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MATHEMATICS
T. G. Gegelia

On the Composition of Singular Kernels

(Presented by Academician N. I. Muskhelishvili, 18 VI 1960)

Let x,y,t, 2,3, ... be points of the (m + 1)-dimensional Euclidean space E,, ;.
Denote by r(x,y) the distance between the points « and y, and by p,(y,t) the
expression

Pz (y, t) = min{?“(x, y)v 7“(.13, t)}

Constants that do not depend on the basic variables will be denoted by the
same letter c.

Suppose that in F,,  ; there is given a closed m-dimensional Lyapunov surface S,
and on (S, .S) functions K, (z,y) and K,(z,y) are defined, continuous on (.5, 5),
except, possibly, at points of the type (x,z), and satisfying the conditions:

| < &(r(x,y),  [Ka(z,y)| < &(r(z,y)).
) = Ky (2, ") < G,y D (e (v y7))-
3. Ky y) — Ko(2”,y)| < G(r(a’,27) ug(py (27, 27)).

Here & (7), &5(7), 11 (7T), 1o (1) are decreasing, while (; (7) and (,(7) are increas-
ing functions on (0,00). Suppose, further, that there exist matrices HAElj) ()]

and HAEQJ) ()|, continuous on S, such that the quadratic forms

m+1 ( ) m+1 )

1 2
Z Ay (@), Z AEJ (@)7;7;
i,7=1 i,7=1

are positive definite on S, and for every x € S the limits exist:

4°, lim/ K (z,y) dSy:/Kl(sc,y)dSy.
S, (g;x) S

e—0
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5°. lim/ Ky(y,x) dSyz/Kg(y,x)dSy.
Ss(g;) S

e—0

Here dS, is the element of area of the surface S at the point y; Si(e;x) =
S — S, (x;¢) (k = 1,2); Sy(x;¢) is the set of those points y € S for which
op(z,y) <e;

m+1

oFwy) = Y AL @)@ —y) (e — ).

We now define the composition of the kernels K (x,y) and K,(z,y) by the
formula

K(z.y) = /S K, (2, 6) I, (¢, ) dS,, (1)

where

/Kl(x,t)K2<tay)dSt: lim / Kl(xat)KZ(tvy)dSt,
s £,0—0 S(e,5)

S(e,0) = Si(g;2) N Sy(5;y).

Theorem 1. If K, (z,y), Ky(z,y) satisfy conditions 1°—5°, then the composition
of these kernels K (x,y), defined by formula (1), is continuous on (S, S), except
possibly at points of the type (z,x), and near these points admits the estimate

(K (2, 9)] < iy (r) / P (1) () dr b (1) / PLE (1) Gy (7) drt / PIE (1) () dr 6y (s (F) 65
G

where r = cr(x,y); n,(7), ny(7) are increasing functions on (0, 00), chosen so
that

<m(e), < ny(e).

S1(z;e) Sy (wse)

It follows from Theorem 1 that if the kernel K,(z,y) is quasisingular, i.e. if

/ 7L (1) dT < 00,
0
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then restrictions 3° and 4° become superfluous, and inequality (2) takes the form

dKuwﬂééﬂﬂé1ﬂ%%ﬂﬂdﬂwﬂﬂé1ﬂ%%ﬂﬂéﬁﬁhﬁ/Tm*&ﬁﬁﬂﬂdr%ﬂﬂ%vy
' (3)

If Ky(x,y) is quasisingular, then an analogous inequality is valid. If both kernels
are quasisingular, then restrictions 2°—5° become superfluous and

AR £60) [ @ g0 [ rgmans [ g me e ar.
0 0 r
(4)
Let K, (z,y) satisfy two further additional conditions:
6°.
|Ky (2, y) — Ky (27, y)| < &(r(a’,2”)us(py, (27, 27)).

< v (r(z, y))va(e).

/’[&@w—&@mwt
S (x3e)

Here & (7) and v (1) are increasing, us(7) and v,(7) are decreasing functions
on (0,00), and r(z,y) < ce.

Condition 7° follows from the preceding ones if K (x,y) is representable in the
form
Kl(xat) 2K1(1‘7t>+K{/($,t), (5)
where K7 (x,t) is quasisingular, and K7 (x,t) is a purely singular kernel, i.e.
/ Ky(z,y)dS, =0
S1(zs5e)
for every z € S and ¢ € (0,¢). The kernels considered in papers (172) admit

the representation (5).

