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Abstract
Full Text

L. P. Nizhnik

THE SCATTERING PROBLEM UNDER A
NONSTATIONARY PERTURBATION
(Presented by Academician S. L. Sobolev, December 29, 1959)

Mathematics
The problem of scattering of plane waves for the equation

□𝑢(𝑥, 𝑡) + 𝑐(𝑥, 𝑡)𝑢(𝑥, 𝑡) = 0, (1)

where 𝑥 is a point of three-dimensional Euclidean space 𝐸3; □ = Δ − 𝜕2/𝜕𝑡2,
may be posed as follows: it is required to find a solution of equation (1) of the
form

𝑢 = 𝑢(𝑥, 𝑡; 𝜔, 𝜇) = 𝑒𝑖𝜔(𝜇⋅𝑥−𝑡) + 𝑣(𝑥, 𝑡; 𝜔, 𝜇),
where 𝜇 is the unit vector of the direction of the plane wave 𝑒𝑖𝜔(𝜇⋅𝑥−𝑡), and 𝑣, as
|𝑥| → ∞, satisfies the Fock radiation conditions (1 , p. 435; 2)

𝑣 = 𝑂( 1
|𝑥|) , 𝜕𝑣

𝜕𝑡 = 𝑂( 1
|𝑥|) , | grad 𝑣| = 𝑂( 1

|𝑥|) , 𝜕𝑣
𝜕|𝑥|+

𝜕𝑣
𝜕𝑡 = 𝑂( 1

|𝑥|) .
(2)

Here we shall assume that conditions (2) are fulfilled uniformly for
𝑡 ∈ (−∞, ∞)∗.

If 𝑐(𝑥, 𝑡) does not depend on 𝑡, then equation (1), by separation of variables,
reduces to the stationary Schrödinger equation −Δ𝑢 + 𝑐𝑢 = 𝑘2𝑢, and the Fock
radiation conditions in this case become the well-known Sommerfeld radiation
conditions. The scattering problem for the Schrödinger equation was solved in
(3); the inverse problem was studied in (4−6).

In the present note it will be shown that, under certain conditions of smoothness
and decay at infinity imposed on the function 𝑐(𝑥, 𝑡), there exists a unique
solution of the scattering problem for equation (1). In addition, the question of
reconstructing the function 𝑐(𝑥, 𝑡) from scattering data is considered.

The results presented can be carried over to the equation [□−𝑚2 +𝑐(𝑥, 𝑡)]𝑢 = 0.
In this case the extraction of outgoing waves by means of the Fock radiation
conditions must be replaced by the limiting absorption principle (7 , p. 499). In
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this case the scattering of plane waves can be interpreted as the scattering of
mesons by a nonstationary force center.

1∘. Everywhere below we shall assume that 𝑐(𝑥, 𝑡), together with all partial
derivatives up to and including the second order, are continuous functions which
are majorized by the function

𝐾(𝑡)
1 + |𝑥|3+𝜀 ,

where 𝜀 > 0, and the function 𝐾(𝑡) is uniformly bounded for 𝑡 ∈ (−∞, ∞).
By 𝐶(Ω) we shall denote the Banach space of continuous functions on Ω with
the uniform norm. □−1

𝑟 will denote the inverse of the operator □ by means of
the retarded Green function:

□−1
𝑟 𝑓(𝑥, 𝑡) = − 1

4𝜋 ∫ 𝑓(𝑠, 𝑡 − |𝑥 − 𝑠|)
|𝑥 − 𝑠| 𝑑𝑠.

∗ One could have assumed that conditions (2) are fulfilled for 𝑡 = 𝑡0−|𝑥| uniformly in 𝑡0 from an arbitrary finite interval.

If there exists a solution of the scattering problem 𝑢 = 𝑒𝑖𝜔(𝜇⋅𝑥−𝑡) +𝑣 for equation
(1), then □𝑣 + 𝑐𝑣 = −𝑐𝑒𝑖𝜔(𝜇⋅𝑥−𝑡). Since 𝑣 satisfies the radiation conditions, it
follows that

𝑣 = −□−1
𝑟 𝑐𝑒𝑖𝜔(𝜇⋅𝑥−𝑡) − □−1

𝑟 𝑐𝑣. (3)

Conversely, every sufficiently smooth solution of equation (3), together with the
plane wave 𝑒𝑖𝜔(𝜇⋅𝑥−𝑡), gives a solution of the scattering problem. For brevity,
denote the operator

−□−1
𝑟 𝑐𝑣 = 𝐴𝑣.

