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Abstract
Full Text

MATHEMATICS
K. I. BABENKO

ON SOME CLASSES OF SPACES OF IN-
FINITELY DIFFERENTIABLE FUNCTIONS
(Presented by Academician I. M. Vinogradov on 22 II 1960)

In the book (1) various spaces of type 𝑆 are introduced and considered. We shall
examine some spaces of type 𝑆 from the point of view of the stock of functions
in these spaces.

Let the space 𝑆𝑚𝑛
𝑙𝑘

consist of infinitely differentiable functions 𝜑(𝑥) satisfying
the conditions

∣𝑥𝑘𝜑(𝑛)(𝑥)∣ ≤ 𝐴𝑘𝐵𝑛𝑙𝑘𝑚𝑛, 𝑘, 𝑛 = 0, 1, 2, … ; −∞ < 𝑥 < ∞, (1)

where 𝐴 and 𝐵 are constants depending only on the function 𝜑. Below we
shall always assume that the sequences {𝑙𝑘} and {𝑚𝑛} are nondecreasing and
𝑙0 = 𝑚0 = 1.

Introduce the functions

𝐿(𝑥) = sup
𝑘

|𝑥|𝑘
𝑙𝑘

, 𝑀(𝑥) = sup
𝑛

|𝑥|𝑛
𝑚𝑛

. (2)

Conditions (1) can be written in the equivalent form

∣𝜑(𝑛)(𝑥)∣ ≤ 𝐵𝑛 𝑚𝑛
𝐿(𝑥/𝐴) , 𝑛 = 0, 1, 2, … (3)

If the dual space is denoted by 𝑆𝑚𝑛
𝑙𝑘

, then, as shown in paper (2), 𝑆𝑚𝑛
𝑙𝑘

∈ 𝑆 𝑙𝑛+2𝑚𝑘 ,
and consequently

∣𝜑(𝑛)(𝑥)∣ ≤ 𝐴𝑛 𝑙𝑛+2
𝑀(𝑥/𝐵1) . (4)

In paper (1) it is shown that, for |𝑧| ≥ 1, 𝑧 = 𝑥 + 𝑖𝑦, the inequalities

|𝜑(𝑧)| ≤ 𝐵|𝑧|2
𝐴2𝐿(|𝑧|/4𝐴) ∫

∞

0

ch 𝐵𝑦𝑡
𝑀(𝑡) 𝑑𝑡, (5)
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|𝜑(𝑧)| ≤ 𝐴
𝑀(|𝑧|/𝐵) ∫

∞

0

ch 𝐴𝑦𝑡
𝐿(𝑡) 𝑑𝑡. (6)

hold.

Simultaneously with the spaces 𝑆𝑚𝑛
𝑙𝑘

and 𝑆𝑚𝑛
𝑙𝑘

, we shall consider the space 𝑆𝑚
𝑙 ,

consisting of entire functions 𝑓(𝑧) subject to the condition

|𝑓(𝑧)| ≤ exp{ 𝑙(𝐴|𝑦|) − 𝑚(𝐵|𝑧|) }, (7)

where 𝑧 = 𝑥 + 𝑖𝑦; 𝐴 and 𝐵 are constants depending on 𝑓 . We shall assume that
the functions 𝑙(𝑥) and 𝑚(𝑥) satisfy the condition

𝑥𝑙′(𝑥) ↑ ∞, 𝑥𝑚′(𝑥) ↑ ∞.

It is easy to give a necessary and sufficient condition for the nontriviality of the
space 𝑆𝑚

𝑙 under the assumption that one of the functions 𝑙, 𝑚 satisfies certain
regularity requirements on its growth. A condition for the triviality of the
space 𝑆𝑚

𝑙 is contained in the paper (3). We shall give here a result of M. M.
Dzhrbashyan in the form of the following lemma.

Lemma 1. If for every 𝜃 > 0

lim
𝑥→∞

[𝑙(𝜃𝑥)
𝑥 − ∫

𝑥

1

𝑚(𝑢)
𝑢2 𝑑𝑢] = −∞,

then the space 𝑆𝑚
𝑙 is empty.

Let us consider the question of the nontriviality of the space 𝑆𝑚
𝑙 . Since, by

assumption, 𝑥𝑚′(𝑥) ↑ ∞, we may assume that

𝑚(𝑥) = ∫
𝑥

0

𝑁(𝑢)
𝑢 𝑑𝑢,

where 𝑁(𝑥) is a nondecreasing function taking only integer values. Denote
the discontinuity points of the function 𝑁(𝑥), arranged in increasing order, by
𝜌1, 𝜌2, … , 𝜌𝑛, …, where each point is repeated as many times as there are units
in the corresponding jump.

