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On the Application of Fractional Powers of Self-
Adjoint Operators to the Study of Certain Non-
linear Differential Equations in Hilbert Space

(Presented by Academician A. N. Kolmogorov, 18 IX 1959)

In the present note the nonlinear problem

v+ A{tv)=0 (0<t<T); v(0) = vy (1)

in the Hilbert space H is studied.

To certain functions y = y(¢) with values in H there is associated the solution
U(t,0;y)v, of the linear problem

Z+Alty)z=0 (0<t<T); z(0) = vy,

and the question of the existence of a solution of problem (1) is reduced to the
question of the existence of a fixed point of the operator Uy = U(¢, 0; y)v,.

Carrying out this scheme required a detailed analysis of the linear problem.
Section 1 of the present note is devoted to this; there are given conditions for the
existence of a solution of the homogeneous linear problem which substantially
strengthen the result obtained in (7). In Section 2 problem (1) with an abstract
operator is considered. The general results are applied in Section 3 to the
study of parabolic equations with an elliptic operator of the second order and
with nonlinear boundary conditions. We note that an important role in our
considerations is played by the method of fractional powers of operators (see

(7))

1. Let p, g, € (0,1), &5 € (0,p], € = min{eq,e,}. Let [ be such an integer
that p;, =1 —1p € (0,p]. If p < 1/2, then let v = max{e; — 1+ p, &5 —
14 p+ 0}, where § is some number from (Ip —p — ey, 1 —p). If p > 1/2,
then let v =¢; — 14 p. Finally, let 0 <t <t+ At <T.

Denote by A(t) (0 <t < T') a positive-definite self-adjoint operator whose power
p has a domain of definition independent of t. If p > 1/2, let*
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[AP(t + At)A™P(t) — AP (t + At) AP (t)| < KAt
If, however, p < 1/2, let
|AP(t 4+ At)A=P(t) — I|| < K, min{ A1, Ate2+0t=01,
Theorem 1. There exists an operator U(t,T), strongly continuous jointly in t

and 7 for 0 < 7 <t < T, satisfying the initial condition U(r,7) = I and, for
t > 7, the equation U] + A(t)U = 0 in the following sense:

* Here and below, a bar above denotes the closure of an operator in H.

If v > 0, then for any a € [0,v] the operator A*(0)U(t,7) is continuously
differentiable and

[A(O)U(E, )] = —A*(0)A(H)U (L, 7).

If, however, v < 0, then for any 8 € (—v,p] the operator A=?(0)U(t,7) is
continuously differentiable and

[AP(0)U(t, 7)) = —AP(0)AP() AL P()U (¢, 7).

With respect to the variable 7, the operator U(¢, 7) satisfies in the same sense
the adjoint equation U, — UA(7T) = 0.

For any 0 < a < 8 < p the inequalities
max{[|AY (&)U (t, 7) A~ ()], |A~()U(t, 7)AY(7)[} < K(a,y)[t — 7"

vElwpte), ifp>i; yela,p+d+e), ifp<y;
JAS(S)U(E + At ) — Ut 7] AH(5)] < K (o, B,7) A0t — 7|77,
v € [B,min{p+e,1+a}), ifp> g
v € [Bmin{p+ec+61+a}), ifp<i.

2. Let the operator 4; = A(0,v,) be positive definite, self-adjoint, and have
a completely continuous inverse. Let v, € D(Ag ) for some 8 € (0, p].
Suppose that for some a € [0,3) and for all v € H and ¢t € [0,7] the
operator A(t, A;“v) is positive definite and self-adjoint, and the domain
of definition of the operator A’ (¢, A;*v) does not depend on t or v. We
shall first assume that p > 3. Let, for any v,w € H, |v], |w| < R,

AP (t4+At, Ag©v) AP (t, Ag@w)—A—Pr(t+At, Ay@v) AP (t, Agw)| < Ky(R)(AtF+|v—w|”),
(2)
where p and v are certain positive numbers < 1.
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Consider, in the space C' of continuous functions on [0,¢,] (0 < ¢, < T) with
values in H, the set Q(K,n) (0 < n < B — «) of such functions v(t) that
v(0) = Ay, and

[o(t + At) —v(t)| < KA.

The set Q(K,n) is closed and convex. By virtue of (2) and Theorem 1, for
the operator A(t, A;®v) one can construct the operator U(t,0; Ag®v)v,. From
Theorem 1 and the complete continuity of Ay! it follows that, for sufficiently

small ¢, the operator
AGU(t,0; Ag*v)v,

maps Q(K,n) into its compact part. Finally, this operator is continuous in C,
since for any v,w € Q(K,n)

JAG U (£, 0; Ag©v) = U(t,0; Ay w)]ugl o < K, B)[ Agug | £ o — wllc-

It then follows from Schauder’s fixed-point principle that there exists in Q (K, n)
a solution of the equation

w = A§U(t,0; Ay *w)v,.
Hence there follows, for example:
Theorem 2. Let > 1—p and

1—p

v > .
11—«

Then there exists a solution of problem (1), continuous on [0, ;] and continu-
ously differentiable for ¢ > 0. If v = 1, then this solution may be found by the
method of successive approximations.