Lemma 1. If there exists a unique solution of the equation 𝑤 = ℎ + 𝐴𝑤 in
𝐶(𝐸4) for every right-hand side ℎ, then there exists a unique solution of the
scattering problem.

Proof. The uniqueness of the solution of the scattering problem follows from
the uniqueness of the solution of the equation 𝑤 = 𝐴𝑤 in 𝐶(𝐸4). Suppose there
exists a solution of the equation 𝑤 = ℎ + 𝐴𝑤 in 𝐶(𝐸4) for every right-hand side
ℎ. This means that the operator (𝐼 − 𝐴∗)−1 is bounded. Consider the operator
𝐷𝑚 = −𝑑2/𝑑𝑡2 + 𝑚2. This operator has in 𝐶(𝐸4) a bounded inverse 𝐷−1

𝑚 . The
operator

𝐷𝑚𝐴𝐷𝑚−1 = 𝐴 − 2□−1
𝑟 𝑐𝑡

𝜕
𝜕𝑡𝐷−1

𝑚 − □−1
𝑟 𝑐𝑡𝑡𝐷−1

𝑚 = 𝐴 + 𝐵𝑚,
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where 𝐵𝑚 is a bounded operator which, for large 𝑚, can be made arbitrarily
small in norm. Therefore, for large 𝑚 there exists a bounded operator

(𝐼 − 𝐴∗ − 𝐵∗
𝑚)−1 = [𝐼 − (𝐷𝑚𝐴𝐷𝑚−1)∗]−1,

i.e., the equation 𝜑 = 𝑓 + 𝐷𝑚𝐴𝐷𝑚−1𝜑 has a solution in 𝐶(𝐸4) for every right-
hand side 𝑓 . If we put 𝐷−1

𝑚 𝜑 = 𝑤, then 𝑤 = 𝐷−1
𝑚 𝑓 + 𝐴𝑤. Thus, for sufficiently

smooth free terms ℎ there exist smooth solutions of the equation 𝑤 = ℎ + 𝐴𝑤.
If we choose ℎ = 𝐴𝑒𝑖𝜔(𝜇⋅𝑥−𝑡), then we obtain that the solution of equation (3)
exists and is a sufficiently smooth function, i.e., there exists a solution of the
scattering problem.

Theorem 1. For small 𝑐(𝑥, 𝑡) (𝐾(𝑡) < 𝜀/3) there exists a unique solution of
the scattering problem for equation (1).

The proof follows from Lemma 1 and from the fact that, for small 𝑐(𝑥, 𝑡), ‖𝐴‖ <
1.

2°. In this subsection we shall assume that

𝐾(𝑡) ≤ 𝐶
1 + |𝑡|1+𝛿 , 𝛿 > 0.

By 𝐿2(𝑝(𝑥)) we shall denote the Hilbert space with norm

‖𝑓(𝑥, 𝑡)‖2 = ∫ |𝑓(𝑥, 𝑡)|2𝑝(𝑥) 𝑑𝑥 𝑑𝑡.

Lemma 2. If, for some 𝑎 > 0, there exists a unique solution of the equation
𝑤 = ℎ + 𝐴𝑤 in 𝐿2((1 + |𝑥|)−1−𝑎) for every right-hand side ℎ, then there exists
a unique solution of the scattering problem for equation (1).

The proof of this lemma is completely analogous to the proof of Lemma 1.