Theorem 2. If K, (x,y), Ky(z,y) satisfy conditions 1°=7°, then for p > r

oK (2", y) = K (2", y)| < v1(r)vg(p)&i(p) + G (r)m (r)pa(p)+

4@@%@%@+@w47m%&mme
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(s (o) / P (7)o () dr + a1 () / PG (1) (7) drt

P c
+(- E Tmil T dT—|— P Tm71 o(T T d7-7
Co()ia(p) / & () dr + Gy(r) / 113 (7)E3(7)
and for p <r

K (@ y) — K(z",y)] < &(0)m(r) + & (o)ma(r)+
9 Tm’llT o(T)dT 1 TTm712T 1(T)dr
+M<P)/O £ (r)G(r) +u(p)/0 &(r)C (r) drt

1Gy(r) / Py (1) (7) dr + / g (1) () dr,
o p

where p = cp, (', z”).

Let us note that this inequality is substantially simplified if K, or K, or both
of these kernels are quasisingular.

An analogous estimate and remark are valid for the difference |K(z,y") —
K(z,y")|.

The two theorems stated play the main role in the study of integral equations
containing multidimensional singular integrals distributed on Lyapunov mani-
folds, as well as in the study of systems of such equations. With the help of these
theorems one can easily obtain formulas for interchanging the order of integra-
tion in multidimensional singular integrals of the indicated type and thereby
refine and generalize the results of Giraud (?).

Let us now consider kernels of special types. If a function K(z,y), defined and
continuous on (5,.5), except possibly at points of the type (x,z), admits the
estimate

|K (2, y)| < er® ™ (x,y)1g" er™ ! (z,y),

then we shall write K € N(a,p). By N(«a,p), when a =m and p < 0or a > m
and p is an arbitrary real number, is meant the class of bounded functions
K(x,y). We shall also denote N(0,0) by N. If K(z,y) € N(«,p) and satisfies
the conditions

|K(z',y) — K(2”,y)| <
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<clpy (@’ 2" Pillgepy, (@ 2P0 (27, y) g™ er (", y), (6)
[K(2,y") — K(z,y")] <

< clp, (v y)] ™ P Ig epy My y )PP (y” y) 187 er Ty ),

then we shall write K € L(a,p;fB1,¢1;59,92). If K € N(a,p) and satisfies
only condition (6), then we shall write K € L, (o, p; 51,4;). The notation K €
Ly(a, B; By, q5) is understood analogously. If K € N(a,p) for every real p,
then we shall write K € N(«,00). The notations K € L(a,00;81,D1; Ba,Pa)s
L(a, 00; By, 00; By, Py), .. have an analogous meaning.

From inequality (4), with the aid of certain estimates indicated in (4), one can
show that if K; € N(a,p) and K, € N(f,q), then, for arbitrary real p and ¢,
a,f>0,a+8<m, K€ Na+8,p+q); fora,f >0, a+F=m,p+q+1>0,
K e N(m,p+q+1); Kisbounded fora+8>0,a+S=mandp+q+1<0,
or for arbitrary real p,q, « > 0, 8 > 0, and a4+ 8 > m. If K; € N(a,00)
and K, € N(f8,00), then K € N(a+ ,00) for o, 8 > 0, a + 8 < m, and K is
bounded for o + 5 > m.

These propositions somewhat generalize the well-known theorem on the compo-
sition of quasisingular kernels. With the aid of these generalizations and the
results obtained in papers (,°,5), one can supplement note (7), taking as the
weight function the expression

p(y) = ] ro (@ 2) 1™ er 'y, ). (7)
k

For m = 1 this makes it possible to extend the results of paper (®) to the case
of weight functions of the form (7).

From inequality (3), with the aid of the estimates from (4) mentioned above,
one can show that if K| € Ly(a,p;8,q), and K, € N and satisfies condition 5°,
then, for arbitrary real p and ¢, o, 8 > 0, & < m, the composition K belongs
to the class N(«,p); for arbitrary real p, 5 =0,0 < a < m, ¢ < —1, or for
arbitrary real ¢, « = 0, 8 > 0, p < —1, or for « = § = 0, p,q < —1, the
composition K belongs to the class N(a,p +1). If K; € Ly(«, 00;3,q), and
K, € N and satisfies condition 5°, then for arbitrary real ¢ and «, 8 > 0, or for
g < —1, 8=0and « > 0, the composition K belongs to the class N(«, o).

These propositions generalize some results of Giraud (?) and show that the
composition of a quasisingular and a singular kernel yields a quasisingular kernel.

Analogous consequences are also obtained from other inequalities; with their
help one can study the composition of kernels of the classes indicated above.
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If, for example, K, (z,y) does not depend on y, then from Theorem 2 one can
obtain a generalization of the results of papers (°,!1°). Further, if &(7) = c,
to(7) = ¢, then from the same theorem one obtains a corollary which is the
extension to multidimensional singular integrals of one result of the monograph
(11) (see § 20) and its generalization.

We also note that the kernels encountered in the study of boundary-value prob-
lems for systems of elliptic partial differential equations satisfy the requirements
set forth above.

Thilisi Mathematical Institutenamed after A. M. RazmadzeAcademy of Sciences
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