Lemma 2. If the function 𝑚(𝑥) is such that, for sufficiently large 𝑘, as 𝑥 → ∞

𝑥−𝑘 ∫
𝑥

0

𝑚(𝑢)
𝑢2 𝑑𝑢 ↓ 0, (8)

and if
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lim
𝑥→∞

[𝑙(𝜃𝑥)
𝑥 − ∫

𝑥

1

𝑚(𝑢)
𝑢2 𝑑𝑢] > −∞,

then the space 𝑆𝑚
𝑙 is nontrivial.

Proof. Let 𝑝 be an integer. Consider the entire function

𝑓(𝑥) = 2
𝐶𝑝

2𝑝

𝑝
∑
𝑗=1

(−1)𝑗−1𝐶𝑝+𝑗
2𝑝

sin 𝑗𝑥
𝑗 .

It is not difficult to verify that

𝑓 ′(𝑥) = 1 − 22𝑝

𝐶𝑝
2𝑝

sin2𝑝 𝑥
2 .

If 𝑥0, 0 < 𝑥0 < 𝜋, is a zero of the function 𝑓 ′(𝑥), then 𝑓(𝑥0) = max |𝑓(𝑥)| = 𝑀 .

Consider the function 𝑔(𝑥) = 1
𝑀 𝑓(𝑀𝑥). It is clear that 𝑔(𝑥) satisfies the condi-

tions

𝑔′(0) = 1, |𝑔(𝑥 + 𝑖𝑦)| ≤ 𝑒𝑝|𝑦|. (9)

It is not difficult to verify that in the domain 𝐺𝜂,𝛿, defined by the inequalities
| arg 𝑧| ≤ 𝛿, | arg 𝑧 − 𝜋| ≤ 𝛿, 0 ≤ |𝑧| ≤ 1 + 𝜂, the relations

∣ 𝑔(𝑧)
𝑧 ∣ ≤ 1, |𝑔(𝑧)| ≤ 1 (10)

hold.

The quantities 𝛿 and 𝜂 > 0 are sufficiently small and depend on 𝑝. Choose 𝑝 so
that 2𝑝 > 𝑘 + 1, and consider the function

𝑓(𝑧) =
∞
∏
𝑚=1

(𝜌𝑚𝑔(𝑧/𝜌𝑚)
𝑧 )

2
.

In view of (8) and the choice of the number 𝑝, the infinite product will converge.
Let us estimate |𝑓(𝑧)|. Suppose that one of the conditions | arg 𝑧| ⩽ 𝛿, | arg 𝑧 −
𝜋| ⩽ 𝛿 is satisfied. Define 𝑛 from the inequalities 𝜌𝑛 ⩽ |𝑧| < 𝜌𝑛+1. Then

|𝑓(𝑧)| = ∣ ∏𝑛
𝑚=1 𝑔2(𝑧/𝜌𝑚)

(𝑧𝑛/𝜌1𝜌2 … 𝜌𝑚)2

∞
∏
𝑛+1

𝑔2(𝑧/𝜌𝑚)𝜌2
𝑚

𝑧2 ∣ < ∣
𝑛

∏
1

𝑔2 ( 𝑧
𝜌𝑚

)∣ 𝑒−2𝑚(|𝑧|),
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since for 𝑚 ⩾ 𝑛 + 1, 𝑧/𝜌𝑚 ∈ 𝐺𝜂,𝛿. Using (9) and (10), we obtain

|𝑓(𝑧)| < exp ⎡
⎢
⎣

2𝜌𝑦 ∑
𝜌𝑚⩽ |𝑧|

1+𝜂

1
𝜌𝑚

− 2𝑚(|𝑧|)⎤⎥
⎦

.

But

∑
𝜌𝑚⩽ |𝑧|

1+𝜂

1
𝜌𝑚

< 𝐴𝜂 ∫
𝑦

1

𝑚(𝑡)
𝑡2 𝑑𝑡 + 𝐴𝜂

𝑦 𝑚 ( |𝑧|
1 + 𝜂/2) .

Therefore

|𝑓(𝑧)| ⩽ exp {2𝜌𝐴𝜂𝑦 ∫
𝑦

1

𝑚(𝑢)
𝑢2 𝑑𝑢 − 𝑚(|𝑧|) + 𝐶} . (11)

Let us now consider the case when 𝛿 < arg 𝑧 < 𝜋 − 𝛿 or 𝜋 + 𝛿 < arg 𝑧 < 2𝜋 − 𝛿.
Since log 𝑔(𝑧)

𝑧 = 𝑂(𝑧2𝑝) for |𝑧| ⩽ 1, it follows that

|𝑓(𝑧)| ⩽ exp {2𝜌𝑦
𝑛

∑
1

1
𝜌𝑚

+ 𝐶1|𝑧|2𝑝
∞

∑
𝑛+1

1
𝜌2𝑝

𝑚
− 2𝑚(|𝑧|)} .