9min{u,(pl_a)y}§1p,
14

If, however,

then from Theorem 1 there follows the existence of a function v(t) satisfying,
for any g € (0, p], the equation

[Ay ) = — AP AP (1, 0) AV B (¢, v)v
and the initial condition v(0) = v,.
The case p < % is considered similarly. For example, if
|AP(t + AL, Ag@0) AP (8, Ag@w) — I < Ky(R){A + o —w]"},
then Theorem 2 is valid.

Theorem 1 makes it possible, finally, to prove the existence of a solution of an
equation more general than (1), v + A(t,v)v = f(t,v, Bv), if B is an operator
subordinated to the operator AY (0 < a < p).
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3. Let G be a domain of m-dimensional space with boundary I'. Consider
the problem*

/

vy — lag(t,z,v)v), | 4 alt,z,v)v =0 (xeG, 0<t<T),

v 3)
v(0,2) = vy(x), a;x(t, ,v)vy, cos(n,z;) +o(t,z,v)v =0 (x el).

x

Assume that the functions a,;,(0, 7, vy) are bounded; a(0, x,vy) € L,(G) for some
p>1,if m =2, and if m > 2, then a(0,z,vy) € L,,/5(G); 0(0,7,v,) € L,(T') for
some p > 1, if m = 2, and 0(0,z,vy) € L,, ('), if m > 2; a;,,(0, 2, v)v;7: =
a’y;7y;, a(0,2,vy) > a?, a > 0, 0(0,2,v,) > 0. Then in W} (G) there is defined
the symmetric bilinear form

[v, w] z/Gaik(O,x,vo)v;kw;i dm+/Ga(O,x,vO)vwdx—F/FU(O,x,vo)vwds.

Consider in Ly(G) the operator {v — Av}, defined on functions v € W2(G) and
satisfying on the boundary the condition dv/dn = 0. Let C' = [I — A]'/2. Then
D(C) = WHG) and ||Cv|? = |[v|? + | grad v||>.** The expression [C~ v, C~ w]
is a linear functional in w and therefore is equal to (Byv,w). The operator
Ay, = CB,C is positive definite and self-adjoint, D(Aé/g) = W}(G), and for any
v € D(Ay) and w € W3 (G), (Agv,w) = [v,w]. If a;(0,x,v5)v), € W3 (G), then
hence

Agv = —[aik(O,x,vo)U;k];_ + a(0,z,vy)v
in G, and
a;, (0, 2, v9)vy, cos(n, x;) + o(0,z,v5)v =0
onI'.
Further,

1/2
1Ay %0]? = a?(] grad v] + [[v]?).

This means that A;! is completely continuous in L,(G) and that the operator

Aé/ s strongly invertible, and the latter makes it possible to determine into
which spaces from L,(G) the operators A;® (0 < a < 1/2) act (8). Suppose
that for some o < 1/2 and any function y € Ly(G) the function z = A;“y has,
for all ¢, the same properties as v, at t = 0. The set of such functions z contains
the entire space W} (G). We shall assume that v, € W3 (G). For functions z
there is defined an operator A(t, z) possessing the same properties as A;. Just
as in (7), it is shown that for any v, w € L,(G), for some « € [0,1/2),
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[AY2(t + At, Agov) A7Y2(t, Ag@w) — A7YV2(t + At, Agov) AYV2 (¢, Agew))|

< Kyqme x |a (t+ At 2, Ag®v) — ag,(t, @, Ag®w)|
27])

+ Ha(t + At,z, Ag®v) —alt, z, Ao_aw)H )

L., 2(G)

+ ot + Atz A5o0) — ot Agew)|, L

* Here and in what follows summation from 1 to m over repeated indices is
understood.

** As C one may take any such self-adjoint operator that D(C') = W} (G) and
in W3(G) the norms |v] + || grad v|| and |Cv]| are equivalent.

This makes it possible to formulate sufficient conditions for the existence of a
solution of problem (1). The solution v(t,z) of this problem we shall call a
generalized solution of problem (3). For any function z € W} (G), the function

/Gv(t, x)z(x) dx

is continuously differentiable with respect to ¢, and

d
— vzd:ch/aik(t,x,v)v;kz;vder/a(t,x,v)vzdm+/J(t,x,’u)fuzdS:0.
dt Jg ¢ ' G T

For simplicity we confine ourselves to the formulation of the theorem on the
existence of a solution of the problem

%—AUZO (reG, 0<t<T); ()

% +op=0 (zeTl,te(0,T]), v(0,x) = vy ().

Theorem 3. Let o(v) be absolutely continuous. Suppose
|0’ (v)] < Ksv]”
almost everywhere for all v € [—bg, by], and

4—m

r < .
m—2

Finally, suppose ¢’ (v) € L,[~bq, bo], 1 < p < o0.

Then there exists a generalized solution of problem (5). If m = 2,3 and p = oo,
then this solution can be found by the method of successive approximations.
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Proof. Let 8 =1—1/p, if m = 2,3, and let

if m > 3. Then there exists an a = a(8) € [0,1/2) such that
lo(A570) = o(Agewl, ) < KB —wl, g

It remains to apply (4) and Theorem 2.

For the case of one spatial variable, stronger results (the existence of a classical
solution on the whole segment [0, 7]) were obtained in (9).

We note that the approach presented in this section is also applicable to the
first boundary-value problem for a nonlinear parabolic equation.

The author expresses his gratitude to M. A. Krasnosel’ skii for posing the prob-
lem.
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