Lemma 3. For 𝜀 > 1/2 + 1
2 𝑎, the operator 𝐴 is completely continuous in

𝐿2((1 + |𝑥|)−1−𝑎).
Indeed, consider the operator

𝐴𝜉𝑓(𝑥, 𝑡) = 1
4𝜋 ∫ 𝑒−𝜉|𝑥−𝑠|

|𝑥 − 𝑠| 𝑐(𝑠, 𝑡 − |𝑥 − 𝑠|)𝑓(𝑠, 𝑡 − |𝑥 − 𝑠|) 𝑑𝑠

for 𝜉 ≥ 0, 𝐴0 = 𝐴. It is easy to prove that the operator 𝐴𝜉 for 𝜉 ≥ 0 is bounded
in 𝐿2((1 + |𝑥|)−1−𝑎), and

‖𝐴𝜉 − 𝐴0‖ → 0
as 𝜉 → 0. The operator 𝐴𝜉 for 𝜉 > 0 is completely continuous in 𝐿2((1+|𝑥|)−1−𝑎).
For this it suffices to show that the operator

𝐴′
𝜉𝑓 = 1

4𝜋 ∫ 𝑒−𝜉|𝑥−𝑠|

|𝑥 − 𝑠| 𝑐(𝑠, 𝑡 − |𝑥 − 𝑠|)(1 + |𝑠|)1/2+1/2𝑎𝑓(𝑠, 𝑡 − |𝑥 − 𝑠|) 𝑑𝑠
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is completely continuous in 𝐿2(𝐸4). But the unitarily equivalent operator 𝑇𝜉 =
𝑈𝐴′

𝜉𝑈−1, where 𝑈 is the Fourier transform, has the form (𝑇 𝜑)(𝑝) =

= (𝑇𝜉𝜑)(𝑝, 𝑝0) = 1
𝑝2 − (𝑝0 − 𝑖𝜉)2 ∫ 𝑏(𝑝 − 𝑞)𝜑(𝑞) 𝑑4𝑞

(𝑏(𝑝) is the Fourier transform of 𝑐(𝑥, 𝑡)) (1+|𝑥|)1/2+1/2𝑎, and the complete conti-
nuity of the operator 𝑇𝜉 is verified analogously to Lemma 2 of [8]. Consequently,
𝐴′

𝜉 is completely continuous, and hence so is the operator 𝐴𝜉 for 𝜉 > 0. Since
‖𝐴𝜉 − 𝐴0‖ → 0 as 𝜉 → 0, the operator 𝐴0 = 𝐴 is also completely continuous.

Lemma 4. If 𝜀 > 1/2 + 1/2𝑎, then the equation 𝑤 = 𝐴𝑤 in 𝐿2((1 + |𝑥|)−1−𝑎)
has only the trivial solution 𝑤 = 0.

Indeed, suppose there is a nontrivial solution of the equation 𝑤 = 𝐴𝑤. Denote
it by 𝑤0. Consider the operator 𝐴 on functions from the half-space 𝑡 ≤ 𝑇 . For
sufficiently negative 𝑇 , ‖𝐴‖ < 1, and therefore 𝑤0 = 0 for such 𝑡. Let 𝑇0 be the
largest number for which 𝑤0 = 0 for 𝑡 ≤ 𝑇0. Estimating the equality 𝑤0 = 𝐴𝑤0,
we obtain

∫
𝑡≤𝑇0+Δ

|𝑤0(𝑥, 𝑡)|2(1 + |𝑥|)−1−𝑎 𝑑𝑥 𝑑𝑡 ≤

≤ 𝐶1Δ2 ∫
𝑡≤𝑇0+Δ

|𝑤0(𝑥, 𝑡)|2(1 + |𝑥|)−1−𝑎 𝑑𝑥 𝑑𝑡.

If Δ is a sufficiently small number, then 𝑤0 = 0 for 𝑡 ≤ 𝑇0 +Δ. This contradicts
the choice of 𝑇0.

From the general theory of equations in Banach spaces and Lemmas 2, 3, and
4 it follows:

Theorem 2. For 𝜀 > 1/2 there exists a unique solution of the scattering problem
for equation (1).

3°. It is easy to prove that the solution of the scattering problem has the
following asymptotic form as |𝑥| → ∞:

𝑢(𝑥, 𝑡; 𝜔, 𝜇) = 𝑒𝑖𝜔(𝜇⋅𝑥−𝑡) + 𝜌(𝑡 − |𝑥|, 𝜈; 𝜔, 𝜇)
|𝑥| + 𝑜 ( 1

|𝑥|) ,

where 𝜈 is the unit vector in the direction of the vector 𝑥; 𝜌(𝜏, 𝜈; 𝜔, 𝜇) is a
uniformly bounded function of its arguments.