But

∞
∑
𝑛+1

1
𝜌2𝑝

𝑚
< (2𝑝 + 1)3 ∫

∞

|𝑧|

𝑑𝑡
𝑡2𝑝 ∫

𝑡

1

𝑚(𝑢)
𝑢2 𝑑𝑢.

Applying (8), we obtain

|𝑓(𝑧)| ⩽ exp {𝐶2(𝑧) ∫
2|𝑧|

1

𝑚(𝑢)
𝑢2 𝑑𝑢 − 𝑚(|𝑧|)} . (12)

From inequalities (11) and (12) it follows that, for any 𝑧, the inequality

|𝑓(𝑧)| < exp {
√

𝜃 |𝑦| ∫
√

𝜃|𝑦|

1

𝑚(𝑢)
𝑢2 𝑑𝑢 − 𝑚(|𝑧|) + 𝐶}

holds, where 𝜃 is a constant depending on 𝑝. By the condition of the lemma,

|𝑓(𝑧)| < exp{𝑙(𝜃|𝑦|) − 𝑚(|𝑧|) + 𝐷},
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where 𝐷 is a constant. Thus the space 𝑆𝑚
𝑙 is nontrivial.

Theorem 1. Let 𝑚(𝑥) satisfy condition (8). In order that the space 𝑆𝑚
𝑙 be

nontrivial, it is necessary and sufficient that, for at least one 𝜃 > 0,

lim
𝑥→∞

[𝑙(𝜃𝑥)
𝑥 − ∫

𝑥

1

𝑚(𝑢)
𝑢2 𝑑𝑢] > −∞.

Let the function 𝐿(𝑥) be such that 𝑑
𝑑𝑥 log 𝐿(𝑥) ↑ ∞. Then, if we denote by 𝜓(𝑥)

the function inverse to 𝑑
𝑑𝑥 log 𝐿(𝑥), and set

𝑙(𝑥) = ∫
𝑥

0
𝜓(𝑡) 𝑑𝑡, (13)

we immediately obtain that the question of nontriviality of the space 𝑆𝑚𝑟
𝑙𝑘

is
equivalent to the question of nontriviality of the space 𝑆𝑚

𝑙 , where 𝑙(𝑥) is defined
by (13), and 𝑚(𝑥) = log 𝑀(𝑥).
Consider the case when 𝑀(𝑥) is a function of infinite order, i.e.,

lim
𝑥→∞

log log 𝑀(𝑥)
log 𝑥 = ∞. (14)

If (14) holds, we shall require that

lim
𝑥→∞

log log 𝑀(𝑥)
log 𝑥 > 1. (15)

Then the function
∫

∞

1

ch 𝑥𝑡
𝑀(𝑡) 𝑑𝑡

is of finite order, and for the nontriviality of the class it is necessary that 𝐿(𝑥)
also be of finite order. We shall say that the functions 𝐿(𝑥) and 𝑀(𝑥) satisfy
condition (𝛼) if the following relations are fulfilled:

1. If 𝑀(𝑥) is of finite order, then there always exists a 𝑘 such that

𝑥−𝑘 ∫
𝑥

0

log 𝑀(𝑢)
𝑢2 𝑑𝑢 ↓ 0, (16)

and the function 𝐿(𝑥) satisfies the condition

𝑑
𝑑𝑥 log 𝐿(𝑥) ↑ ∞.

2. If 𝑀(𝑥) satisfies (14), then (15) also holds, and item 1 holds for the func-
tions 𝐿(𝑥) and 𝑀(𝑥).
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From Theorem 1 it follows

Theorem 2. If 𝐿(𝑥) and 𝑀(𝑥) satisfy condition (𝛼), then the space 𝑆𝑚𝑛
𝑙𝑘

is
nontrivial if and only if, for at least one 𝜃 > 0,

lim [𝑙(𝜃𝑥)
𝑥 − ∫

𝑥

0

log 𝑀(𝑢)
𝑢2 𝑑𝑢] > −∞,

where 𝑙(𝑥) is defined by formula (13).

Finally, the conditions for nontriviality of the space 𝑆𝑚𝑛
𝑙𝑘

can be formulated in
the following interesting way. Let 𝜇(𝑥) be the function inverse to the function

∫
𝑥

0

log 𝑀(𝑢)
𝑢2 𝑑𝑢.

Theorem 3. If for every 𝜃 > 0

lim
𝑥→∞

𝐿(𝜃𝑥)
𝑀[|𝜇(𝑥)|] = ∞, (17)

then the space 𝑆𝑚𝑛
𝑙𝑘

is trivial. If the functions 𝐿(𝑥), 𝑀(𝑥) satisfy condition (𝛼)
and for at least one 𝜃 > 0

lim
𝑥→∞

𝐿(𝜃𝑥)
𝑀(𝜇(𝑥)) < ∞, (18)

then 𝑆𝑚𝑛
𝑙𝑘

is nontrivial.
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