣 = 0 (𝑥 ∈ Γ, 𝑡 ∈ (0, 𝑇 ]), 𝑣(0, 𝑥) = 𝑣0(𝑥).

Theorem 3. Let 𝜎(𝑣) be absolutely continuous. Suppose

|𝜎′(𝑣)| ≤ 𝐾5|𝑣|𝑟

almost everywhere for all 𝑣 ∈ [−𝑏0, 𝑏0], and

𝑟 < 4 − 𝑚
𝑚 − 2.

Finally, suppose 𝜎′(𝑣) ∈ 𝐿𝑝[−𝑏0, 𝑏0], 1 < 𝑝 ≤ ∞.

Then there exists a generalized solution of problem (5). If 𝑚 = 2, 3 and 𝑝 = ∞,
then this solution can be found by the method of successive approximations.
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Proof. Let 𝛽 = 1 − 1/𝑝, if 𝑚 = 2, 3, and let

𝛽 < min{ 2
𝑚 − 2, 1 − 1

𝑝} ,

if 𝑚 > 3. Then there exists an 𝛼 = 𝛼(𝛽) ∈ [0, 1/2) such that

‖𝜎(𝐴−𝛼
0 𝑣) − 𝜎(𝐴−𝛼

0 𝑤)‖𝐿𝑚−1(Γ) ≤ 𝐾(𝛽)‖𝑣 − 𝑤‖𝛽
𝐿2(𝐺).

It remains to apply (4) and Theorem 2.

For the case of one spatial variable, stronger results (the existence of a classical
solution on the whole segment [0, 𝑇 ]) were obtained in (9).
We note that the approach presented in this section is also applicable to the
first boundary-value problem for a nonlinear parabolic equation.

The author expresses his gratitude to M. A. Krasnosel’skii for posing the prob-
lem.

Voronezh Agricultural Institute

Received
17 IX 1959

References
1. M. A. Krasnosel’skii, Topological Methods in the Theory of Nonlinear

Integral Equations, 1955.

2. M. A. Krasnosel’skii, S. G. Krein, Proceedings of the 3rd Mathematical
Congress, 3, 1958.

3. M. A. Krasnosel’skii, S. G. Krein, P. E. Sobolevskii, DAN, 112, 96 (1957).

4. S. G. Krein, P. E. Sobolevskii, DAN, 118, No. 2 (1958).

5. P. E. Sobolevskii, DAN, 115, No. 2 (1957).

6. P. E. Sobolevskii, DAN, 122, No. 6 (1958).

7. P. E. Sobolevskii, DAN, 123, No. 6 (1958).

8. V. P. Glushko, S. G. Krein, DAN, 122, No. 6 (1958).

9. Chzhou Yui-Lin, DAN, 117, No. 2 (1957).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196001.88124 Machine Translation

https://sovietrxiv.org/items/ru-196001.88124

	Abstract
	Full Text
	Mathematics
	P. E. Sobolevskii

	On the Application of Fractional Powers of Self-Adjoint Operators to the Study of Certain Nonlinear Differential Equations in Hilbert Space
	References


