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Ya. I. Kanel’

ON THE BEHAVIOR OF SOLUTIONS OF THE
CAUCHY PROBLEM AS TIME INCREASES WITHOUT
BOUND FOR QUASILINEAR EQUATIONS OCCUR-
RING IN THE THEORY OF COMBUSTION

(Presented by Academician 1. G. Petrovskii, January 12, 1960)
1. Consider the Cauchy problem for the equation

Ou/ot — 0%u/0x* = F(u) (1)

with the initial condition

u|t:O =0 forx <0 u|t:0 =1 forz>0. (2)

F(u) is defined and continuously differentiable for 0 < u < 1, and

F(0) = F(1) = 0. (3)

For the theory of combustion, of interest is the behavior of the solution of
problem (1)—(2) as ¢ — oo in the case where F'(u) satisfies conditions (3) and

F(u)=0 for0<u<a<l1, where« issome number; (4)

F(u) >0 fora<u<l; F'(1) <0. (5)

The existence and uniqueness theorem for problem (1)—(2) was proved in (1).
The behavior of the solution of problem (1)—(2) as t — oo was also investigated
there, when F(u) satisfies conditions (3) and F’(0) > 0, F'(u) < F’(0) for
0<wu<l1,and F(u) >0 for 0 <u<1.

A general formulation of the question of the behavior of the solution of the
Cauchy problem for large t for quasilinear systems is given in (*). This question
is also considered in works (*?), and in (*) the most general results were obtained
for the equation du/0t —0%u/0x* +dp(u)/dx = 0. A solution of equation (1) of
the form @(z + mt + C), C = const, —oo < C' < 400, satisfying the conditions
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lim @ =0, lim =1 (6)
r——00 T—+00

will be called stationary.

In the present work the following conditions are imposed on F(u): (3), (5), and,
instead of (4), the more general condition

Fu)<0 for0<u<a<l; F'(u)<0 forO<u<oa; <o

/1F(u)du>0. (7)
0

Analogously to (+9), it can be shown that under our restrictions on F(u) there
exists a stationary solution, unique up to a shift C' along the z-axis.

Theorem. Let u(x,t) be a solution of problem (1)—(2), where F(u) satisfies
conditions (3), (5), (7). Then, uniformly in all z, —co < z < +00,

|i(z + mt + Cy) —u(x,t)] -0 ast— oo,
where C|, is a certain constant.

The requirement that F’(u) be nonpositive in neighborhoods of u = 0 and
u = 1 is quite essential. It is precisely this that ensures, uniformly in all x,
—00 < & < +00, the closeness of u(z,t) to some stationary solution for large t,
which is absent in the case considered in (1), where F’(0) > 0.

2. Proof of the theorem. Pass to the variables *’ = x + mt, t' = t, and
denote them again by x and t. Equation (1) then takes the form

Ou/ot — 0%*u/0z? + mou/dx = F(u), (8)
and the stationary solution will depend only on z.

Asin (%,%), one can show that in the plane of the variables u = 1, p = @’ (z+C),
the stationary solution corresponds to a curve whose equation is p = p(u), where

p(0) = p(1) = 0; p(u) >0 for 0 <u<l; p’(0) >0, p'(1) <0. (9)

The following lemmas 1, 2, and 3 were proved in (1) for the solution of problem
(1)—(2), but are trivially transferred to the solution u(x,t) of problem (8)—(2).

Lemma 1. For ¢ > 0 we have

0<u<l, Ou/dx > 0. (10)

Consider the quantity du/0x = 1(u,t), where ¢ > 0, as a function of u and t¢.
This is possible by Lemma 1.
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Lemma 2. As t increases and u is fixed, the function ¢ does not increase, and

ouf0x = Y(u,t) >p(u) >0 for0<u<1, t>0. (11)
Let © = xz(t,c¢) be the equation of some level line of the solution u(z,t),
ie. ulz(t,c),t] = c=const, 0 < ¢ < 1. Put u*(§,t) = ul + z(t, c),t].

Lemma 3. Uniformly in all £, —oco < £ < 400, u*(§,t) = u*(&) as t — oo,
where u*(€) increases strictly monotonically, uniformly continuously in all £, and

Eli{n u*(§) =0, Elifm u*(§) = 1. (12)

Lemma 4. As || — oo, du/0x — 0, and for arbitrarily large K > 0,
u(z,t)/ef® -0 asz — —o0, (1—u)/e B 50 asz — +oo.
The convergence is uniform in ¢ on any interval 0 < n <t <T < 4o0.

The lemma is proved by means of an explicit representation of the solution
in terms of the initial function and the right-hand side of the equation, using
condition (3).

Choose numbers 0 < oy < S, < 1 such that F’(u) < 0 for 0 < u < « and
Bo <u<1,and @” > 0 for & < o, @” < 0 for & > ;. This is possible on the
basis of the restrictions on F(u) and (9).

Let @]z + C(z,t)] be a stationary solution, where the constant C' = C(z, t) is
chosen so that, for the given x, and t > 0,

[zg + C(z,t)] = u(zy, t). (13)

Lemma 5. For any prescribed z and ¢ > 0 such that u(z,,t) < ag (u(xy,t) >
By), the inequality

u(z,t) < Az + C(zg, t)] for x <zy  (u(x,t) >z + Cxy,t)] for z > x)
(14)
holds.