Passing to the Fourier transform of the function 𝜌 with respect to the first
argument, we obtain

𝑢(𝑥, 𝑡; 𝜔, 𝜇) = 𝑒𝑖𝜔(𝜇⋅𝑥−𝑡) + ∫ 𝑒𝑖𝛾(|𝑥|−𝑡)

|𝑥| 𝐹 (𝛾, 𝜈; 𝜔, 𝜇) 𝑑𝛾 + 𝑜 ( 1
|𝑥|) ,
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where 𝐹(𝛾, 𝜈; 𝜔, 𝜇), as the Fourier transform of a bounded function, is a gener-
alized function of measure type, and therefore

∫ 𝑒𝑖𝛾(|𝑥|−𝑡)

|𝑥| 𝐹 (𝛾, 𝜈; 𝜔, 𝜇) 𝑑𝛾

represents a sum of outgoing spherical waves of various frequencies. If the func-
tion 𝑐(𝑥, 𝑡) satisfies the conditions of item 2°, then this sum will be continuous.
In the stationary case, when 𝐹(𝛾, 𝜈; 𝜔, 𝜇) = 𝛿(𝛾−𝜔)𝑓(𝜈, 𝜔, 𝜇), the integral under
consideration reduces to a single term

𝑒𝑖𝜔(|𝑥|−𝑡)

|𝑥| 𝑓(𝜈, 𝜔, 𝜇),

where 𝑓(𝜈, 𝜔, 𝜇) is the usual scattering amplitude. The function 𝐹(𝛾, 𝜈; 𝜔, 𝜇),
by analogy with the stationary case, will be called the scattering amplitude.

Using the method of [4,6], let us consider the question of reconstructing the
function 𝑐(𝑥, 𝑡) from the scattering amplitude.

Theorem 3. From the scattering amplitude 𝐹(𝛾, 𝜈; 𝜔, 𝜇) one uniquely re-
constructs the Fourier transform of the function 𝑐(𝑥, 𝑡) outside the light cone
𝑝2 − 𝑝2

0 ≥ 0. Namely ( ̄𝑝2 − 𝑝2
0 ≥ 0),

̃𝑐( ̄𝑝, 𝑝0) = 1
4𝜋2 ∫ 𝑐(𝑥, 𝑡)𝑒𝑖(𝑝̄⋅𝑥+𝑝0𝑡) 𝑑𝑥 𝑑𝑡 = 1

𝜋 lim𝜔→∞
𝜔𝜇−(𝜔+𝑝0)𝜈=𝑝̄

𝐹(𝜔 + 𝑝0, 𝜈; 𝜔, 𝜇).

Proof. On the basis of Lemma 1 9 (or Lemma 1.3 5) one can show that, for
large 𝜔, 𝑣 = 𝐴𝑒𝑖𝜔(𝜇⋅𝑥−𝑡) + 𝑂 ( 1

𝜔 ). Consequently,

𝐹(𝛾, 𝜈; 𝜔, 𝜇) = 1
4𝜋 ∫ 𝑒−𝑖𝛾(𝜈⋅𝑥−𝑡)𝐶(𝑥, 𝑡)𝑒𝑖𝜔(𝜇⋅𝑥−𝑡) 𝑑𝑥 𝑑𝑡 + 𝑂 ( 1

𝜔)

= 1
4𝜋 ∫ 𝐶(𝑥, 𝑡)𝑒𝑖(𝑝̄⋅𝑥+𝑝0𝑡) 𝑑𝑥 𝑑𝑡 + 𝑂 ( 1

𝜔) ,

where 𝑝0 = 𝛾 − 𝜔, ̄𝑝 = 𝜔𝜇 − 𝛾𝜈. Passing to the limit as 𝜔 → ∞, we obtain the
required reconstruction formula.

In conclusion, the author expresses his deep gratitude to Yu. M. Berezanskii,
under whose supervision this work was carried out.
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