The proof follows from (11), the monotonicity of v and @ with respect to z,
Lemma 4, and the strict increase of @’ with respect to = for 4 < « (strict
decrease for @ > ).

Lemma 6. For any prescribed z, and 1 > 0 there exists a constant v = y(z, ),
0 < v < 1/2, depending only on xz, and 7, such that for all ¢ > 7

v <u(zy,t) <1—n. (15)

Proof. Let u(z,t) < oy, t > n. From equation (8) and Lemma 4 we have

d [*° ou

T | u(zx,t) dx = %(zo,t) —mu(xg,t) + /O: F(u)dx. (16)
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From equation (8) for @ and the equalities lim@ = lim 4@’ = 0 as * — —oo (see
(6) and (9)) we have

0 = @[z + C(zg,1)] — mii[zy + C(zq,1)] + Z " F(@) da. (17)

Subtracting (17) from (16), using (11), (13), Lemma 5, the monotonicity of @
in z, and the inequality F’(u) < 0 for u < «, we obtain

d [*

— > 0. 1
i) u(z,t)dx >0 (18)

If w(zy,t) > By, t > n, then analogously one can obtain that

d +00

pn a [1—u(z,t)]dx > 0. (19)

Let u(zy,t) > oy, t > n. Then we obtain, taking into account that for ¢ > n,
by Lemmas 4 and 2, du/0x = ¥(u,t) < P(u,n) < M < 400,

Zg a%
t)de > —. 2
[Oou(m’ Jdv = 5 (20)
Analogously, when u(x,t) < 5y, t >n,
+o0o 2
(1—5p)
_ > .
/x (1—wu)dz > i (21)
0
By Lemma 1,
) +oo
/ u(z,n)dz >0, / [1—u(z,n)]dx > 0. (22)

0

From (18)—(22) follows the existence of a positive constant v, = v, (zg, ), de-
pending only on z, and 7, such that for all t > 7

/ i u(z,t)dr > v, / [1—wu(z,t)]dx > . (23)

0

Taking into account (11), (9) and the monotonicity of u in x, one can prove that
for some constant ¢ > 0

u(z,t) < age?@ 20 when u(zg,t) < g, = < xy; (24)
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1 —u(x,t) < (1—By)e @20 when u(zy,t) > By, © > . (25)

The assertion of the lemma follows from relations (23)—(25).

Lemma 7. For any level line defined by the equation z = z(t,¢), 0 < ¢ < 1,
the function z = x(¢, ¢) is uniformly bounded for all t > 7 > 0.

Proof. For the given z, and 7 > 0, define, by Lemma 6, v = y(zy, 7). In view
of the inequality du/dz > 0 for t > 0 and (15),

z(t,v/2) < zy < z(t,1—7/2). (26)

From the equation du/dz = 1(u,t) we have

72 gy

1—v/2
—at.c) =alt,1~v/2) - [ (27)

(v, t)

In view of (11), the integrals in (27) are bounded uniformly in ¢ > 7, and (26),
together with (27), gives the assertion of the lemma.

Lemma 8. There exists a finite limit limx(¢,¢) as t — 00, 0 < ¢ < 1.

Proof. According to Lemma 7 and the monotonicity of w with respect to x,
one can choose z, so that for all t > n > 0 and = < z, u(z,t) < . Then the
inequalities (18) and (24) hold, ensuring the existence of the finite limit

To

lim u(x,t) dx.
t—o00 o

Let ¢, — oo be any sequence for which there exists a finite limit x(¢,,c) as
n — co. By Lemma 3,

u(zx, t,) = vz —x(t,,c),t,] = v |z — lim z(t,, c)] as n — oo; (28)
n—oo

the convergence is uniform in all . Taking also (24) into account, we obtain

To To

Zo
lim u(z,t)dt = lim u(z,t,)dr z/ u* {m— lim x(tn,c)] dzx.

t—o0 n—00 n—oo
—00

The existence of the finite limit lim x(¢,¢) as ¢ — oo now follows directly from
Lemma 7, (28), the strict increase of u*, and (29).
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To prove the theorem, fix the level line x = (¢, ¢y), 0 < ¢y < 1. By Lemmas 3
and 8,

u(z,t) = u'le —x(t, ¢y), t| = u*(z — Cy)

as t — oo, uniformly in all z, where C, = limz(¢,¢;), t — oo. Considering
u*(z—Cy) as the limit, as ¢, — oo, of the sequence of solutions u, = u(x,?,+1t)
of equation (8), we obtain that u*(x — C,)) is a solution of equation (8) in the
sense of the integral identity ((°),85). Taking into account also that, by Lemmas
2 and 4, for any x; # x4,

u*(rq — Cpy) —u*(zy — Cp) — lim u(zy,t) — u(xy,t) < 400,

Ty — Tg t—00 Ty — Tg

0<

we may assert, on the basis of (), §5, that u*(z—C),) satisfies equation (8) in the
classical sense. Passing to the original variables and taking (12) into account,
we obtain the assertion of the theorem.

Remark. On F(u) one may impose, for example, the following restrictions:

F'0)<0; F'(1)<0; F(0)=F(1)=0: /1 Fv)dv = 0; /1 Flo)dv> 0
0 u

for 0 < u < 1. In this case m = 0.

I express my deep gratitude to Prof. O. A. Oleinik for her constant help in this
work.
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